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Generalized Newtonian Fluidsand Viscoplastic Fluids
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Intuitive notions of viscosity:
 • “The property of a liquid to resist shear deformation increasingly with increasing rate of deformation”
 • Lots of resistance, not much shear deformation– University of Queensland pitch experiment:
 http://smp.uq.edu.au/content/pitch-drop-experiment
 Measuring viscosity with your hand
 Measuring viscosity with your eyes
 Lots of shear deformationLittle resistance
 http://smp.uq.edu.au/content/pitch-drop-experiment

Page 3
                        
                        

Dynamic viscosity: µ (or η)
 • Dimensions: ML-1T-1; SI unit: Pa.s– 10 Poise = 1 Pa.s– 1 cP = 1 mPa.s
 • Standard values, water at 20°C: – µ = 1.0016 mPa.s– ν = 1.0034 mm2.s-1
 • For simple fluids (water, air, some oils)– Viscosity decreases with temperature– Viscosity relatively insensitive to pressure– Viscosity independent of shear rate
 • Complex fluids: viscosity nearly always depends on shear rate
 – Shear dependence of key importance e.g. for transport– Even elastic effects often manifest through shear, e.g. normal
 stress differences– The search for a Boger fluid…
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Why the shear rate dependency?
 • Simple fluids: – molecules small, far apart, weak intermolecular forces, random
 motions, unstructured – significant part of momentum transported by motion of
 molecules
 • Complex fluids: – Suspensions, polymeric liquids, pastes, slurries, etc– large molecules, concentrated, stronger intermolecular forces,
 structured, contact & lubrication forces in multi-scale/phase systems
 • Flow length-scale, timescales, shear rates, all can be important, relative to the fluid structure
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How large are shear rates?
 From: “Viscosity” by H.A. Barnes, 2002
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Rotational viscometer
 Two concentric cylinders with a fluid contained within the small gap ℓ.
 Inner cylinder is rotating, outer one is fixed.
 Relate viscosity to geometry and torque
 If ℓ/R << 1, then gap between cylinders can be modeled as flat plate h = ℓ
 Torque T = FR, and tangential velocity V=ωR Wetted surface area A=2πRL. Measure T and ω to compute µ
 duF A Ady
 τ µ= =
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Measuring viscosity
 • Rotational rheometers:– Couette, parallel plates, cone and
 plate– Apply constant shear rate or
 shear stress– All geometries have corrections
 to be applied and hence improvements
 – Other issues: slip, settling,…• Other practical viscometers:
 – Dip-cup– Falling ball– Bostwick– Marsh funnel– Capillary rheometer
 • Some of these instruments measure elastic properties
 – Mode of usage, e.g. step increases in shear & relaxation; oscillatory shear protocols
 – Other instruments targeted specifically at viscoelastic fluids, e.g. extensional rheometer
 http://www.google.ca/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0CAcQjRw&url=http://www.coleparmer.com/Product/Mini_Ford_Dip_Viscosity_Cup_Orifice_0_2_to_14_Centistokes/EW-08709-10&ei=CqSZVOfwLI60ogTj5YGIAw&psig=AFQjCNFD4R8jzxeCxCD40KaqkTKL7b8T6A&ust=1419441247094354
 http://www.google.ca/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0CAcQjRw&url=http://www.coleparmer.com/Product/Mini_Ford_Dip_Viscosity_Cup_Orifice_0_2_to_14_Centistokes/EW-08709-10&ei=CqSZVOfwLI60ogTj5YGIAw&psig=AFQjCNFD4R8jzxeCxCD40KaqkTKL7b8T6A&ust=1419441247094354
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Shear viscosity & steady flow curves
 • Shear rate or shear stress is applied to a viscometric flow
 – Single component of strain rate• Wait for “constant” or “steady”
 response – How long is needed – it depends – Viscoelastic fluids have shear stress
 that depends on the shear history– Thixotropic fluids have shear stress
 that depends on structure & time• Take reading, apply corrections
 – Often coded in software• Step-up the shear rate or shear
 stress• Output is a “steady flow curve”:
 – A plot of steady values of strain rate vs steady shear stress
 – Effective viscosity = η– Tangent viscosity = derivative of the
 flow curve
 • Generalised Newtonian fluids exhibit a nonlinear relationship between shear stress &strain rate
 – Fluids are inelastic & non-thixotropic– Relative to scales of fluid and flow
 • Common behaviours below
 • Often plotted as log-log for effective viscosity η
 From: Wikipedia
 ( )γγητ =
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Viscometric flows
 • Flows for which:– ∇⋅u=0– A one-parameter family
 of material surfaces exists, in which the surfaces move isometrically, i.e. without in-surface strains
 – Lines of shear are material lines
 – For every fluid particle the shear rate is constant in time
 • There are 8-10 common viscometricflows
 Irgens 2013
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Theoretical basis for GNFs
 • A fluid is continuum that can not resists a shear stress while at rest. – Dates back to Stokes: “at rest” is interpreted as referring to ∇u =0 – Stokes split ∇u into strain rate and vorticity, and showed that
 constitutive law should not depend on vorticity*– Nothing about linearity: this was an assumption he made for
 Newtonian fluids (together with symmetry & isotropy)
 • 1950s & 1960s: Reiner-Rivlin explored “Stokesianfluids”– Now called Reiner-Rivlin fluids– Assumed fluid is isotropic and that τij can be expressed as a
 polynomial expansion of �̇�𝛾𝑖𝑖𝑖𝑖...CBA snrsmrijmnrnmrijmnmnijmnij +++= γγγγγγτ
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Reiner-Rivlin fluids
 • Simplifications result from:– Symmetry of τij– General properties of isotropic tensors, i.e. each term in τij must be an
 isotropic tensor– Higher order terms are reduced using Hamilton-Cayley theorem
 �̇�𝛾𝑖𝑖𝑖𝑖 is a square symmetric matrix. Eigenvalues satisfying cubic (characteristic equation)
 Eigenvalues λ1, λ2, λ3 are the principal strain rates Hamilton-Cayley states that �̇�𝛾𝑖𝑖𝑖𝑖 also satisfies the same cubic (matrix) equation Isotropy reduces general expression to a polynomial in matrix powers of �̇�𝛾𝑖𝑖𝑖𝑖 Multiplying characteristic equation by �̇�𝛾𝑖𝑖𝑖𝑖 iteratively reduces any power of �̇�𝛾𝑖𝑖𝑖𝑖 to a
 quadratic function of �̇�𝛾𝑖𝑖𝑖𝑖 plus functions of the invariants of �̇�𝛾𝑖𝑖𝑖𝑖
 • Invariants of �̇�𝛾𝑖𝑖𝑖𝑖 in terms of λ1, λ2, λ3
 IIIIII −+−= λλλ 230
 See e.g. Irgens 2008
 ( )
 ( ) ( )[ ]( ) ( ) ( ) ( ) ( )[ ] 321
 323
 13322122
 321
 tr2trtr3tr61det
 trtr21
 tr
 λλλ
 λλλλλλ
 λλλ
 =+−==
 ++=−=
 ++==
 γγγγγ
 γγ
 γ
 III
 II
 I
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Reiner-Rivlin fluids II
 • Finally, these take general form:
 – p(ρ,T) can be identified with the thermodynamic pressure– φ, η, ψ2, can be functions of the invariants I, II & III, (originally
 polynomial functions)– φ vanishes as �̇�𝛾𝑖𝑖𝑖𝑖 → 0 and if the fluid is incompressible this can be
 incorporated into the pressure– The viscous dissipation should be positive, which for an incompressible
 fluid results in: η > [3III/(2II)] ψ2
 • Generalized Newtonian Fluids can be considered a simplification of the Reiner-Rivlin fluid satisfying:
 – Incompressible flows, I = 0, and II simplifies to – Quadratic terms are assumed small– III ≈ 0, which is often found to be true
 ( ) mjimijijijij T,p γγψγηφδδρσ 2+++−=
 ( ) ( )( ) ijij
 ijijijijij
 pIIpIIp
 γγηδ
 γηδγηδσ
 +−=
 −+−=+−≈
 2
 21 γγγ −=−= ijijII
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Common GNF models (shear-thining)
 • Features to fit:– Low shear viscosity– High shear viscosity– Degree of shear-thinning– “Location” of transition
 • Power law – Ostwald de Waele
 • Sisko• Cross
 • Carreau
 nn γκτγκη == − ,1
 nn γκγητγκηη +=+= ∞−
 ∞ ,1
 ( ) ( )γ
 γληηγητ
 γληηηη
 mm +−
 +=+−
 += ∞∞
 ∞∞ 1
 ,1
 00
 • κ = consistency• n = power law index• η∞= high shear viscosity• η0 = low shear viscosity• λ = relaxation time
 ( )[ ]( ) ( )[ ]( ) γγλ
 ηηγητγλ
 ηηηη
 2120
 2120
 11/n/n , −
 ∞∞−
 ∞∞
 +
 −+=
 +
 −+=
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Carreau-Yasuda model
 • Carreau model refined by Yasuda 1979– 5 parameters– Often gives excellent fit
 to shear-thinning data
 • Carreau
 • Carreau-Yasuda
 ( )[ ]( )
 ( )[ ]( ) γγλ
 ηηγητ
 γλ
 ηηηη
 2120
 2120
 1
 1
 /n
 /n ,
 −∞
 ∞
 −∞
 ∞
 +
 −+=
 +
 −+=
 ( )[ ]( ) ( )[ ]( ) γγλ
 ηηγητγλ
 ηηηη
 a/naa/na, −
 ∞∞−
 ∞∞
 +
 −+=
 +
 −+= 1
 01
 0
 11
 ( )[ ]( ) 212
 0
 1/n−
 ∞
 ∞ +=−− γληηηη
 • n = power law index• η∞= high shear viscosity• η0 = low shear viscosity• λ = relaxation time
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Carreau-Yasuda model
 n = power law index
 η∞= high shear viscosity
 η0 = low shear viscosity
 λ = relaxation time
 ( )[ ]( ) 212
 0
 1/n−
 ∞
 ∞ +=−− γληηηη
 Bird, Armstrong & Hassager, 1987
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Carreau-Yasuda model
 n = power law index
 η∞= high shear viscosity
 η0 = low shear viscosity
 λ = relaxation time
 ( )[ ]( ) 212
 0
 1/n−
 ∞
 ∞ +=−− γληηηη
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Carreau-Yasuda model ( )[ ]( ) a/na 1
 0
 1−
 ∞
 ∞ +=−− γληηηη
 n = power law index
 η∞= high shear viscosity
 η0 = low shear viscosity
 λ = relaxation time
 a = fitting parameter
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Power law model
 • C-Y model: 4 or 5 parameters is a lot to fit– η∞ and η0 might be easy to identify, so primarily λ, n, (a)
 Some theoretical correlations for η0
 Often high shear limit is out of range of the rheometry (η∞ =0 often used)
 – If the aim is to do semi-analytical work with the model, Carreau-Yasuda is heavy going
 • Power-law model – Focuses at the log-linear region, where viscosity is decreasing– Fits κ and (n-1) – Advantages: easy algebra & quick way to get estimate of NN
 effects– Disadvantages:
 κ and (n-1) can be vulnerable to the range of shear rates in the data (hence the process)
 No zero shear viscosity, hard to relate to theory; dimension of κ is not easy for dimensional analysis
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Notational issues• We’ll use both vector and Einstein indical notation • Stress tensor: σ = σij
 – σij is the j component of the traction on a surface with unit normal in direction i. Traction for a general n is the vector n⋅σ = niσij, which has both normal and shear components.
 – The normal direction n points from the inside to the outside and the traction is the force per unit area exerted on the fluid inside by the fluid on the outside. Normal stresses are negative in compression for us – the usual fluids convention Other disciplines use - σ, i.e. the force exerted on the outside by the inside,
 which is common e.g. in geo-mechanics. Due to the bridge with other mechanics disciplines, some authors also adopt this
 convention for non-Newtonian fluids.
 • Rate of strain: 3 different notations are common– eij Newtonian fluids, e.g. splitting velocity gradients into strain and
 rotation– Dij (= eij ) common in mathematical texts– �̇�𝛾𝑖𝑖𝑖𝑖 used in non-Newtonian fluid mechanics
 iji
 j
 j
 iij e
 xu
 xu 2=
 ∂∂
 +∂∂
 =γ
 iji
 j
 j
 iij D
 xu
 xue =
 ∂∂
 +∂∂
 =21
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Examples of fluids with a yield stress
 Liquid chocolate
 Polymer gels
 Sewage
 Fruit puree
 Hagfish mucus
 Some paints
 Basaltic lavas
 Hair gel Drilling fluids
 Dairy products
 Mud
 Diaper cream
 Fuel gels
 Toothpaste
 What is a yield stress fluid
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Characteristics
 • Continuum mechanics: a fluid is a continuum that cannot resist a shear stress while at rest– In generalised Newtonian fluids, shear stresses are defined by
 the flow curve ⇒ effective viscosity η(�̇�𝛾)
 – At rest means �̇�𝛾 = 0, so unless η(�̇�𝛾) → ∞ the fluid cannot generate finite shear stresses at rest
 • Yield stress fluid can resist a shear stress while at rest: characterised by limiting yield stress τ0 – In other words, at zero strain rate the shear stress can be finite,
 and this is achieved mathematically by: η(�̇�𝛾) → ∞– Are these then really fluids, according to the usual definition?– Should they be classified as generalised Newtonian fluids
 ( )γττIσ γη=+−= ,p
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How do we model:
 http://www.aubingroup.com/products/drilling-fluids/
 http://www.rigzone.com/training/insight.asp?insight_id=291
 Idealised• Only rigid body motion
 below yield stress τ0• Shear-thinning viscous
 behaviour above τ0
 Strain rate
 Shea
 r Stre
 ss
 τ0
 Real life
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Common yield stress models
 • Features to fit:– Yield stress– High shear viscosity– Degree of shear-thinning– “Location” of transition
 • Bingham:• Casson:
 • Herschel-Bulkley:
 • Roberts (?)
 00 , τγητγτηη +=+= ∞∞
 • τ0 = yield stress• η∞= high shear (plastic)
 viscosity• κ = consistency• n = power law index• η0 = low shear viscosity• λ = (relaxation?) time
 0000 2,2 ττγηγητγτ
 γτηηη ++=++= ∞∞
 ∞∞
 001 , τγκτγτγκη +=+= − nn
 nn γκγλγητγκ
 γληη
 +
 +=+
 += −
 1,
 1010
 Mos
 t com
 mon
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Above relationships are for: τ > τ0
 • General tensorialconstitutive laws:
 • E.g. Bingham
 • For τ ≤ τ0 the deviatoricstress is indeterminate– What does this mean?– Why is it indeterminate?
 • Is this a problem?– Strain rate is determinate, e.g.– If your primary variables are
 (u,p), this is fine in principle
 ( )0
 0
 0 ττγ
 ττγγητ
 ≤⇔=
 >⇔=
 ij
 ijij
 0
 00
 0 ττγ
 ττγγτητ
 ≤⇔=
 >⇔
 += ∞
 ij
 ijij
 ijij τττ
 ηγ
 +∞
 −= 011
 Stra
 in ra
 te
 Shear Stress τ0
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Eugene Bingham: 1878-1945
 • 1916-1945 Professor of Chemistry at Lafayette College, US– Earlier career? – Bureau of standards
 • Influential book 1922: “Fluidity and Plasticity”
 • Credited with inventing term “rheology”
 • Bingham fluid• Bingham Medal
 – Premier award of the American Society of Rheology
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1916: Bulletin of the Bureau of StandBingham (1916)

Page 27
                        
                        

Unlike viscous fluids Bingham records a “friction constant" (a stress) that must be exceeded and thereafter a linear relation
 Birth of the Bingham fluid
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