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Analyzing Finite-Length Spatially CoupledLDPC Codes Constructed from Protographs
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A particularly exciting new class of LDPC codes
 • Spatially-coupled LDPC (SC-LDPC) codes promiseexcellent performance over a broad range of channel conditions.
 • Capacity approaching iterative decoding thresholds,characteristic of optimized irregular codes.
 • Linear growth of minimum distance with block length,characteristic of regular codes.
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 Fig. 1. A sketch of typical LDPC-BC decoded BER performance over the AWGNC. Also shown for comparison are the channel capacity,or Shannon limit, and the performance of uncoded binary phase-shift keying (BPSK) transmission.
 normally subject to an error floor, making them undesirable in applications, such as data storage and opticalcommunication, that require very low decoded BERs. Typicalperformance characteristics of regular andirregular LDPC-BCs on anadditive white Gaussian noise channel (AWGNC)are illustrated in Fig. 1,where the channel SNR is expressed in terms ofEb/N0, the information bit signal-to-noise ratio.
 In this paper, we highlight a particularly exciting new class of LDPC codes, calledspatially-coupledLDPC (SC-LDPC)codes, which promise robustly excellent performance over abroad range of channelconditions, including both the waterfall and error floor regions of the BER curve. We also show howSC-LDPC codes can be viewed as a type ofLDPC convolutional code (LDPC-CC), since spatial couplingis equivalent to introducing memory into the encoding process. In channel coding parlance, the keyfeature of SC-LDPC codes that distinguishes them from standard LDPC codes is their ability to combinethe best features of regular and irregular codes in a single design: (1) capacity approaching iterativedecodingthresholds1, characteristic of optimized irregular codes, thus promising excellent performancein the waterfall, and (2) linear growth of minimum distance with block length, characteristic of regularcodes, thus promising the elimination of an error floor. As will be discussed in more detail in Section II,this is achieved by introducing a slightstructured irregularityinto the Tanner graph representation of aregular LDPC code. An added feature of the SC-LDPC code design is that the resulting graph retains theessential implementation advantages associated with the structure of regular codes, compared to typicalirregular designs. The research establishing the performance characteristics of SC-LDPC codes relies onensemble average asymptotic methods,i.e., the capacity approaching thresholds and asymptotically goodminimum distance behavior are shown to hold for typical members of SC-LDPC code ensembles2 as theblock length tends to infinity. (Following the lead of Shannon, coding theorists often find it easier andmore insightful to analyze the average asymptotic behaviorof code ensembles than to determine the exactperformance of specific codes.) These research results are summarized in Section II.
 Section III discusses issues related to realizing the exceptional promise of SC-LDPC codes with specificcode and decoder designs suitable for low-complexity implementation at block lengths typically employedin practice: 1) the use of high-throughput, parallel, pipeline decoding and 2) the use ofsliding-windowdecoding strategies for reduced latency and computationalcomplexity, and Section IV contains a shortsummary of several open research problems. Finally, Section V includes some concluding remarks along
 1Roughly speaking, the threshold associated with a particular code/decoder is the lowest SNR at which the decoder can operate reliably.2A code ensemble is the collection of all codes sharing some common set of characteristics.
 Figure : A sketch of typical LDPC-BC decoded BER performance 1
 1D. J. Costello, Jr. et al., Spatially Coupled Sparse Codes on Graphs - Theory and Practice, IEEE
 Communications Magazine, vol. 52, no. 7, pp. 168-176, July 2014.
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In past years, multiple families of SC-LDPC codes have beenproposed:
 I Close to capacity thresholds.
 I Carefully designed irregular ensembles can further improve theperformance in terms of minimum distance growth rate.
 Rate
 Constraint Length
 Average node density
 ...
 SC-LDPC family
 Threshold
 Minimum distancegrowth rate
 Trade-off!
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SC-LDPC codes constructed from protographs
 I Particular case of Multi-Edge Type LDPC code.I Graph lifting operation over a base matrix or protograph.I Irregular protograph-based LDPC-BC ensembles often have
 better thresholds than unstructured irregular ensembles with thesame degree distributions.
 I The inherent structure in protograph-based ensembles canimprove distance properties, and the finite-length performance inthe waterfall region.
 +
 Protograph
 N = 3+ + +
 Repeat N times
 N = 3+ + +
 Permute
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A SC-LDPC base matrix constructed from (3, 6)protographs
 + + + +
 + + + + + +
 C(3, 6, L) base matrix for L=4
 I C(3, 6, L).
 I Code length: n = 2LN , N is thelifting factor.
 I Rate r = L−2L2L .
 I BEC Threshold for L = 100εC(3,6,L) = 0.48815.
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A SC-LDPC base matrix constructed from (4, 8)protographs
 + + + +
 + + + + + + +
 C(4, 8, L) base matrix for L=4
 I C(4, 8, L).
 I Code length: n = 2LN .
 I Rate r = L−3L2L .
 I BEC Threshold for L = 100εC(4,8,L) = 0.4974.
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A SC-LDPC base matrix constructed from RAprotographs
 + + + +
 + + + + + + +
 CRA(L) base matrix for L=4
 I CRA(L).
 I Code length: n = (2L+ 3)N .
 I Rate r = L2L+3 .
 I BEC Threshold for L = 100εCRA(L) = 0.4846.
 Sarah Johnson and Gottfried Lechner, 2013.
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A SC-LDPC base matrix constructed from ARJAprotographs
 +
 +
 +
 +
 +
 +
 +
 +
 +
 +
 +
 +
 +
 +
 +
 +
 +
 +
 +
 +
 I CARJA(L).
 I Code length: n = 5LN .
 I Rate r = 1− 12L+1L .
 I BEC Threshold for L = 100εCARJA(L) = 0.4996.
 Disvalar et. al , 2009; Mitchell et. al, 2014.
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David G. M. Mitchell, Michael Lentmaier, Daniel J. CostelloJr, 2014: Spatially Coupled LDPC Codes Constructed from Protographs.

Page 11
                        
                        

Finite-length performance over the BEC
 All codes are simulated with L = 100 and M = 4000 bits per position.
 0.475 0.48 0.485 0.4910
 −4
 10−3
 10−2
 10−1
 100
 ǫ
 Block
 ErrorRate
 SC-ARJA, N=800SC-RA, N=2000SC-(4,8,L), N=2000SC-(3,6,L), N=2000
 Clearly, threshold and minimum distance growth rate do not tell thewhole story...
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Scaling law
 The waterfall performance over the BEC of a particular class ofSC-LDPC ensemble can be estimated as follows:
 PR(l,r,L) ≈ 1− exp
 (θ y(l, r) εL
 µ0(l, r,M)
 )
 µ0(l, r,M) =√
 2π
 ∫ α−1√M(ε∗−ε)
 0
 e12 z
 2
 dz
 I R(3, 6, L).
 I Each node contains M/2nodes.
 I Connections are chosenuniformly at random.
 I n = ML.
 I limL→∞ r = 1/2.
 I limL→∞ εR(3,6,L) = 0.48815.
 + + + + + +
 Olmos & Urbanke, 2014.
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Prediction for the R(3, 6, L) ensemble
 0.46 0.465 0.47 0.475 0.4810
 −4
 10−3
 10−2
 10−1
 100
 Probability of erasure
 Block
 errorprobability
 M=1000
 M=2000
 M=4000
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R(3, 6, L) and C(3, 6, L) comparison
 0.465 0.47 0.475 0.48 0.485
 10−4
 10−3
 10−2
 10−1
 100
 ǫ
 Block
 errorprobability
 R(3, 6, L), M=2000R(3, 6, L), M=4000C(3, 6, L), N=1000C(3, 6, L), N=2000
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Extension to protograph-based LDPC ensembles
 I A similar scaling law holds.
 P ≈ 1− exp
 (θ y εL
 µ0(N)
 ), µ0(N) =
 √2π
 ∫ α−1√kN(ε∗−ε)
 0
 e12 z
 2
 dz
 Stinner & Olmos, 2014.
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C(3, 6, L), C(4, 8, L) for L = 100
 0.465 0.47 0.475 0.48 0.48510
 −4
 10−3
 10−2
 10−1
 100
 ǫ
 Block
 ErrorProbability
 C(3, 6, L), N=1000
 C(3, 6, L), N=2000
 C(4, 8, L), N=1000
 C(4, 8, L), N=2000
 + + + + + + + + + + + + +
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CRA(L) for L = 100
 0.47 0.472 0.474 0.476 0.478 0.48 0.482 0.484 0.486 0.488 0.4910
 −3
 10−2
 10−1
 100
 ǫ
 Block
 ErrorProbability
 CRA(L), N=1000CRA(L), N=2000C(4, 8, L), N=2000
 + + + + + + +
 CRA(L) base matrix for L=4
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CARJA(L) for L = 100
 0.47 0.472 0.474 0.476 0.478 0.48 0.482 0.484 0.486 0.488 0.4910
 −3
 10−2
 10−1
 100
 ǫ
 Block
 ErrorProbability
 C(4, 8, L), N=2000CARJA(L), N=400CARJA(L), N=800
 +
 +
 +
 +
 +
 +
 +
 +
 +
 +
 +
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Matching the performance
 I Among the codes considered, C(4, 8, L) ensemble provides thebest performance.
 I How small can we make the lifting factor so that C(4, 8, L)matches the performance of the rest of ensembles?
 P ≈ 1− exp
 (θ y εL
 µ0(N)
 ), µ0(N) =
 √2π
 ∫ α−1√kN(ε∗−ε)
 0
 e12 z
 2
 dz
 I Select the lifting factor for the C(4, 8, L) so that:
 µ0(N)|C(4,8,L) = µ0(N)|C(3,6,L)
 ⇒ NC(4,8,L) =
 (αC(4,8,L)(εC(3,6,L) − ε)αC(3,6,L)(εC(4,8,L) − ε)
 )2
 NC(3,6,L)
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I Simulated performance for L = 100.
 0.47 0.475 0.48 0.485 0.4910
 −4
 10−3
 10−2
 10−1
 100
 ǫ
 Block
 ErrorProbability
 C(4, 8, L) N to match CRA(L)CRA(L) N=2000C(3, 6, L) N=1000C(4, 8, L) N to match C(3, 6, L)
 N=552
 N=604
 N=628
 N=684
 N=640
 N=595
 N=549
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Index
 Deriving the scaling law
 Conclusions
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• Finite-length analysis of binary LDPC codes is typically carriedout over the BEC channel.
 • Reformulation of the BP decoder: peeling decoding.
 • Models capturing the dominant effects that relate errorprobability and code parameters can be proposed.
 • Scaling behavior identified over the BEC shows up in otherchannels.
 LDPC Codes 5/ 31/ 07 42
 Decoding for the BEC
 •  Recall: Binary erasure channel, BEC(ε)
 x = (x1, x2, … , xn) transmitted codeword y = (y1, y2, … , yn) received word •  Note: if yi∈{0,1}, then xi = yi.
 0 0
 1 1
 ? ε ε
 1-ε
 1-ε
 xi yi
 Binary erasure channel
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A convenient decoding algorithm: peeling decoding
 • Equivalent to BP for the BEC case.
 • Basic Iteration: one degree-one check node and one variable nodeare removed from the code graph.• No variable nodes: decoding succeeds.• No degree-one check nodes: decoding fails.
 Finite-length LDPC performance prediction over the BECWe study the statistical presence of degree-one check nodes asdecoding evolves over time.
 r1(τ) =R1(τ)
 kN, τ =
 `
 kN
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The (3, 6)-regular block code, ε = 0.415
 0 0.2 0.4 0.6 0.8 10
 0.02
 0.04
 0.06
 0.08
 0.1
 0.12
 τ
 r1(τ)
 M = 500 bits
 0 0.2 0.4 0.6 0.8 10
 0.02
 0.04
 0.06
 0.08
 0.1
 0.12
 τ
 r1(τ)
 M = 1000 bits
 Error probability is dominated by the zero-crossing probability at thelocal minima: critical point.
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• For LDPC block codes, the evolution for both the mean (r1(τ))and variance (δ1(τ)/M) of r1(τ) can be analytically computed.
 • System of differential equations related to the moments of thegraph expected evolution in a single PD step:
 ∂r1(τ)
 ∂τ= E[∆1(τ)|DD(τ)] = f(∆1(τ))
 ∂δ1(τ)
 ∂τ= Var[∆1(τ)|DD(τ)] +
 r∑j=1
 δ1,j(τ)∂f(∆j(τ))
 ∂r1(τ)|DD(τ)
 where ∆j(τ) = Rj(`+ 1)−Rj(`).
 Luby et al., 2001, Amraoui et al., 2009.
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Furthermore, it can be shown that r1(τ) converges (in N) to aGaussian distribution and, at the critical point,
 r1(τ∗)√δ1(τ∗)
 ≈ (ε∗ − ε)α/√kN
 =
 √kN(ε∗ − ε)
 α
 and, for (l, r, )-regular LDPC block codes we analytic expression forα = α(l, r).
 P(l,r) ≈ Q(
 √kN(ε∗ − ε)
 α)
 0.38 0.4 0.42 0.44 0.46 0.4810
 −3
 10−2
 10−1
 100
 Channel erasure probability ǫ
 Word
 errorrate
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The C(4, 8, 100) code chain under PD, ε = 0.45
 r1(τ) =
 ∑i # degree one check nodes at position i
 kN
 5 10 15 20 25 30 35 40 45
 −0.1
 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 τ
 r1(τ)
 L=100, N=500L=100, N=2000
 We do not have asingle critical timepoint at which thedecoder is mostlikely to stop.
 Critical phaseThe mean and variance of r1(τ) during the critical phase, remainessentially constant.
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Mean Evolution, r1(τ)
 ∂r1(τ)
 ∂τ= E[∆1(τ)|DD(τ)] = f(∆1(τ))
 5 10 15 20 25 30 35 40 45
 0
 0.5
 1
 1.5
 2
 2.5
 3
 3.5
 τ
 r(τ)
 Figure : r1(τ) for the C(4, 8, L) ensemble, L = 100and ε = 0.45.
 During the criticalphase
 r1(τ∗) = γ(ε∗ − ε) +O((ε∗ − ε)2)
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Variance Evolution, Var[r1(τ)]
 Var[r1(τ)] =δ1(τ)
 kN
 ∂δ1(τ)
 ∂τ= Var[∆1(τ)|DD(τ)] +
 ∑a∈DD
 δ1,a(τ)∂f(∆a(τ))
 ∂r1(τ)|DD(τ)
 A simple but accurate approximationDuring the critical phase
 δ1(τ∗) ≈ Var[∆1(τ)|DD(τ)]
 and thus
 r1(τ∗)√Var[r1(τ∗)]
 ≈√kNγ(ε∗ − ε)√
 δ1(τ∗)=
 √kN(ε∗ − ε)
 α
 Stinner & Olmos, 2014.
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Process correlation
 I To evaluate the probability that r1(τ) crosses zero during thecritical phase we cannot neglect the process correlation along thetime.
 I We need to estimate:
 φ1(τ, ζ) = E[r1(τ)r1(ζ)]− r1(τ)r1(ζ)
 15 20 25 30 35 40 45−0.2
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
 τ
 φ1(τ,ζ)
 S. Kudekar and N. Macris:”Decay of Correlations for SparseGraph Error Correcting Codes”,2011.
 φ1(τ, ζ) ≈δ1(τ∗)kN
 exp (−θ|ζ − τ |)
 Figure: C(4, 8, L), L = 100

Page 31
                        
                        

A final observation
 Length of the critical phase:I τ = `/kN .I n = kNL→ τ ∈ [0, εL].I The decoder is not in the critical phase during the whole time.
 Let y ∈ [0, 1], then the length of the critical phase is given by
 yεL
 where y can be estimated from the DE solution of the uncoupledprotograph.
 5 10 15 20 25 30 35 40 45
 0
 0.5
 1
 1.5
 2
 2.5
 3
 3.5
 τ
 r (τ)
 y ǫ L
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Putting all together ...
 I Markov Gaussian process + Constant mean and variance +Exponential correlation decay ⇒ Ornstein-Uhlenbeck Process.
 P ≈ 1− exp
 (θ y εL
 µ0(N)
 ), µ0(N) =
 √2π
 ∫ α−1√kN(ε∗−ε)
 0
 e12 z
 2
 dz
 0.45 0.46 0.47 0.48 0.49 0.5
 10−5
 10−4
 10−3
 10−2
 10−1
 100
 $ε$
 BlockErrorRate
 N=400N=200 N=800
 SL estimate for the CARJA(L) forthe correct θ (dashed) and θ = 4θ(solid).
 Conservative estimate to θ:
 θ ≤ log(ν)
 t mst ∈ N
 for some sufficiently small ν.
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 Deriving the scaling law
 Conclusions

Page 34
                        
                        

• SL to predict the waterfall performance of arbitraryprotograph-based SC-LDPC ensembles.
 • Valid for the BEC.
 • Useful design tool to easily compare different constructions (notime-consuming simulations are required).
 • A C++ script to compute the scaling parameters of an arbitraryprotograph-based SC-LDPC will be public soon.
 Future Research Lines
 I Protograph-optimization from the waterfall-performance point ofview. Can we get something better than C(4, 8, L)?
 I Extension to Generalized SC-LDPC codes and Non-binary LDPCcodes.
 I Can we prove that some of our estimates are indeed accurate?
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