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Professor Clifford Will Distinguished Professor of Physics University of Florida Chercheur Associé Institut d’Astrophysique de Paris http://phys.ufl.edu/~cmw/ [email protected] 2071 NPB
 A Mini-course within PHZ 7608
 Gravity: Newtonian, post-Newtonian, Relativistic
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Outline of the Lectures 1. Newtonian gravity (4 hrs)
 Foundations, Isolated gravitating bodies, Orbital dynamics PW, Chapters 1 - 3
 2. Post-Minkowskian theory (2 hrs) Formulation, Implementation PW, Chapters 6 - 7
 3. Post-Newtonian theory: Near-zone physics (3 hrs) Implementation, PN celestial mechanics, astrometry & timekeeping PW, Chapters 8 - 10
 4. Post-Newtonian theory: Far-zone physics (2 hrs) Gravitational radiation, Radiation Reaction PW, Chapters 11 - 12
 5. Alternative theories of gravity (1 hr) Metric theories, PPN framework, Scalar-tensor theory PW, Chapter 13
 Textbook: Gravity: Newtonian, post-Newtonian, General Relativistic, by Eric Poisson and Clifford Will (Cambridge U Press, 2014)
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Ground rules and grading Schedule: Jan 14, 21, 28 (room 2205)
 Feb 18 Mar 11 Apr 1
 Question: Feb 26 (Thu)? Mar 4 (spring break)? Mar 25?
 Homework: N sets of M problems each, taken from PW
 Office hours: Wednesdays after class, or by appointment Skype calls may work when I’m not at UF
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Foundations of Newtonian Gravity
 Newton’s 2nd law and the law of gravitation:
 The principle of equivalence:
 If
 Then, comparing the acceleration of two different bodies or materials
 mIa = F
 F = �GmGMr/r3
 a = �mG
 mI
 GMr
 r3
 mG = mI(1 + ⌘)
 �a = a1 � a2 = �(⌘1 � ⌘2)GMr
 r3
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400 CE Ioannes Philiponus: “…let fall from the same height two weights of which one is many times as heavy as the other …. the difference in time is a very small one”
 1553 Giambattista Benedetti proposed equality
 1586 Simon Stevin experiments
 1589-92 Galileo Galilei Leaning Tower of Pisa?
 1670-87 Newton pendulum experiments
 1889, 1908 Baron R. von Eötvös torsion balance experiments (10-9)
 1990 – 2010 UW (Eöt-Wash) 10-13
 2010 Atom inteferometers matter waves vs macroscopic object
 The Weak Equivalence Principle (WEP)
 Bodies fall in a gravitational field with an acceleration that is independent of mass, composition or internal structure
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Tests of the Weak Equivalence Principle
 19001920
 19401960
 19701980
 19902000
 10-8
 10-9
 10-10
 10-11
 10-12
 10-13
 10-14
 YEAR OF EXPERIMENT
 Eotvos
 Renner
 Princeton
 Moscow
 Boulder
 Eot-Wash
 Eot-Wash
 Free-fall
 Fifth-force searches
 LLR
 TESTS OF THE WEAK EQUIVALENCE PRINCIPLE
 a1 -a 2
 (a1+a2)/2
 2010
 Matter waves
 APOLLO (LLR) 10-13 Microscope 10-15 (2015)
 Future: STEP, GG, STE-QUEST
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Newtonian equations of Hydrodynamics Writing Equation of motion
 Field equation Generalize to multiple sources (sum over M’s) and continuous matter
 Euler equation of motion
 Poisson field equation Total or Lagrangian derivative
 Equation of state
 Continuity equation
 Formal solution of Poisson’s field equation: Write
 Green function
 ma = mrU ,
 U = GM/r ,
 ⇢dv
 dt= ⇢rU �rp ,
 @⇢
 @t+r · (⇢v) = 0 ,
 r2U = �4⇡G⇢ ,
 d
 dt:=
 @
 @t+ v ·r ,
 p = p(⇢, T, . . . )
 U(t,x) = G
 ZG(x,x0)⇢(t,x0)d3x0
 ,
 r2G(x,x0) = �4⇡�(x� x
 0) ) G(x,x0) = 1/|x� x
 0|
 U(t,x) = G
 Z⇢(t,x0)
 |x� x
 0| d3x
 0
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Rules of the road Consequences of the continuity equation: for any f(x,t):
 Useful rules:
 d
 dt
 Z⇢(t,x)f(t,x) d3x =
 Z ✓⇢
 @f
 @t
 + f
 @⇢
 @t
 ◆d
 3x
 =
 Z ✓⇢
 @f
 @t
 � fr · (⇢v)◆
 d
 3x
 =
 Z ✓⇢
 @f
 @t
 + ⇢v ·rf
 ◆d
 3x�
 If⇢v · dS
 =
 Z⇢
 df
 dt
 d
 3x .
 @
 @t
 Z⇢(t,x0)f(t,x,x0) d3x0 =
 Z⇢
 0✓@f
 @t
 + v
 0 ·r0f
 ◆d
 3x
 0,
 d
 dt
 Z⇢(t,x0)f(t,x,x0) d3x0 =
 Z⇢
 0✓@f
 @t
 + v ·rf + v
 0 ·r0f
 ◆d
 3x
 0
 =
 Z⇢
 0 df
 dt
 d
 3x
 0
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Global conservation laws
 T (t) :=1
 2
 Z⇢v
 2d
 3x
 ⌦(t) := �1
 2G
 Z⇢⇢
 0
 |x� x
 0| d3x
 0d
 3x ,
 Eint(t) :=
 Z✏ d
 3x
 d
 dt
 Z⇢vd
 3x =
 Z(⇢rU �rp) d3x
 = �G
 Z Z⇢⇢
 0 x� x
 0
 |x� x
 0|3 d3xd
 3x
 0 �I
 pnd
 2S
 = 0
 d(✏V) + pdV = 0
 r · v = V�1dV/dtM :=
 Z⇢(t,x) d
 3x = constant
 P :=
 Z⇢(t,x)v d
 3x = constant
 R(t) :=1
 M
 Z⇢(t,x)x d
 3x =
 P
 M
 (t� t0) +R0
 E := T (t) + ⌦(t) + Eint(t) = constant
 J :=
 Z⇢x⇥ v d
 3x = constant
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Spherical and nearly spherical bodies Spherical symmetry
 1
 r2@
 @r
 ✓r2
 @U
 @r
 ◆= �4⇡G⇢(t, r)
 m(t, r) :=
 Z r
 04⇡⇢(t, r0)r02 dr0
 @U
 @r= �Gm(t, r)
 r2
 U(t, r) =Gm(t, r)
 r+ 4⇡G
 Z R
 r⇢(t, r0)r0 dr0 .
 Outside the body U = GM/r
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Non-spherical bodies: the external field
 Taylor expansion:
 Then the Newtonian potential outside the body becomes
 1
 |x� x
 0| =1
 r
 � x
 0j@j
 ✓1
 r
 ◆+
 1
 2x
 0jx
 0k@j@k
 ✓1
 r
 ◆� · · ·
 =1X
 `=0
 (�1)`
 `!x
 0L@L
 ✓1
 r
 ◆
 |x0| < |x|
 U
 ext
 (t,x) = G
 1X
 `=0
 (�1)`
 `!I
 hLi@hLi
 ✓1
 r
 ◆,
 I
 hLi(t) :=
 Z⇢(t,x0)x0hLi
 d
 3
 x
 0
 x
 L:= x
 ix
 j. . . (L times)
 @L := @i@j . . . (L times)
 h. . . i := symmetric tracefree product
 Spherical and nearly spherical bodies
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Symmetric tracefree (STF) tensors Symmetric on all indices, and
 Example: gradients of 1/r
 General formula for n<L>:
 Ahijk...i �ijAhijk...i = 0
 @jr�1 = �njr
 �2 ,
 @jkr�1 =
 �3njnk � �jk
 �r�3 ,
 @jknr�1 = �
 h15njnknn � 3
 �nj�kn + nk�jn + nn�jk
 �ir�4
 nhLi =
 [`/2]X
 p=0
 (�1)p(2`� 2p� 1)!!
 (2`� 1)!!
 h�2PnL�2P + sym(q)
 i
 q := `!/[(`� 2p)!(2p)!!]
 @Lr�1 = @hLir
 �1 = (�1)`(2`� 1)!!nhLi
 r`+1
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Link between n<L> and spherical harmonics
 Average of n<L> over a sphere:
 Symmetric tracefree (STF) tensors
 ehLinhLi =
 `!
 (2`� 1)!!P`(e · n)
 nhLi :=4⇡`!
 (2`+ 1)!!
 X
 m=�`
 YhLi`m Y`m(✓,�)
 Yhzi10 =
 r3
 4⇡, Yhxi
 11 = �r
 3
 8⇡, Yhyi
 11 = i
 r3
 8⇡,
 Yhxxi20 = �
 r5
 16⇡, Yhyyi
 20 = �r
 5
 16⇡, Yhzzi
 20 = 2
 r5
 16⇡,
 hhnLii := 1
 4⇡
 InLd⌦ =
 8<
 :
 1(2`+1)!!
 ��L/2
 + sym[(`� 1)!!]
 �` = even
 0 ` = odd
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Example: axially symmetric body e
 Note that: C
 A
 Spherical and nearly spherical bodies
 IhLiA = �mAR
 `A(J`)Ae
 hLi
 J` := �r
 4⇡
 2`+ 1
 1
 MR
 `
 Z⇢(t,x)r`Y ⇤
 `0(✓,�) d3x
 Uext
 (t,x) =GM
 r
 "1�
 1X
 `=2
 J`
 ✓R
 r
 ◆`
 P`(cos ✓)
 #
 J2 =C �A
 MR2
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Measuring the Earth’s Newtonian hair Gravity Recovery And Climate Experiment (GRACE)
 Earth: j2 = -4.8416932 (5) X 10-4 j3 = 9.5721 (1) X 10-7 j4 = 5.39994 (4) X 10-7 …… …… j360,0 = 3.2 (5) X 10-10
 Earth: j2 = -4.84 X 10-4, j3 = 9.6 X 10-7, j4 = 5.4 X 10-7, …
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Motion of extended fluid bodies
 Main assumptions: §  Bodies small compared to typical separation (R << r) §  “isolated” -- no mass flow §  Tint ~ (R3/Gm)1/2 << Torb ~ (r3/Gm)1/2 -- quasi equilibrium §  adiabatic response to tidal deformations -- nearly spherical
 External problem: §  determine motions of bodies as functions (or functionals) of internal
 parameters Internal problem: §  given motions, determine evolution of internal parameters Solve the two problems self-consistently or iteratively
 Example: Earth-Moon system -- orbital motion raises tides, tidally deformed fields affect motions
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Basic definitions
 Is the center of mass unique? §  pure convenience, should not wander outside the body §  not physically measurable §  almost impossible to define in GR
 Motion of extended fluid bodies
 Define:
 mA :=
 Z
 A⇢(t,x) d3x
 rA(t) :=1
 mA
 Z
 A⇢(t,x)x d
 3x
 dmA/dt = 0
 vA(t) :=drAdt
 =1
 mA
 Z
 A⇢v d
 3x
 aA(t) :=dvA
 dt
 =1
 mA
 Z
 A⇢
 dv
 dt
 d
 3x
 mAaA = �G
 Z
 A
 Z
 A⇢⇢
 0 x� x
 0
 |x� x
 0|3 d3xd
 3x
 0
 �G
 Z
 A⇢
 2
 4X
 B 6=A
 Z
 B⇢
 0 x� x
 0
 |x� x
 0|3 d3x
 0
 3
 5d
 3x
 x := rA(t) + x
 x
 0 := rB(t) + x
 0
 rAB := rA � rB
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Two-body system with only body 2 having non-zero I<L>
 Motion of extended fluid bodies N-body point mass
 terms Moments of other bodies Effect of body’s
 own moments
 Moment-moment interaction terms
 ajA = GX
 B 6=A
 (�mB
 r2AB
 njAB
 +1X
 `=2
 1
 `!
 h(�1)`IhLi
 B +mB
 mAIhLiA
 i@AjL
 ✓1
 rAB
 ◆
 +1
 mA
 1X
 `=2
 1X
 `0=2
 (�1)`0
 `!`0!IhLiA IhL
 0iB @A
 jLL0
 ✓1
 rAB
 ◆)
 aj = �Gm
 r2nj +Gm
 1X
 `=2
 (�1)`
 `!
 IhLi2
 m2@jL
 ✓1
 r
 ◆
 r := r1 � r2 , r := |r|R := (m1r1 +m2r2)/m
 m := m1 +m2
 µ := m1m2/m
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