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Heteroclinic bifurcations near Hopf-zero bifurcation in reversible
 vector fields in R3
 Jeroen S.W. Lamb,1 Marco-Antonio Teixeira,2 and Kevin N. Webster11 Department of Mathematics, Imperial College, London SW7 2AZ, United Kingdom
 2 IMECC, University of Campinas, CP 6065, 13083-859 Campinas SP, Brazil
 August 3, 2004
 Abstract
 We study the dynamics near a symmetric Hopf-zero bifurcation in a Z2(R)-reversible vectorfield in R3, with reversing symmetry R satisfying R2 = I and dimFix(R) = 1. We focus on the casein which the normal form for this bifurcation displays a degenerate family of heteroclinics betweentwo asymmetric saddle-foci. We study local perturbations of this degenerate family of heteroclinicswithin the class of reversible vector fields and establish the generic existence of hyperbolic basic sets(horseshoes), independent of the eigenvalues of the saddle-foci, as well as cascades of bifurcationsof periodic, heteroclinic and homoclinic orbits.Finally, we discuss the application of our results to the Michelson system, describing stationary
 states and travelling waves of the Kuramoto-Sivashinsky PDE.
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1 Introduction
 In this paper we study the generic dynamics near a Hopf-zero bifurcation (steady-state/Hopf interac-tion) at a symmetric equilibrium solution of a Z2(R)-reversible vector field in R3, where the reversingsymmetry R is such that dimFix(R) = 1.Such a Hopf-zero bifurcation arises in the Michelson system [33]
 x = y,y = z,z = c2 − 12x
 2 − y.(1.1)
 which is reversible with respect to the time-reversal symmetry
 R(x, y, z) = (−x, y,−z). (1.2)
 Recall that reversibility means that x(t) is a solution of (1.1) if and only if Rx(−t) is a solution, orequivalently that the vector field anticommutes with R. The Hopf-zero bifurcation occurs preciselywhen c = 0. Namely, at c = 0, (0, 0, 0) is an equilibrium at which the derivative has eigenvalues {0,±i}.The Michelson system is obtained from a stationary-state and/or travelling wave reduction from the
 Kuramoto-Sivashinsky (KS) PDE ∗
 ut + uux + uxx + uxxxx = 0. (1.3)
 The reversibility of the Michelson system is a consequence of the Z2-invariance of the KS system withrespect to the transformation (u, x, t) → (−u,−x, t). The KS system has been intensively studiedas a model PDE with complex behaviour. Equilibria and periodic solutions of the Michelson systemcorrespond to spatially constant and spatially periodic stationary and travelling solutions of the KSequation. Likewise, homoclinic and heteroclinic solutions between equilibria of the Michelson systemrepresent stationary and travelling solutions that converge to spatially constant solutions as x→ ±∞.Our study of the reversible Hopf-zero bifurcation is partially motivated by the Michelson system, but
 also forms part of a program addressing the systematic study of the dynamics near local bifurcationsin reversible (and reversible-equivariant) vector fields.Many dynamical systems that arise in the context of applications possess robust structural prop-
 erties, such as for instance symmetries or Hamiltonian structure. In order to understand the typicaldynamics of such systems, their structure need to be taken into account, leading one to study phenomenathat are generic among dynamical systems with the same structure.Recently, there has been a surging interest in the study of systems with time-reversal symmetries,
 in particular since the group theoretical classification of linear reversible equivariant systems by Lamb& Roberts [29]. Since then, the linear normal form and unfolding theory of reversible equivariant linearsystems has been developed by Hoveijn, Lamb & Roberts [22, 23]. Steady state bifurcation has beenstudied recently by Buono, Lamb & Roberts [6] and Hopf bifurcation by Buzzi & Lamb [7]. Suchbifurcations are characterized by the appearance of a zero eigenvalue or a degenerate pair of purelyimaginary eigenvalues of the linear part of the vector field at an equilibrium point. Whereas [6, 7]restrict to the description of elementary equilibria and periodic solutions, in this paper we describemore complicated locally recurrent dynamics.We consider a one-parameter family of Z2(R)-reversible dynamical systems
 x = F (x, μ), x = (x, y, z) ∈ R3, (1.4)
 where F ∈ R3 × R → R3, μ ∈ R, with symmetric (R-invariant) equilibrium 0 at μ = 0, wheredimFix(R) = 1. By Bochner’s Theorem [34], we may assume without loss of generality that R acts(locally) linearly, eg as the twofold rotation around the y-axis in (1.2). R-Reversibility means that
 F ◦R = −R ◦ F. (1.5)
 ∗It also arises in a 2-parameter model of a feedback system in [26].
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Page 3
                        
                        

A first important observation is that R-reversible vector fields of the type described above do nottypically have symmetric equilibria. Namely, by virtue of the reversibility, F maps Fix(R) into Fix(−R).Since, dimFix(R) = 1 and dimFix(−R) = 2 it follows that F |(Fix(R),0) cannot hit 0 transversally. On theother hand, if we consider a one-parameter family of reversible vector fields, we find that if F (0, 0) = 0,it generically hits 0 transversally so that the equilibrium point is typically persistent and isolated inFix(R)× R (where R denotes the parameter space).We are therefore led to consider the one-parameter family F with symmetric equilibrium (0, 0). The
 eigenvalues of DxF (0, 0) are either {0,±α} or {0,±αi}, with α ∈ R. Varying the parameter μ revealsthat the isolated symmetric equilibrium is typically (as long as α 6= 0) a fold point, where two branchesof asymmetric equilibria meet (see Section 2).In case the eigenvalues of DxF (0, 0) are real, (0,±α) with α ∈ R+, the recurrent dynamics is
 restricted to a one-dimensional centre manifold, on which the equations of motion are reversible and ofthe form
 z = μ+ az2 + ∙ ∙ ∙ ,
 with R(z) = −z. the corresponding local dynamics is rather simple, featuring persistent heteroclinicconnections between the two branches of asymmetric equilibria.We are thus led to focus on the Hopf-zero case where the nonzero eigenvalues are purely imaginary
 ±αi. Without loss of generality, in this case we may take the linear part of the R-reversible vector fieldas
 DxF (0, 0) =
 0 −α 0α 0 00 0 0
 . (1.6)
 Associated with the pair of purely imaginary eigenvalues, varying μ, one finds in addition to the branchesof asymmetric equilibria, a one-parameter family of symmetric (R-invariant) periodic solutions withperiod near 2π/α branching off the equilibrium point (see Section 2).Since symmetric equilibria with the attached branches of equilibria and periodic solutions described
 above arise persistently in one-parameter families, it is natural to consider the Hopf-zero bifurcation asa codimension-one local bifurcation. However, as we shall see later, many aspects of the local dynamicsdepend sensitively on the nonlinear terms and are actually not finitely determined. In this situation,rather than aiming to describe the local dynamics in all its details, it is necessary to be less ambitious,and we correspondingly focus on certain generically robust aspects of the dynamics of one-parameterfamilies of reversible vector fields in R3 passing at μ = 0 through a Hopf-zero bifurcation point.Our strategy is to study the local dynamics in first appoximation by a normal form approach. It is a
 standard result of Birkhoff normal form theory [15] that by an R-equivariant coordinate transformation(preserving the R-reversibility), the vector field can be made to be S1-equivariant up to arbitrary highorder in its Taylor expansion, where S1 = {exp(Dx(0, 0)s) | s ∈ R}. Such S1-equivariant vector fieldscan be studied from the symmetry reduced vector field on R3/S1 = {θ = 0}, taking (r cos θ, r sin θ, z)as cylindrical coordinates for R3.It turns out that the phase portraits of the reduced vector fields are finitely determined [36]. There
 are six different cases, most of them yielding relatively uncomplicated dynamics near the bifurcationpoint. However, in one of the cases (incidentally corresponding to the situation in the Michelson system)an elliptic point and heteroclinic cycle are simultaneously born and the situation is more complicated.The situation is illustrated in Figure 1, with the phase portraits of the reduced normal form vector fieldin R3/S1 depicted when μ < 0, μ = 0 and μ > 0. When μ > 0 there is a heteroclinic cycle between thetwo asymmetric equilibria on the z-axis, and at the same time also a symmetric elliptic point on ther-axis. In R3 we find correspondingly a heteroclinic cycle between two asymmetric equilibria of saddle-focus type, whose one- and two-dimensional stable and unstable manifolds exactly coincide. The twoone-dimensional manifolds coinciding in a straight line and the two-dimensional manifolds coincidingon a two-sphere. Also, in R3 we have an elliptic periodic solution, and the phase space between theheteroclinic cycle and the periodic solution is foliated by invariant two-tori.It is essential to notice that the flow in the latter normal form approximation is very degenerate in
 the context of reversible flows in R3. The reason for the degeneracy is of course the S1-equivariance it
 3
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r
 z
 r
 z
 r
 z
 μ < 0 μ = 0 μ > 0
 Figure 1: The reduced normal form vector field on R3/S1 = {θ = 0} near the Hopf-zero bifurcation atμ = 0, for the case a > 0, b = −1 referring to the coefficients in (3.3).
 gained in the normal form approximation. The task is to understand the dynamics when the S1 normalform symmetry is broken (by flat perturbations, ie perturbations that are small beyond any algebraicorder).Our first result concerns the generic occurrence of an infinite number of homoclinic and heteroclinic
 bifurcations in the neighbourhood of the reversible Hopf-zero bifurcation:
 Theorem 1.1 Denote by XμR the space of one parameter families of R-reversible vector fields (1.4)exhibiting the ‘Hopf-zero’ bifurcation as above at μ = 0, endowed with the C∞ topology. There existsan open subset U ∈ XμR containing the origin, which is determined by the 2-jet of the vector fields at(0, 0) ∈ R3 × R, such that the set of vector fields for which in a neighbourhood of the origin in R3 × Rthere exists a countable infinity of homoclinic orbits and heteroclinic cycles between the two saddle-focusfixed points, is residual in XμR ∩ U .
 The proof of this result is obtained by an explicit perturbation argument and presented in Section 4.In fact, the homoclinic and heteroclinic orbits referred to in Theorem 1.1 are in fact homoclinic andheteroclinic orbits that lie close to the initial (degenerate) heteroclinic cycle, making no more than onerevolution in its neighbourhood.The (asymmetric) homoclinic cycles mentioned in Theorem 1.1 generically unfold following the
 classical treatment by Shilnikov, see [21, 35]. In particular, this means that one finds genericallynontrivial hyperbolic basic sets (horseshoes) if the modulus of real part of the complex eigenvalues ofthe saddle-foci are smaller than the modulus of the real eigenvalues. This is determined by the 2-jet ofthe normal form: 0 < a < 2 in terms of coefficient of (3.3).In this paper, however, we focus on the dynamics induced by the unfoldings of the heteroclinic cycles
 mentioned in Theorem 1.1. Their occurrence relies on the reversibility of the vector field. Apart from thefact that it supplies us with a lot of information on the local dynamics near the zero-Hopf bifurcation,we would like to emphasize that the study of the unfolding of such cycles is also of independent interest,for instance with relevance to the Michelson system, where at a special value of c an explicit expressionfor a 1D-heteroclinic solution has been obtained in [24], see also Section 6.The starting point of the analysis of the heteroclinic cycle bifurcations is sketched in Figure 2. We
 have two asymmetric saddle-foci p0 and p1 that are R-images of each other. The two-dimensionalstable manifold of p0 transversally intersects the two-dimensional unstable manifold of p1 to yield arobust heteroclinic connection. At parameter value λ = 0, the one-dimensional unstable manifold of p0intersects Fix(R), giving rise to a coincidence with the one-dimensional stable manifold of p1, resultingin a heteroclinic cycle. Clearly, the occurrence of such a heteroclinic cycle is generically persistentand isolated in one-parameter families of reversible vector fields of the type considered in this paper.We further assume that the one-dimensional heteroclinic connection unfolds generically along the λ-parameter family. A more technical description of the generic hypotheses is formulated in Section 5,
 4
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Fix R
 φ
 Σ0
 Σ1
 σ0
 σ1
 σ′0
 σ′1
 ψ1
 ψ′1
 ψ2 ψ′2
 φ′
 h(t)
 p0p1
 Figure 2: The heteroclinic cycle at λ = 0 with section planes and first hit maps.
 where the dynamics near the cycle is studied using Poincare maps φ, ψ1, ψ2, φ′, ψ′1, ψ
 ′2 between the
 sections σ0, σ1, σ′0, σ
 ′1,Σ0,Σ1 as indicated in Figure 2.
 The analysis of the unfolding of the symmetric heteroclinic cycle yields many additional heteroclinicand homoclinic cycles, as well as periodic and aperiodic solutions.In order to facilitate the discussion, we introduce some terminology in order to distinguish different
 types of these orbits. A heteroclinic orbit connecting p0 to p1 will be called a 1D heteroclinic orbit,and is always symmetric (R-invariant). A 1D heteroclinic orbit that intersects the section Σ1 (seeFigure 2) n times is called an n-1D heteroclinic cycle. A symmetric heteroclinic orbit intersects Fix(R)exactly once. Note that if n is odd it intersect Fix(R) in Σ1, and if n is even in Σ0. Correspondinglywe refer to such symmetric heteroclinic orbits also as upper and lower 1D heteroclinic orbits. The 1Dheteroclinic orbit we start from is a 1-1D heteroclinic cycle. Heteroclinic orbits connecting p1 to p0are correspondingly called 2D heteroclinic orbits. We similarly call such connections which intersectΣ0 n times n-2D heteroclinics. Symmetric 2D heteroclinics are upper if n is even and lower if is n isodd. Note that 2D heteroclinic orbits need not always be symmetric. Likewise, one can characterizesymmetric periodic orbits which always intersect Fix(R) precisely twice by the number of times n thatΣ1 (or Σ0) is intersected. If n is even then the intersections of periodic solutions with Fix(R) are eitherupper or lower, whereas if n is odd the intersections are always mixed (one upper and one lower).There also may arise homoclinic solutions connecting p0 to p0 or p1 to p1. By symmetry, whenever
 there exists a homoclinic solution to p0 then such a solution also arises to p1. We call a homoclinicsolution n-homoclinic if it intersects Σ0 (and Σ1) n times. Analogously we call a heteroclinic cyclen-heteroclinic if it intersects Σ0 (and Σ1) n times.The main results of the heteroclinic cycle bifurcation analysis in this paper are summarised in the
 following theorem. Its proof is discussed in Section 5.
 Theorem 1.2 Consider a one-parameter family of R-reversible vector fields F (x, λ) in R3, with at λ =0 a symmetric heteroclinic cycle between two asymmetric saddle-foci. Then, generically, the followingstatements hold:
 A. At λ = 0 for all n > 1 there is a countably infinite number of (upper and lower) symmetric, andasymmetric (n > 2), transverse n-2D heteroclinic orbits accumulating to the symmetric hetero-
 5

Page 6
                        
                        

clinic cycle.
 Note that in combination with the 1-1D heteroclinic, each n-2D heteroclinic solution constitutes aheteroclinic cycle.
 B. For each heteroclinic cycle there exists a countable infinity of periodic solutions converging to theheteroclinic cycle as their period goes to infinity. For small λ, these periodic solutions form a oneparameter family in R3 × R, parameterised by λ as an oscillating function of the period.†
 The type of the periodic orbits is in correspondence to that of the heteroclinic cycle that is accu-mulated:
 – If the heteroclinic cycle intersects Σ1 n times then so do the periodic solutions.
 – If the heteroclinic cycle is symmetric, then so are the periodic solutions, and the periodicsolutions intersect Fix(R) is in the same section(s) Σi, as the heteroclinic cycle.
 A similar set of periodic solutions acummulates each homoclinic solution, if the eigenvalues of thesaddle-foci satisfy Shilnikov’s condition (that the modulus of the real eigenvalue is larger than themodulus of the real part of the complex eigenvalue) [19, 35].
 C. For each n > 1 there exists a countably infinite set of parameters {λ(n)k }, converging exponentially
 to zero as k →∞ such that at λ = λ(n)k there exists a (symmetric) n-1D heteroclinic orbit. Theseorbits converge to the initial 1-1D heteroclinic orbit as k →∞.
 Consequently, the set of parameter values for which there exists a 1D-heteroclinic orbit forms anaccumulation set.
 D. For each n > 1 there exists a countably infinite set of parameters {λ(n)j }, converging exponentially
 to zero as j →∞ such that at λ = λ(n)j , p0 and p1 have (asymmetric) homoclinic solutions. Theseorbits converge to the initial heteroclinic cycle as j →∞.
 E. At λ = 0 there exists an indecomposable R-invariant nonuniformly hyperbolic invariant set, con-taining a countable infinity of nontrivial hyperbolic basic sets (horseshoes), whose dynamics istopologically conjugate to a full shift on an infinite number of symbols. For small nonzero |λ|, anR-invariant uniformly hyperbolic basic set remains whose dynamics is topologically conjugate to afull shift on a finite number of symbols (tending to infinity as |λ| → 0).
 We would like to highlight the result under E in the above theorem, as it establishes the existence ofnontrivial basic sets (horseshoes) in the unfolding of the symmetric heteroclinic cycle, independent ofthe eigenvalues at the saddle-foci. This is in sharp contrast to the Shilnikov condition for the existence ofhorseshoes in the unfolding of a homoclinic orbit to a saddle-focus (which is incidentally automaticallysatisfied in the case of volume preserving vector fields, cf [5]).Many of the results in Theorem 1.2 on the dynamics near the heteroclinic cycle do not crucially
 rely on the reversibility of the system. In general dissipative (non-reversible) systems heteroclinic cyclesbetween two saddle-foci of the type introduced above have codimension two. Apart from the fact that insuch systems 1D heteroclinic connections can only be expected to be seen in two-parameter unfoldings,our results on the existence of horseshoes (independent of any Shilinikov condition) remain valid as theirproof relies only on the geometry of the flow near the cycle. We note that Bykov [9, 10] also studied theunfolding of such cycles in two-parameter families of non-reversible vector fields. He obtained resultson the existence of certain periodic, homoclinic and heteroclinic solutions but none on the existence ofhorseshoes.The construction of the R-invariant non-uniformly hyperbolic invariant set at λ = 0 mentioned in
 Theorem 1.2.E, by the intersection of strips is sketched in Figure 3.By combining Theorem 1.1 and Theorem 1.2 above, we obtain the following conclusion concerning
 the generic dynamics near the Hopf-zero bifurcation.
 †See Figure 6 for a sketch.
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Σ0 Σ1
 S0 S1
 Fix R0 Fix R1
 ViVi+1
 Hi
 Hi+1
 B0 B1W s(p0) Wu(p1)
 ψ2 ◦ φ ◦ ψ1
 ψ′1 ◦ φ′ ◦ ψ′2
 Mi
 Mi+1
 Figure 3: Sketch of the construction of the invariant set conjugate to a full shift on an infinite numberof symbols with horizontal strips Hi and vertical strips Vi. The construction starts with consideringintersecting strips B0 and B1 = R0(B0) in Σ0 adjacent to the traces of the two-dimensional stable andunstable manifolds of the saddle-foci. The images S0 := ψ2 ◦ φ ◦ψ1(B0) and S1 := (ψ′1 ◦ φ
 ′ ◦ψ′2)−1(B1)
 in Σ1 are logarithmic spiralling strips that are exactly each other’s R1-image. Let {Mi} denote thecountable set of intersections of S0 and S1 containing part of the FixR1-axis. The images Hi :=ψ′1 ◦ φ
 ′ ◦ ψ′2(Mi) and Vi := (ψ2 ◦ φ ◦ ψ1)−1(Mi) form sets of horizontal and vertical strips.
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Theorem 1.3 Denote by XμR the space of one parameter families of R-reversible vector fields (1.4)exhibiting the ‘Hopf-zero’ bifurcation as above at μ = 0, endowed with the C∞ topology. There existsan open subset U ∈ XμR containing the origin, which is determined by the 2-jet of the vector fields at(0, 0) ∈ R3 × R, such that the set of vector fields for which in a neighbourhood of the origin in R3 × Rthere exists for each n ∈ Z+
 • a countable infinity of n-homoclinic orbits,
 • a countable infinity of symmetric n-heteroclinic cycles,
 • a countable infinity of asymmetric n-heteroclinic cycles n > 2,
 • a countable infinity of n-periodic orbits (accumulating to n-heteroclinic cycles),
 • a countable infinity of hyperbolic basic sets (horseshoes),
 is residual in XμR ∩ U .The subset of XμR ∩U for which which in a neighbourhood of the origin in R
 3 ×R∩U there exists ahyperbolic basic set (horshoe) is open and dense.
 Our work has parallels with that of Broer & Vegter [5], Delshams & Martinez-Seara [11] and Gaspard[17], who studied the Hopf-zero bifurcation in the context of dissipative and volume preserving vectorfields, displaying a similar family of degenerate heteroclinic cycles in normal form approximation. Themain difference between the dissipative/volume preserving and reversible contexts is that in the lattercontext one finds codimension one heteroclinic cycles, whereas in the former context such heterocliniccycles have codimension two. From our results we see that the heteroclinic cycles arising due to thereversibility have important implications for the local dynamics.Our work also forms part of a systematic effort to study local bifurcations in reversible equivariant
 systems. The Hopf-zero bifurcation is one of the simplest examples of a codimension one local bifurcationin reversible vector fields. The behaviour of the equilibria in this example follows that predicted by themore general treatment of reversible equivariant steady-state bifurcations of Buono, Lamb and Roberts[6]. The branch of periodic solutions is reminiscent of a Liapunov Centre family of periodic solutionsembedded in R3 × R.This case study illustrates how some results that are well-known to hold in reversible systems in
 R2n with dimFix(R) = n, do not hold without modification in odd dimenions. We noted above theLiapunov centre family of periodic solutions embedded in R3×R. Another striking example encounteredin this study is the absense of a one-parameter family of periodic solutions accumulating to symmet-ric heteroclinic cycles. In even dimensions, it is well known that such families exist in phase space,converging to a persistent heteroclinic [12]. Here, however, the heteroclinic cycle is only persistent inone-parameter families, and there exists a one-parameter family of periodic solutions converging to theheteroclinic in R3 ×R. In fact, varying the parameter towards the heteroclinic cycle bifurcation point,there appears an increasing number of isolated periodic solutions approximating the heteroclinic cycle,with at the bifurcation point an infinite discrete set of isolated periodic solutions with growing period,approaching the heteroclinic cycle as the period goes to infinity (see Theorem 1.2 B).As mentioned before, this paper is partially motivated by the Michelson system, which arises as a
 reduction to travelling wave and steady-state solutions in the Kuramoto-Sivashinsky partial differentialequation. The model is an example of a reversible vector field in R3. However, at the same time theMichelson system has more structure: it is for instance, analytic (even quadratic), volume preservingand also it has the property that it can be written as a third order ODE in one variable. It is thusnatural to ask what our analysis of the generic reversible Hopf-zero bifurcation can tell us about theMichelson system.The Michelson system exhibits a Hopf-zero bifurcation of the type discussed in this paper. Impor-
 tantly, Theorem 1.1 and Theorem 1.3 also hold if the vector field is not only reversible but also volumepreserving. The following theorem illustrates that we can establish the validity of the most importantconclusions of Theorem 1.1 and Theorem 1.3 also for the Michelson system.
 8

Page 9
                        
                        

Theorem 1.4 Consider the Michelson system (1.1) with parameter c. Then, in every parameter in-terval (0, δ] with δ > 0, there exists for each n ∈ Z+
 • a countable infinity of n-homoclinic orbits,
 • a countable infinity of n-heteroclinic cycles n > 1,
 • a countable infinity of n-periodic orbits (accumulating to n-heteroclinic and n-homoclinic cycles),
 • a countable infinity of hyperbolic basic sets (horseshoes),
 The proof of this result is discussed in Section 6. We note that Adams et al. [1] also proved the existenceof heteroclinic cycles in this system arbitrarily close to the singularity in parameter space. We hereshow that this fact indeed coincides with the behaviour one would expect near reversible Hopf-zerobifurcation points.
 2 Elementary stationary and periodic solutions
 In this section we examine the simplest solutions emerging in the unfolding of the Hopf-zero equilibrium,ie those that relate to solutions of the linear approximation: stationary solutions and periodic solutionswith period approximately equal to 2π/α. The existence of such solutions can be proven using Liapunov-Schmidt reduction.We briefly set out the Liapunov-Schmidt reduction technique, along the lines of e.g. [20]. The first
 step is to introduce new functions u(t) = x( tα(1+τ) ), so that (1.4) transforms into
 N (u, μ, τ ) = (1 + τ)du
 dt−1
 αF (u, μ) = 0. (2.1)
 Restricting ourselves to 2π-periodic solutions, we can view N as a differential operator
 N : C12π × R× R→ C2π,
 where C2π and C12π are Banach spaces of continuous, respectively continuously differentiable 2π-periodic
 functions into R3. By varying the newly introduced small variable τ , one keeps track not only of solutionsof (1.4) with period 2π/α but also of solutions with nearby period.N inherits the R-reversibility of F , ie RN (u(t), μ, τ ) = −N (Ru(−t), μ, τ ). Moreover, due to the
 fact that F is autonomous, N is also S1-equivariant: φN (u, μ, τ ) = N (φu, μ, τ ), with φ ∈ [0, 2π〉 ∼= S1
 acting on C2π and C12π as φu(t) = u(t− φ).
 The next step is to consider the derivative DuN (0, 0, 0) of N :
 DuN (0, 0, 0) =d
 dt−1
 αDuF (0, 0, 0).
 It follows that dim kerDuN (0, 0, 0) = 3 since
 kerDuN (0, 0, 0) = {exp(1
 αDuF (0, 0, 0)t)u0 | u0 ∈ R
 3},
 = {(Im(e−itv),Re(e−itv), z) | v ∈ C, z ∈ R},
 with v = y + ix ∈ C and z ∈ R.Using the fact that DuN (0, 0, 0) is a Fredholm operator of index zero [13, 20] we may write
 C2π = kerDuN (0, 0, 0)⊕ range DuN (0, 0, 0),C12π = kerDuN (0, 0, 0)⊕M,
 (2.2)
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where M = rangeDuN (0, 0, 0) ∩ C12π. We now may employ the Implicit Function Theorem to solveN|M = 0, leaving to solve a reduced equation f(v, μ, τ ) = 0, where
 f : kerDuN (0, 0, 0)× R× R→ kerDuN (0, 0, 0),
 where we recall that kerDuN (0, 0, 0) ∼= R3 ∼= C× R.As the splitting (2.2) is Z2(R)× S1 invariant, the reduced equation inherits the R-reversibility and
 S1-equivariance of N , where the induced action of Z2(R) × S1 on C × R is given by R(v, z) = (v,−z)and φ(v, z) = (eiφv, z).Consequently, the reduced bifurcation equations take the form
 f(v, z, μ, τ ) =
 (vzp(|v|2, z2, μ, τ ) + ivq(|v|2, z2, μ, τ )
 fz(|v|2, z2, μ, τ )
 )
 = 0, (2.3)
 where p, q and fz are real functions, and fz(0, 0, 0, 0) = 0.A subset of the solutions is obtained by choosing v ∈ Fix(S1), ie v = (0, z). In that case we are
 left to solve fz(0, z2, μ, τ ) = 0. As all solutions in Fix(S1) are invariant with respect to time shifts, andare therefore equilibria, this equation must be invariant with respect to parameter translations of theform τ → ε, and thus in fact be independent of τ . It can be checked that with the generic conditions∂F3∂μ(0, 0), ∂
 2F3∂z2(0, 0) 6= 0 (where F3 denotes the third component of the vector F ) we arrive at
 fz(0, z2, μ, τ ) = fz(0, z2, μ, 0) = μ+ cz2 + ∙ ∙ ∙ ,
 with c 6= 0. The equilibria thus typically form a one-parameter family consisting of two asymmetricbranches and a symmetric (R-invariant) fold point (z = 0). We note that this equation can be obtainedalso directly from applying the Liapunov-Schmidt reduction to F (x, μ) = 0, which invariably appliesin case there is one zero eigenvalue, and hence is independent of the nature of the nonzero eigenvalues(as mentioned in Section 1).It remains to look for solutions outside Fix(S1), which correspond to periodic solutions. Detailed
 analysis of the application of the Implicit Function Theorem in order to derive the reduced equa-tions show, in analogy to the treatment of the Hopf bifurcation in [20], that q(0, 0, 0, 0) = 0 andqτ (0, 0, 0, τ) 6= 0. Hence, we may apply the Implicit Function Theorem to find τ(|v|2, z, μ) so thatq(|v|2, z, μ, τ (|v|2, z, μ)) = 0. Focusing furthermore on reversible solutions in Fix(Z2(R)) = {v =v, z = 0}, it remains to solve g(v2, μ) = fz(v2, 0, μ, τ (v2, 0, μ)) = 0. Under the generic hypotheses∂F3∂μ(0, 0), ∂
 2F3∂r2(0, 0) 6= 0 (where r = x2 + y2) we have Dμg(0, 0) 6= 0, and we can use the Implicit
 Function Theorem to find μ(v2) so that g(v2, μ(v2)) = 0 and ∂μ∂v26= 0. This solution corresponds to a
 one parameter family of periodic solutions with period converging to 2π/α as v2 → 0.
 3 Normal form approximation
 In this section we derive a Birkhoff normal form for the reversible Hopf-zero bifurcation and its unfolding.This normal form (or its truncations) provides an approximation of the dynamics in the neighbourhoodof the Hopf-zero bifurcation point.We consider a symmetric equilibrium point of an R-reversible vector field (1.4) in R3 with Hopf-zero
 linear part given by (1.6).It is a standard result of Birkhoff normal form theory [15] that one can find coordinate trans-
 formations that render the vector field S1-equivariant up to arbitrarily high order, where S1 ={exp(DxF (0, 0)s) | s ∈ [0, 2π/α〉}. Moreover, the corresponding coordinate transformations can betaken to be R-equivariant, preserving the R-reversibility of the vector field, see e.g. [25].Employing cylindrical coordinates x = r cos θ, y = r sin θ the R-reversible (formal) S1-equivariant
 Birkhoff normal form takes the form
 θ = f(r2, z2)
 r = rzg(r2, z2) (3.1)
 z = h(r2, z2)
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where h(0, 0) = ∂h∂z(0, 0) = 0 and f(0, 0) = α. In fact, using a reparametrization of the vector field we
 may take without loss of generality f(r2, z2) = α to be constant in a neighbourhood of (0, 0). We shalldenote the S1-equivariant normal form vector field by Xμ. Note that the original vector field F is notconjugate to Xμ, but conjugate to Xμ = Xμ + Y μ, where Y μ(x, y, z) : R3 → R3 is small beyond allalgebraic orders (flat) in (x, y, z).Due to the S1-equivariance the vector field is θ-independent, and thus it is possible to consider the
 normal form vector field on the reduced phase space R3/S1 = {θ = 0}, yielding up to third order:
 r = a1rz,
 z = b1r2 + b2z
 2(3.2)
 where a1, b1, b2 are constants. Takens [36] showed that the differential equation (3.2) is 2-determinedup to C0 orbital equivalence, under the generic conditions that a1, b1, b2 6= 0 and b2−a1 6= 0. Note thatthe S1-equivariant 2-jets are the same in the generic (codimension 2) and the reversible (codimension1) case. There are six topologically different phase portraits for the truncated vector fields and theycan be found for instance in [21].The according one-parameter reversible versal unfolding follows directly by restriction from the
 general two-parameter versal unfolding in [21, 36], cf [22]. After applying some additional rescalings,one obtains the normal form
 r = arz,
 z = μ+ br2 − z2,(3.3)
 where a ∈ R and b ∈ ±1 are constants and μ is the unfolding parameter. Phase portraits for thisnormal form can be found in [21, 36]. In Figure 1 the phase portraits before, at and after the Hopf-zerobifurcation are depicted in the case that a > 0, b = −1, which is the case arising in the Michelsonsystem and the one we focus on in this paper.We emphasize again that the normal form vector field, although a good approximation, is highly
 degenerate because of the S1 normal form symmetry. Theorem 1.1 discusses some of the consequencesof small S1-symmetry breaking perturbations. Its proof is discussed in the following section.
 4 Proof of Theorem 1.1
 We are interested in the reversible Hopf-zero bifurcation, when the 2-jet normal form coefficients in(3.3) satisfy a > 0, b = −1. These conditions form the open conditions mentioned in Theorem 1.1.In this case, due to the S1 normal form symmetry, the flow of the normal form when μ > 0 gives
 rise to a highly degenerate approximation in which the stable and unstable manifolds of the saddle-focicoincide in a line and a 2-sphere. A generic R-reversible but S1-symmetry breaking perturbation wouldremove such degeneracies, and the question is what remains. Our first observation is that due to thefact that Fix R intersects the heteroclinic 2-sphere of the normal form flow transversely in two points,in the break up of such a 2-sphere by some small perturbation at least two symmetric (ie setwise R-invariant) 2D heteroclinic orbits will remain to exist. The situation is analogous to the illustration ofthe ‘perturbed globe’ in [5].Our proof of Theorem 1.1 is constructive and relies on the following lemma.
 Lemma 4.1 Let Xμ be an S1-symmetric vector field in R3 with a degenerate heteroclinic cycle asarising in the normal form (3.3) with a > 0 b = −1 and μ > 0, cf Figure 1. There exists a flatperturbation Y μ such that the perturbed vector field Xμ + Y μ has a sequence of Shilnikov homoclinicbifurcations at a discrete set of parameter values μi which accumulate at μ = 0. There also is asequence of parameter values μj accumulating at μ = 0 for which the two saddle-foci are connected bya heteroclinic cycle.
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Recall that the Shilnikov homoclinic bifurcation is a generic codimension one homoclinic bifurcationof a homoclinic orbit to a saddle-focus (in R3). The proof closely follows the constructions by Broer& Vegter [5] of an infinite sequence of Shilnikov homoclinic bifurcations near Hopf-zero bifurcation involume-preserving vector fields, involving an explicit description of flat perturbations Y μ.We consider flat perturbations Y μ that are the compositions of two flat perturbations Y μ = Y μ1 +
 Y μ2 , such that the perturbation Yμ1 controls the position of the one-dimensional stable and unstable
 manifolds and the perturbation Y μ2 yields a transversal intersection between the two-dimensional stableand unstable manifolds.We consider first the perturbation Y μ2 . We set Y
 μ2 = δ(μ)Pμ2 , where δ(μ) is a flat function in μ at
 μ = 0. This perturbation is designed to cause a transversal intersection between the two dimensionalmanifolds W s(p0(μ)) and W
 u(p1(μ)). First note that the invariant 2-sphere for the normal form Xμ,formed by W s(p0(μ)) and W
 u(p1(μ)), is given by the equation [21]
 r
 1 + a+ z2 = μ.
 We choose the support of Pμ2 to be a torus centred on the circle r2 = (1 + a)μ, in R3. The following
 lemma implies that we can construct a perturbation Y μ2 = δ2(μ)Pμ2 such that X
 μ + Y μ2 has transverseheteroclinic connections lying in W s(p0(μ)) ∩Wu(p1(μ)). We refer to [38] for the proof.
 Lemma 4.2 ([38]) Let XR be the space of R-reversible vector fields in R3 endowed with the C∞ topol-ogy, where R(x, y, z) = (−x, y,−z), and let SR ⊂ XR be the subset for which all fixed points havetransversally intersecting invariant manifolds. Then SR is residual in XR.
 The flat perturbation Y μ1 is constructed in order to manipulate the one-dimensional stable andunstable manifolds. We write
 Y μ1 (x, y, z) = δ1(μ)Pμ1 (x, y, z),
 where δ1(μ) is some appropriate flat function in μ at μ = 0 (appropriate in a sense to be specified later)and
 Pμ1 (x, y, z) =
 (∂
 ∂y(yβμ(ξ)),−
 ∂
 ∂x(yβμ(ξ)), 0
 )
 (4.1)
 where βμ : R3 → R is given by
 βμ(x, y, z) = γ(1
 μr).γ(
 1
 μ2z), μ > 0 small. (4.2)
 with x = r cos θ, y = r sin θ, and γ : R → R is an even bump function with support supp(γ) = [−2, 2]and γ(s) ≡ 1 for s ∈ [−1, 1], cf [5]. Observe that βμ is thus constructed to be R-invariant, whereR(x, y, z) = (−x, y,−z). The support of Pμ1 in R
 3 is a cylinder ημ, given by
 ημ = {(x, y, z) ∈ R3 :√x2 + y2 = r ≤ 2μ, |z| ≤ 2μ2}.
 We define two subsets ν1μ, ν2μ ⊂ η
 μ by
 ν1μ = ημ ∩ {(x, y, z) ∈ R3 :
 √x2 + y2 = r ≤ μ}, and ν2μ = ν
 1μ ∩ {(x, y, z) ∈ R
 3 : |z| ≤ μ2}.
 See Figure 4 for a sketch.It follows from (4.1) and (4.2) that for (x, y, z) ∈ ν1μ, Y
 μ1 (x, y, z) = δ1(μ).γ(
 1μ2z) ∂∂xand for (x, y, z) ∈
 ν2μ, Yμ1 (x, y, z) = δ1(μ)
 ∂∂x. Note that Y μ1 is a C
 ∞ reversible divergence free flat perturbation.The flat perturbation Y μ1 described above has the following consequences for the positions of the
 one-dimensional stable and unstable manifolds of the saddle-foci p0(μ) and p1(μ) [4, 5]:
 Lemma 4.3 ([4]) Consider vector field Xμ + Y μ1 as considered above where Xμ is the S1-equivariant
 normal form vector field with for μ > 0 a heteroclinic cycle between saddle-foci p0(μ) and p1(μ), and
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 μ2
 μ2
 μ2
 μ2
 μμ
 0
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 ν1μ
 ν2μ ∩ ν1μ
 ν2μ ∩ ν1μ
 Figure 4: The support box ημ for the perturbation Pμ1 .
 Y μ1 is the flat perturbation introduced above. Let r∗μ be the r-coordinate of the 1-dimensional unstable
 manifold Wu(p0) when it exits ημ, with μ > 0 sufficiently small. Then‡
 r∗μ ∼ μδ1(μ) (4.3)
 For the proof of this lemma, we refer to [4].Lemma 4.3 demonstrates that we can control the order of magnitude of the r-coordinate of the one-
 dimensional unstable manifold of p0(μ) by using a flat perturbation. Note that we also have θ∗μ = o(1)
 as μ → 0+, where θ∗μ is the θ-coordinate of the 1-dimensional unstable manifold Wu(p0) when it exits
 ημ.
 Proof of Lemma 4.1 The perturbed vector field Xμ+Y μ1 +Yμ2 has transverse heteroclinic connections
 for all μ. We follow the behaviour of the two-dimensional manifold W s(p0(μ)) in negative time, asit gets close to the one-dimensional manifold W s(p1(μ))). By the λ-lemma, W
 s(p0(μ)) wraps itselftightly around W s(p1(μ)) in a logarithmic spiral. Consider the top of the support box η
 μ, that isημ ∩{z = 2μ2}. We assume here that the angle θ is lifted to R. Then W s(p1) intersects η
 μ ∩{z = 2μ2}along the z-axis (the perturbations Y μ1 and Y
 μ2 do not affect the relevant part of W
 s(p1)), and Ws(p0)
 will trace out a 1-dimensional curve in this section, with equation r(θ, μ) ∼ δ3(μ)eaθ√μ, where δ3(μ)
 is a flat function depending on Y μ2 . Note that the perturbation Yμ1 does not affect this logarithmic
 spiral. Since θ∗μ = o(1) and from (4.3), if we set, for example μδ1(μ) = δ3(μ)e−1/μ we obtain a sequence
 of Shilnikov homoclinic bifurcations. Finally, choosing Y μ1 = sin(1μ)δ1(μ)P
 μ1 will create a sequence of
 1-D heteroclinic connections (identical to the connection in the S1-equivariant normal form) wheneversin( 1
 μ) = 0. When sin( 1
 μ) = 1 we have r∗μ ∼ μδ1(μ) as before. This completes the proof of Lemma 4.1.
 Proof of Theorem 1.1 It remains toverify the generic occurrence of sequences of global bifurcationsas described in Lemma 4.1. From Section 3 we know that {Xμ}—the set of S1-symmetric vectorfields—is dense in XR in the C
 ∞ topology. Since the perturbations we have used to prove existenceare flat, this proves that our bifurcation sequences are dense in XR. Let Bkhom/het be the set of vectorfields with k homoclinic (resp. heteroclinic) bifurcations close to the Hopf-zero bifurcation point. Givenany element Xμ + Y μ in the dense set which has an infinite sequence of homoclinic and heteroclinicbifurcations accumulating at the bifurcation point, this family will have k such bifurcations for all μ > 0sufficiently small. Each such bifurcation in persistent in the C1 topology, thus Bkhom/het is open in the
 ‡More precisely, the relation (4.3) means there exist constants C1, C2 such that r∗μ ≤ C1μδ(μ) and μδ(μ) ≤ C2r∗μ.
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C1 topology. Note that this set says nothing about what happens in a neighbourhood of the bifurcationpoint itself as any finite number of bifurcations is bounded away from zero. Hence, for each vector fieldin the set
 ⋂k Bkhom/het, which is residual in the C
 1-topology, we have a countable infinity of homoclinicand heteroclinic bifurcations. This completes the proof of Theorem 1.1.
 Remark 4.4 Theorem 1.1 also holds in the case of volume-preserving vector fields [5], and in the caseof reversible volume-preserving vector fields, since the flat perturbation used in the argument may bechosen to be reversible and volume preserving at the same time.
 In the next section, we show that typically, in the neighborhood of the heteroclinic bifurcationsdescribed above, there exist countably many other homoclinic and heteroclinic bifurcations, all accu-mulating on the heteroclinic bifurcation.
 5 Heteroclinic cycle bifurcation
 In this section we study the dynamics near a heteroclinic cycle bifurcation. We consider a one-parameterfamily of R-reversible vector fields F : R3×R→ R3, with R as before, satisfying the following hypothe-ses:
 [H1] F has two fixed points p0 and p1, such that R(p0) = p1.
 [H2] Df(p0) has one real eigenvalue μ > 0 and a complex pair of eigenvalues −ρ± iω with ρ, ω > 0.
 [H3] There exists an isolated symmetric heteroclinic solution h(t) contained in the (transversal) inter-section of the twodimensional stable manifold of p0 and the twodimensional unstable manifold ofp1, ie h(t) ∈W s(p0) ∩Wu(p1) for all λ ∈ [−ε, ε] for ε sufficiently small.
 [H4] at λ = 0 the unstable manifold of p0 coincides with the stable manifold of p1, ieWu(p0) =W
 s(p1),so that F (∙, 0) has a symmetric heteroclinic loop. AdditionallyWu(p0) passes (with positive speed)through Fix(R) at λ = 0.
 Hypothesis [H1-H4] are robust, ie satisfied in an open subset of one-parameter families of smoothR-reversible vector fields in R3. See Figure 2 for a sketch of the situation.In this section we detail some important aspects of the dynamics near such a heteroclinic cycle and
 its unfolding, as formulated in Theorem 1.2.Our results include the existence of certain symmetric heteroclinic and periodic solutions close to
 the original heteroclinic cycle.This section is organized as follows. In Subsection (a) we introduce first hit maps between surfaces
 of sections and return maps. In Subsection (b) we discuss the some of the tranformation propertiesof these return maps, which are used in Subsection (c), (d), (e), (f) to discuss the existence of respec-tively 2D-heteroclinic orbits, symmetric periodic solutions, 1D-heteroclinic and homoclinic solutionsand horseshoes, at and near the bifurcation point λ = 0.
 (a) Sections and return maps
 In this section we define the surfaces of sections that we employ to define return maps to study thedynamics near the heteroclinic cycle.We define two main local sections, Σ0 and Σ1, satisfying:
 • The sections are setwise invariant under R: R(Σ0) = Σ0 and R(Σ1) = Σ1. Consequently, Fix(R)bisects Σ0 and Σ1. We distinguish between the local actions of the time-reversal symmetry R:R0 = R|Σ0 and R1 = R|Σ1 .
 • The sections are locally transverse to the the flow of F at λ = 0 (and hence also at sufficientlysmall values of λ).
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• The section Σ0 is locally transverse to Wu(p1) and Ws(p0). Similarly the section Σ1 is locally
 transverse to Wu(p0) and Ws(p1).
 We define some more sections close to the saddle-foci p0 and p1: σ0 is a local section transversal toW s(p0) and W
 u(p1), σ1 is a local section transversal to Wu(p0), σ
 ′0 = R(σ0), and σ
 ′1 = R(σ1). A sketch
 of the total configuration and the position of the surfaces of section is given in Figure 2.The next step is to construct a return map that is built from the composition of first hit maps
 between the surfaces of section. Such first hit maps are locally well defined (for small λ) since at λ = 0the surfaces of section intersect the heteroclinic cycle transversally. We thus define the Poincare returnmap F0 : Σ0 → Σ0:
 F0 = ψ′1 ◦ φ
 ′ ◦ ψ′2 ◦ ψ2 ◦ φ ◦ ψ1, (5.1)
 where the maps ψ1 : Σ0 → σ0, φ : σ0 → σ1, ψ2 : σ1 → Σ1, ψ′2 : Σ1 → σ′1,φ′ : σ′1 → σ′0, and ψ
 ′1 : σ
 ′0 → Σ0
 are first hit maps (see the illustration in Figure 2).We may use the reversibility of the vector field to express the maps ψ′1, ψ
 ′2 and φ
 ′ in terms of ψ1,ψ2, φ, R, R0 and R1. Namely:
 ψ′1 = R0 ◦ ψ−11 ◦R,ψ
 ′2 = R ◦ ψ
 −12 ◦R1, φ
 ′ = Rφ−1R.
 Consequently, we have:F0 = R0 ◦ ψ
 −11 ◦ φ
 −1 ◦ ψ−12 ◦R1 ◦ ψ2 ◦ φ ◦ ψ1. (5.2)
 and it is readily verified that F0 is a R0-reversible map, ie
 F−10 = R0 ◦ F0 ◦R−10 . (5.3)
 Similarly it is easy to show that the Poincare return map F1 : Σ1 → Σ1 satisfies
 F1 = ψ2 ◦ φ ◦ ψ1 ◦R0 ◦ ψ−11 ◦ φ
 −1 ◦ ψ−12 ◦R1. (5.4)
 and that hence F1 is a R1-reversible map, ie
 F−11 = R1 ◦ F1 ◦R−11 . (5.5)
 We now focus on the local return maps. We consider the local map φ about the saddle point p0,the corresponding properties for the map φ′ can be deduced from the form of φ and the fact thatφ′ = Rφ−1R. This local map will provide the key to understanding the features of the dynamics we areinterested in.Since the saddle fixed point p0 is hyperbolic, there is a unique hyperbolic saddle point p
 λ0 for each |λ|
 sufficiently small, and without loss of generality we may assume that the equilibrium p0 is at (−p, 0, 0)for all λ small. Similarly we may choose R to be spanned by (0, 1, 0).We now choose local coordinates around p0 such that p0 is at the origin. Recall the eigenvalues of
 the fixed point p0 are −ρ(λ)± iω(λ), μ(λ), with ρ(λ), μ(λ) > 0. From now on we suppress the argumentλ. It can be shown [3] that there exists a local C1 change of coordinates (and a reparametrization oftime), such that in these coordinates the flow in an ε-neighbourhood near the saddle point p0 is linear,so that the local stable and unstable manifolds are straightened:
 xL = −(ρ/μ)xL + (ω/μ)yLyL = −(ω/μ)xL − (ρ/μ)yLzL = zL
 (5.6)
 We define the local section σ0 as follows:
 σ0 = {(xL, yL, zL) ∈ R3 | xL = 0, yL = y
 ∗ ± δ},
 where the point of first intersection of h(t) and σ0 is (0, y∗, 0), and δ is sufficiently small so that (0, y∗, 0)
 is the only intersection of h(t) with σ0. Note that {(0, y, 0)} ⊂ σ0 is the trace of the two dimensionalstable manifold W s(p0) in σ0. We subsequently choose
 σ1 = {(x, y, z) ∈ R3 | z = d}.
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Note that {(0, 0, d)} ∈ σ1 is the trace of the one dimensional unstable manifold Wu(p0).The flow of (5.6) can be integrated explicitly to give:
 xL(t) = xL(0) exp(−ρtμ) cos(ω
 μt) + yL(0) exp(
 −ρtμ) sin(ω
 μt)
 yL(t) = yL(0) exp(−ρtμ) cos(ω
 μt)− xL(0) exp(
 −ρtμ) sin(ω
 μt)
 zL(t) = zL(0) exp(t),
 (5.7)
 from which the time of flight from σ0 to σ1 can be calculated to be t∗ = − ln(zL(0)/d). We thus find
 the following expression for the first hit map φ : σ0 → σ1:
 φ(yL, zL) =
 (
 yL
 (zLd
 )ρ/μsin
 (ω
 μln(zLd
 ))
 , yL
 (zLd
 )ρ/μcos
 (ω
 μln(zLd
 )))
 . (5.8)
 The analysis near the equilibrium point p1 is analogous, yielding the φ = φ′−1 in terms of local coor-
 dinates (x′L, y′L, z
 ′L) near p1. Throughout the remainder we use (xL, yL, zL) to denote local coordinates
 near p0 and (x′L, y
 ′L, z
 ′L) to denote local coordinates near p1.
 To complete the constuction, we choose the remaining surfaces of section in terms of local coordinates
 Σ0,1 = {(xi, yi, zi) ∈ R3 | x = 0}, (5.9)
 where (yi, zi) are chosen such that (0, 0) is a point of intersection of the heteroclinic cycle and thesections Σi at λ = 0.For the construction of the global maps, we may write, for example ψ1 : Σ0 → σ0 as
 ψ1
 (y0z0
 )
 =
 (yLzL
 )
 =
 (y∗
 0
 )
 +A
 (y0z0
 )
 + ∙ ∙ ∙ (5.10)
 where the dots denote terms of higher order. Since the map ψ1 is a diffeomorphism, A is a nonsingularmatrix. We can similarly write
 ψ2
 (xLyL
 )
 =
 (y1z1
 )
 = B
 (xLyL
 )
 + ∙ ∙ ∙ (5.11)
 ψ′2
 (y1z1
 )
 =
 (x′Ly′L
 )
 = RB−1R1
 (y1z1
 )
 + ∙ ∙ ∙ (5.12)
 ψ′1
 (y′Lz′L
 )
 =
 (y0z0
 )
 = R0A−1R
 (y′L − y
 ∗
 z′L
 )
 + ∙ ∙ ∙ (5.13)
 It should be noted that with the above choices the compositions ψ′2 ◦ ψ2 and ψ′2 ◦ ψ2 appear to be
 orientation reversing if we identify the local coordinates (xL, yL, zL) near p0 with the local coordinates(x′L, y
 ′L, z
 ′L) near p1, but this is just due to the choices of local coordinates.
 Finally, the local reversing symmetries R0,1 act on the sections Σ0,1 as:
 R0,1 :
 0yz
 →
 0y−z
 , (5.14)
 (b) Dynamics of the first hit maps
 In this section we establish three lemmas that are central to the proof of Theorem 1.2. Throughoutthis section we assume that the hypotheses [H1]-[H4] are satisfied.The first result concerns the fact that line segments transversal to the local stable manifold in σ0
 get mapped by φ to a logartihmic spiral in σ1. Its proof is immediate from (5.8).
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Lemma 5.1 Let (yL(s), zL(s)) be a line segment in σ0, parameterised by s, such that yL(0) is closeto y∗, and (yL(s), zL(s)) transversely intersects the local stable manifold W
 s(p0), ie zL(0) = 0 and∂z(s)∂s|s=0 6= 0.Then the image of (yL(s), zL(s)) under the local map φ is a logarithmic spiral in σ1. That is, in
 polar coordinates xL = r sin θ, yL = r cos θ, the image of (yL(s), zL(s)) takes the form
 (r, θ) =
 (
 yL(s)
 (zL(s)
 d
 )ρ/μ,ω
 μln
 (zL(s)
 d
 ))
 . (5.15)
 The second result discusses how the image of the above logartihmic spiral under ψ′2 ◦ ψ2 in (whichis still a logarthmic spiral) is subsequently mapped to σ′0 by the first hit map φ
 ′.
 Lemma 5.2 Consider a logarithmic spiral Γ = (x′L(s), y′L(s)) in σ
 ′1 with
 x′L(s) = ayL(s)(zL(s)d
 )ρ/μsin(ωμln(zL(s)d
 ))+ byL(s)
 (zL(s)d
 )ρ/μcos(ωμln(zL(s)d
 ))+ . . .
 y′L(s) = cyL(s)(zL(s)d
 )ρ/μsin(ωμln(zL(s)d
 ))+ dyL(s)
 (zL(s)d
 )ρ/μcos(ωμln(zL(s)d
 ))+ . . .
 (5.16)
 where a, b, c, d are constants, ad − bc = −1, and the remainders . . . denote terms of higher order inzL(s). The coordinates (yL(s), zL(s)) refer to the coordinates of the logarithmic spiral in Lemma 5.1.Then the image of Γ under φ′ in σ′0 consists of a countably infinite set of lines, accumulating
 exponentially fast (in the C1-topology) to the trace of the unstable manifold Wu(p1) ∩ σ′0 = {z′L = 0},
 with exponent −μωπ.
 Proof Recall that φ′−1= RφR, so the pre-image of a point (y′L, z
 ′L) ∈ σ′0 is, in polar coordinates
 (x′L, y′L) = (r
 ′ sin θ′, r′ cos θ′):
 (r′, θ′) =
 (
 y′L
 (z′Ld
 )ρ/μ,ω
 μln
 (z′Ld
 ))
 . (5.17)
 We first consider the case where the linear part C =
 [a bc d
 ]
 of ψ′2 ◦ ψ2 equals C =
 [−1 00 1
 ]
 and
 neglect the higher order terms. We note here that due to the reversibility (and our choice of coordinateswhich accounts for the minus sign) we always have det(C) = −1.Then, in (r′, θ′) coordinates Γ has the form
 (r′, θ′) =
 (
 yL(s)
 (zL(s)
 d
 )ρ/μ,−
 ω
 μln
 (zL(s)
 d
 ))
 . (5.18)
 We note that the equations for θ′ are modulo 2π, and that the θ′ equation in (5.17) is valid for −θ′
 sufficiently large, and the equation for θ′ in (5.18) is valid for θ′ sufficiently large. We first considery′L ∈ σ
 ′0 fixed, and search for values of z
 ′L ∈ σ
 ′0 that are in the image of Γ under φ
 ′.By equating the radius coordinates of (5.17), (5.18), we obtain
 z′L =
 (yL(s)
 y′L
 )μ/ρzL(s). (5.19)
 Note that (5.19) gives z′L as a function of s. yL(s) is O(1) in s as s→ 0, so z′L(s) and zL(s) are of the
 same order as s→ 0.Now recall that the equations for the arguments in (5.17), (5.18) are modulo 2π. Hence, with z′L(s)
 and zL(s) sufficiently small, equating the angle equations in (5.17) and (5.18) yields
 z′L(s) = d
 (yL(s)
 y′L
 )μ/2ρexp
 (−μ
 ωnπ), (5.20)
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L
 ΓD(Γ)
 Figure 5: The spirals Γ and D(Γ) in the section σ′1. The line L shown is spanned by the expandingeigenvector of D. The dashed spiral is the preimage of (y′L, z
 ′L) ∈ σ
 ′2 under φ
 ′, for fixed y′L.
 for n ∈ N. As s → 0, yL(s) tends to a constant and z′L(s) → 0. Then for a fixed large n ∈ N, (5.20)has a solution for s close to zero. This is a point at which the curves Γ and the preimage of (y′L, z
 ′L)
 (for fixed y′L) in σ′1 intersect. Moreover since
 dzL(s)ds(and hence
 dz′L(s)ds) is bounded away from zero for s
 sufficiently close to zero, and dyL(s)dsis approximately constant for s sufficiently close to zero, for n large
 enough this intersection is transverse. Substituting (5.20) into (5.17), we see that these intersections(for each n ∈ N) occur every π in the angle argument, asymptotically as s→ 0. We may use the ImplicitFunction Theorem to show that as yL is varied, we can still find a unique value for s such that the twocurves intersect transversally. Then the image of Γ under the map φ′ is a countable set of lines thatexponentially accumulate to z′L = 0 (the trace of the unstable manifold of p1). They accumulate withthe order of exp
 (−μωnπ)for n ∈ N.
 We now consider the general case that C = D
 [−1 00 1
 ]
 , where det(D) = 1 since det(C) = −1.
 D has the effect of a linear transformation of the curve Γ that we previously obtained. If D is elliptic,the situation is analogous to D = I, so we focus on the case that D is hyperbolic. As before, we firstfix y′L and then consider the intersections of Γ with the preimage of (y
 ′L, z
 ′L). These intersections are
 approximately π apart in the angle θ′. Now consider the line L in σ′1 that is spanned by the expandingeigenvector of D, such that this line bisects these intersections, see Figure 5. We use L to divide Γ intodisjoint, countably many arcs, each of length 2π in the angle variable, such that each endpoint of eacharc is in L. The effect of D on each of these arcs is similar, so we just consider one of these arcs. In fact,by the Z2-rotational symmetry of Γ and D (both commute with −I), the effect of the transformationis similar on each half of these arcs, each of which parameterized by a parameter interval of length π.The transformed curve D(Γ) cannot have fewer intersections with the preimage of (y′L, z
 ′L) than Γ.
 Namely, each intersection can be followed while we linearly continuously deform the curve Γ to B1{Γ}.Moreover, for the reasons of symmetry just mentioned, the intersections will remain to be π apart inthe angle variable.By using similar arguments as before, the image of Γ in σ′0 is a set of lines exponentially accumulating
 to z′L = 0 (the trace of the unstable manifold of p1), with the exponential rate ∼ exp(−μωnπ), n→∞
 with n ∈ N.
 The final lemma of this section describes the image of a line segment in σ′1 under φ′, and is reminiscent
 of Lemma 5.2:
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Lemma 5.3 Consider a smooth (C1) line segment γ = {(x′L(s), y′L(s)) | s ∈ [0, `)} (some ` > 0) in σ
 ′1
 with (x′L(s), y′L(s)) = (0, 0) The image of γ under φ
 ′ in σ′0 consists of a countably infinite set of lineswhich accumulate exponentially fast (in the C1-topology) to the trace of Wu(p1), with exponent −
 μωπ.
 Proof The proof is very similar to that of Lemma 5.2. The line γ and the preimage of (y′L, z′L) in σ
 ′1
 for constant y′L intersect transversally in countably many points. Moreover, as we vary y′L, the image
 of γ in σ′0 is a countable set of lines accumulating exponentially to z′L = 0 at the rate z
 ′L ∼ exp
 (−μωnπ)
 with n→∞ and n ∈ N.
 The above results on properties of the first hit maps form the basis of the proofs of the statementsin Theorem 1.2, which we continue to discuss below.
 (c) Symmetric and asymmetric 2D heteroclinic orbits
 In this subsection we focus on the heteroclinic connections from p1 to p0, consisting of the intersec-tions of the twodimensional stable and unstable manifolds of p0 and p1, respectively. The symmetricheteroclinics admit a simple characterization, the proof of which is folklore, see eg [28].
 Proposition 5.4 A heteroclinic solution connection p0 to p1, or vice-versa, is symmetric (R-invariant)if and only if it intersects Fix(R) (precisely once).
 We are now ready to prove the first part of Theorem 1.2.
 Proof of Theorem 1.2 A We start from an isolated symmetric 2D heteroclinic connection formedby the transversal intersection of W s(p0) and W
 u(p1), which does not pass through Σ1.We consider the unstable manifold of p1 to track down 2D heteroclinics at λ = 0. The trace of the
 local unstable manifold of p1 in σ′0 is given by the set z
 ′L = 0.
 By (5.13) and the symmetry (5.14) , the ψ′1-image of Wu(p1) ∩ σ0 is a C1 (in general curved) line
 segment in Σ0, transverse to Fix R and hence also transverse to the ψ−11 -image of the trace of the stable
 manifold of p0, Ws(p0) ∩ σ0. By (5.10), the image of the line segment ψ′1(W
 u(p1) ∩ σ0) ∈ Σ0 underψ1 is a line segment in σ0, which satisfies the hypotheses of Lemma 5.1, by which in turn φ maps thisline segment to a logarithmic spiral in σ1. ψ2 maps this spiral subsequently diffeomorphically to Σ1.Denote this spiral in Σ1 as Υ.The spiral Υ intersects Fix R1 ⊂ Σ1 in countably infinitely many points, that exponentially accumu-
 late to the centre of the spiral on Fix R1. By Lemma 5.4, each of these points represents a symmetric2-2D heteroclinic orbit. By reversibility, the image of W s(p0) under (ψ
 ′2)−1 ◦ (φ′)−1 ◦ (ψ′1)
 −1 ◦ ψ−11 inΣ1 is the R1-image of Υ, intersecting Υ along Fix R. These intersections are generically transverse.It should be noted that depending on the spirals, there may be additional intersections of these twospirals, giving rise to additional asymmetric 2-2D heteroclinicorbits.In a similar fashion we can find 3-2D heteroclincs. Consider ψ−12 (Υ) ⊂ σ1 and its image in σ
 ′1 under
 ψ′2 ◦ ψ2. By (5.11), (5.12), the linear part of this map has determinant −1 so that the spiral satisfiesthe hypotheses of Lemma 5.2. By application of Lemma 5.2 the image of the unstable manifold of p1accumulates on itself exponentially as a set of lines in σ′0. By (5.13), any one of these lines (sufficientlyclose to z′L = 0 in σ
 ′0) maps to Σ0 by ψ
 ′1 as a line segment which is transversal to Fix R0 and W
 s(p0).Where it intersects Fix R1 we have a symmetric 3-2D heteroclinic orbit, and where it intersects W
 s(p0)we have a 2-2D heteroclinic orbit. By the reversing symmetry, we may apply the same procedure tothe stable manifold of p0 to produce an exponentially accumulating set of lines in Σ0 which are theR-images of those for the unstable manifold of p1. By choosing two lines (one in the image of W
 u(p1)and one in the pre-image of W s(p0)) that are not symmetric images of each other, for (y, z) sufficientlysmall, these lines will have an intersection that produces an asymmetric 3-2D heteroclinic orbit.By induction, these constructions can be carried out ad infinitum to reveal the existence of n-2D
 heteroclinic orbits, for any n. Similar arguments to those above show that for n ≥ 3 we find symmetricand asymmetric n-2D heteroclinics, and there are countably infinitely many of each.
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(d) Periodic solutions
 We use the return maps F0 and F1 to study the occurrence of R-symmetric periodic solutions. Tothat effect, we recall some simple characterization of symmetric periodic orbits for reversible maps. Itis readily verified that symmetric periodic solutions of the reversible vector field near the heterocliniccycle correspond to symmetric (setwise R-invariant) periodic orbits of the return maps F0 and F1. Thefollowing observation is folkore, dating back at least to Birkhoff and Poincare, cf [28]:
 Proposition 5.5 Let F be an R-reversible map, then an orbit of F is k-periodic and R-symmetric ifand only if it intersects Fix(R) ∪ Fix(R−1 ◦ F k) precisely twice.
 It is important to note that in the present situation, F0 = R0 ◦ P1 where P1 : Σ0 → Σ0 is aninvolution, ie P 21 = Id. In fact, Fix(P1) is precisely the pull-back by the flow of Fix(R1) inside Σ1 toΣ0, so that dimFix(P1) = dimFix(R1) = 1. Similarly we may define the involution P0 : Σ1 → Σ1 sothat F1 = P0 ◦ R1. Note that with our one-parameter family of vector fields F (∙, λ) it is natural tothink of P0 and P1 being nonlinear involutions depending on a parameter λ.With the above interpretation of P0 and P1, we may reformulate the result on periodic solutions as
 follows:
 Proposition 5.6 A periodic solution of F (∙, λ) near the heteroclinic cycle is R-symmetric if and onlyif it intersects Fix(R0) ∪ Fix(R1) precisely twice.
 Of course, this property coincides with the observation that for an R-reversible vector field a solutionis periodic and R-symmetric if and only if it intersects Fix(R) precisely twice, cf [28].
 Proof of Theorem 1.2 B We first consider symmetric periodic solutions accumulating to symmetricheteroclinic cycles.We first consider symmetric periodic solutions that are close to the 1-heteroclinic cycle consisting
 of the isolated transversal 1-2D heteroclinic connection and the 1D heteroclinic connection that existsat λ = 0. To find symmetric periodic solutions then, we consider ψ2 ◦ φ ◦ ψ1(Fix(R0)). By Lemma 5.1we find
 ψ2 ◦ φ ◦ ψ1
 [y0
 ]
 = B
 yL(zLd
 )ρ/μsin(ωμln(zLd
 ))
 yL(zLd
 )ρ/μcos(ωμln(zLd
 ))
 +O(z2ρ/μL ),
 where yL = y∗ + a1y +O(y
 2), zL = a3y +O(y2), which may be rewritten as
 ψ2 ◦φ ◦ψ1
 [y0
 ]
 =
 y∗(a3yd
 )ρ/μ(b21 + b
 22)1/2 sin
 (ωμln(zLd
 )+Φ1
 )
 y∗(a3yd
 )ρ/μ(b23 + b
 24)1/2 sin
 (ωμln(zLd
 )+Φ2
 )
 +O(y(min{1+(ρ/μ),2ρ/μ})), (5.21)
 where Φ1 = tan−1(b1b2
 )and Φ2 = tan
 −1(b3b4
 ). Hence symmetric periodic solutions correspond to
 solutions of the equation
 yρ/μ sin
 (ω
 μln
 (zL
 d
 )
 +Φ2
 )
 +O(y(min{1+(ρ/μ),2ρ/μ})) = 0. (5.22)
 Note that the fact that B =
 (b1 b2b3 b4
 )
 is nonsingular implies that b3, b4 are not both zero, and
 Φ1 6= Φ2. From (5.22) we find that at λ = 0 there are countably many intersections of Fix(R1) andψ2 ◦φ◦ψ1(Fix(R0)), and so countably many symmetric periodic orbits. Moreover, these periodic orbitsare asymptotically π/ω apart in the time of passage from Σ0 to Σ1. As the intersections are alsotransversal, we may continue them as we vary the parameter λ. By application of the Implicit FunctionTheorem and a rescaling of the parameter we thus find that for |λ| sufficiently small, symmetric periodicsolutions are in one-to-one correspondence to solutions of the equation
 λ+ yρ/μ sin
 (ω
 μln
 (zL
 d
 )
 +Φ2
 )
 = 0.
 20

Page 21
                        
                        

Consequently, the set of symmetric periodic solutions forms a one parameter family, parametrised byperiod. This family is parametrised along the spiral that is the image of Fix R0 in Σ1 under ψ2 ◦φ◦ψ1.The effect of perturbing the parameter λ is effectively to move this spiral transversally to Fix R1, andso by oscillating the parameter λ about zero we can follow the spiral into the centre, where the periodtends to infinity, see Figure 6. Clearly as the period tends to infinity, the periodic orbit converges tothe 1-heteroclinic cycle.The same analysis can be applied for any symmetric heteroclinic cycle, yielding symmetric periodic
 solutions intersecting Fix(R) in the same section Σi as the heteroclinic cycle.The above discussion concerned symmetric periodic solutions accumulating to symmetric heteroclinic
 cycles. In the case of asymmetric heteroclinic cycles the analysis is standar and very similar (we leavethe details to the reader), leading to the analogous conclusion: a one-parameter family of periodic orbitsoscillating towards the heteroclinic cycle. In the case of homoclinic cycles we also obtain the existenceof an oscillating family of periodic solutions if Shilnikov’s condition is met [19, 35] (in which case wealso obtain associated horseshoes).
 0
 λ
 T
 y
 z
 Figure 6: Sketch of a one-parameter family of symmetric periodic solutions accumulating to a hetero-clinic cycle (at λ = 0) in a parameter (λ) versus period (T ) plot. Note the countable infinity of periodicorbits accumulation to the heteroclinic cycle at the heteroclinic bifurcation point λ = 0. As T → ∞the graph intersects λ = 0 asymptotically π/ω-periodically. Also depicted is a sketch of the image ofFix R0 in Σ1.
 (e) 1D heteroclinic orbits and homoclinic orbits
 In this subsection we prove Theorem 1.2 C and D, that deals with the occurrence of 1D heteroclinicand homoclinic orbits in the unfolding of the symmetric heteroclinic cycle.
 Proof of Theorem 1.2 C and D For λ 6= 0 the local and global maps will change slightly, but notsignificantly. What is most important is that by hypothesis [H4] for λ 6= 0 (small enough), W s(p1) andWu(p0) do not coincide.In order to study the 1D heteroclinic orbits, for each λ 6= 0, we consider the trace ζ of the first
 intersection of Wu(p0) with Σ1, as a function of a parameter λ restricted to a small interval around0 such that ζ(λ) is the trace of Wu(p0) in Σ1 at parameter value λ. By [H4] and smoothness of oursystem in the parameter, ζ is a smooth curve intersecting FixR1 at λ = 0 transversally.
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By studying ζ under the return maps, we are thus following the trace of the unstable manifold of p0in Σ1 for a set of parameter values close to zero. To be precise, we need to follow the point ζ(λ) underthe return maps at parameter value λ, for a small interval of λ values including 0. We can here usethe fact that the return maps change only little for the parameter values in such a small interval (themain issue being that only at λ = 0 we have a 1-1D heteroclinic connection). In fact, we can treat themaps as being almost constant. By studying the intersections of the image of ζ under the return mapswith Fix(R0)∪Fix(R1) we obtain 1D heteroclinic orbits. Its intersections with W s(p0) yield homoclinicorbits.First we map ζ under ψ′2. Then ψ
 ′2(ζ) is a line segment in σ
 ′1 that satisfies the hypotheses of Lemma
 5.3. Namely, let ψ′2(λ, ∙) denote the first hit map at parameter value λ, then ψ′2 is a diffeomorphism and
 ψ′2(0, ζ(0)) = (0, 0). Applying Lemma 5.3, φ′ ◦ ψ′2(ζ) is a countable set of exponentially accumulating
 lines to z′L = 0 in σ′0. Any such line sufficiently close to z
 ′L = 0 maps by ψ
 ′1 to Σ0 so that it intersects
 both Fix(R0) and Ws(p0) transversally. Since there are a countably infinite number of lines with
 z′L sufficiently small, there is a countable infinity of 2-1D heteroclinic orbits and 1-homoclinic orbits,exponentially accumulating to λ = 0 in parameter space from both sides.Now consider one of the lines in σ′0 sufficiently close to z
 ′L = 0, and its image under ψ1 ◦ ψ
 ′1. This
 appears in σ0 as a line segment satisfying the hypotheses of Lemma 5.1. By application of this lemma φmaps this line segment to σ1 as a logarithmic spiral, which in turn is diffeomorphically mapped by ψ2 toΣ1. We now recall that we should follow each point ζ(λ) under the return maps at parameter value λ.The return map at λ produces a logarithmic spiral that is centred on FixR1 in Σ1 if and only if λ = 0.Considering the image of the points in ζ under the return maps in a small λ subinterval, we thus find asthe image of each of the lines in σ′0 a logarithmic spiral centered outside FixR1, but tending to FixR1as we chose the lines tending to z′L = 0. Each of these spirals has a large finite number of intersectionswith Fix(R1), tending to infinity as the distance to z
 ′L = 0 goes to zero. As each intersection with FixR1
 yields a 3-1D heteroclinic we thus obtain a countable infinity of 3-1D heteroclinic orbits accumulatingto λ = 0. That this accumulation is exponential follows from the logarithmic nature of the spirals.Then subsequently mapping one of the above mentioned spirals in Σ1 to σ
 ′1 by ψ
 ′2, we obtain a
 logarithmic spiral that does not quite satisfy the conditions of Lemma 5.2, but which maybe chosenarbitrarily close to it, by chosing a corresponding λ-interval sufficiently close to zero). By transversality,any finite number of the intersections of this spiral with the preimage of (y′L, z
 ′L) for fixed y
 ′L persists, as
 in the proof of the Lemma. We thus conclude that for λ sufficiently close to zero, the spiral maps intoσ′0 as a finite set of lines which get as close to z
 ′L = 0 as we desire. The ψ
 ′1-images of these lines in Σ0
 yield transverse intersections with both Fix(R0) and Ws(p0) and thus 1D-heteroclinic and homoclinic
 orbits.This procedure can be repeated indefinitely to yield a countably infinite number of n-1D hetero-
 clinic orbits for n ≥ 2 and n-homoclinic orbits for n ≥ 1, occuring for unique parameter points, allaccumulating exponentially to λ = 0 in parameter space from both sides of λ = 0.
 (f) Horseshoes
 It is well known from the work of Shilnikov that under certain eigenvalue conditions, a homoclinic orbitto a saddle-focus such as described in Theorem 1.2 D may give rise to chaotic dynamics. In the contextof the homoclinic bifurcations identified in the previous section, this condition is ρ < μ. Here, however,it turns out that (generically) horseshoes arise due to the heteroclinic cycle, independent of any kind ofShilnikov condition on eigenvalues at the saddle-foci. In this subsection we prove this result, which isstated in Theorem 1.2 E.
 Proof of Theorem 1.2 E For reference, please consider the sketches in Figure 3.We consider an open set B0 in Σ0 such that one side of B0 coincides with W
 s(p0), and such that ifwe map this strip to σ0 by ψ1, it appears as the set
 ψ1(S) = {(yL, zL) : 0 < zL < ε1, y∗ − ε2 < yL < y∗ + ε2}, (5.23)
 for some small ε2 � ε1 > 0. B0 appears in Σ0 as a thin strip along Ws(p0). By Lemma 5.1 ψ1(B0) is
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 z
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 z
 Figure 7: Unfolding of a tangency of two spirals. The above case may occur for 2-2D heteroclinic orbits,for example. The spirals shown here are a pair, but in general this need not be the case.
 mapped to a thickened logarithmic spiral in σ1, which in turn is mapped diffeomorphically by ψ2 to alogarithmic spiral S0 in Σ1.Now consider B1 := R0 ◦B0, this strip lies along Wu(p1) in Σ0. Note that the leaves of B0, defined
 as the preimage of the lines {(yL, zL) : yL = constant} in Σ0, generically intersect the leaves of B(defined similarly, or simply by letting R0 act on the leaves on B0) transversally everywhere.By the reversibility, the map (ψ′2)
 −1 ◦ (φ′)−1 ◦ (ψ′1)−1 acts on B to produce a thickened spiral S1 in
 Σ1, which is the R1 image of S0.Define the leaves of S0 to be the leaves of B0 under the map ψ2 ◦ φ ◦ ψ1. Similarly for the leaves of
 S1. Now arguments similar to those used in the proof of Lemma 5.2 can be used to show that for ε1, ε2sufficiently small, any two leaves of S0 and S1 intersect each other in countably infinitely many points,and that generically each of these intersections is transverse. We now define a countable set Mi (i ∈ N)of consecutive disjoint areas where the two thickened spirals intersect in Σ1, such that Mi approachesthe centre of the spirals as i → ∞, and Mi, Mi+1 are approximately π apart from each other in theangle coordinate.We subsequently consider the following images of Mi, which provide sets of horizontal and vertical
 strips in Σ0:
 Hi := ψ−11 ◦ φ−1 ◦ ψ−12 (Mi), (5.24)
 Vi := ψ′1 ◦ φ′ ◦ ψ′2(Mi). (5.25)
 Consider a finite number of the Mi, Hi and Vi for i sufficiently large. By the symmetry, we haveF0(Hi) = Vi. Also, if we consider B := B0 ∩ B1 as a topological square B = {(y, z) ∈ R2 | 0 < y <1, 0 < z < 1} then Hi and Vi can be considered ‘horizontal’ and ‘vertical’ strips in B respectively, incorrespondence with the definitions in [21, section 5.2]. We thus obtain by virtue of the existence ofthe horizontal and vertical strips a topological horseshoe. It remains to establish their hyperbolicity.In pursue of hyperbolic horseshoes, we follow the line of argument of [21]. Importantly, in order to
 obtain symmetric hyperbolic horseshoes, in addition to hypotheses [H1-H4] introduced before, we needto insist on avoiding tangencies between the spirals formed by the traces of the two-dimensional stableand unstable manifolds of p0 and p1 in FixR1 ⊂ Σ1. Indeed, they may become tangent, but due tothe symmetry such tangencies cannot be quadratic or of any other even order. As these tangencies areeasily perturbed away, they are generically avoided (C1 open and dense). However, in unfoldings newintersections may arise. This is illustrated in Figure 7.We thus add the hypothesis:
 [H5] The first intersection of Wu(p1) does not have tangencies with the first intersection of Ws(p0) on
 FixR1 ⊂ Σ1.
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Proposition 5.7 Consider the heteroclinic cycle discussed above with hypotheses [H1-H5] satisfied.Then the following holds:
 • There exist sector bundles Su(y, z) = {(ξ, η) | |ξ| < k|η|} defined over the union of all theVi, and S
 s(y, z) = {(ξ, η) | |η| < k|ξ|} defined over all the Hi with 0 < k < 1 such thatDF0(S
 u(y, z)) ⊂ Su(F0(y, z)) and DF−10 (S
 s(y, z)) ⊂ Ss(F−10 (y, z)).
 • Let DF0(ξ0, η0) = (ξ1, η1) and DF−10 (ξ0, η0) = (ξ−1, η−1). Then |η1| ≥ (1/k)|η0| and ξ−1 ≥
 (1/k)|ξ0|.
 Proof We first focus on ψ2 ◦ φ ◦ ψ1(Hi). We can write the map as
 ψ2 ◦ φ ◦ ψ1
 (yz
 )
 = B
 (yL(
 zLd)ρ/μ sin(ω
 μln( zL
 d))
 yL(zLd)ρ/μ cos(ω
 μln( zL
 d))
 )
 + . . . , (5.26)
 where here (yLzL
 )
 = ψ1
 (yz
 )
 =
 (y∗
 0
 )
 +A
 (yz
 )
 + . . . ,
 and the remainder in (5.26) denotes terms of higher order in (y, z) (and hence also higher order in(yL − y∗, zL)). As i → ∞, Hi becomes C1 close to W s(p0) in Σ0, and hence ψ1(Hi) gets C
 1 close tothe line zL = 0 in σ0. Now we consider the mapping
 Dψ2 ◦ φ
 (yLzL
 )
 =
 (yL(
 zLd)ρ/μ(b1 sin(
 ωμln( zL
 d)) + b2 cos(
 ωμln( zL
 d)))
 yL(zLd)ρ/μ(b3 cos(
 ωμln( zL
 d)) + b4 sin(
 ωμln( zL
 d)))
 )
 ,
 where B =
 [b1 b2b3 b4
 ]
 . We may write
 Dψ2 ◦ φ
 (yLzL
 )
 =
 (yL(
 zLd)ρ/μ(b21 + b
 22)1/2 sin(ω
 μln( zL
 d) + Φ1)
 yL(zLd)ρ/μ(b23 + b
 24)1/2 sin(ω
 μln( zL
 d) + Φ2)
 )
 ,
 where Φ1 = tan−1(b1b2
 ), Φ2 = tan
 −1(b3b4
 ). It may be verified that the angle that Dψ2 ◦ φ
 (yLzL
 )
 (where yL is a constant close to y∗) intersects the line z = 0 is equal to
 Θ0 := tan−1
 ((b23 + b
 24)1/2 sin(nπ − Φ2 +Φ4)
 (b21 + b22)1/2 sin(nπ − Φ2 +Φ3)
 )
 (5.27)
 where zL = d exp(μω(nπ − Φ2)), n ∈ N, Φ3 = tan−1
 (b1ρ−b2ωb1ω+b2ρ
 )and Φ4 = tan
 −1(b3ρ−b4ωb3ω+b4ρ
 ). It may also
 be shown that the map Dψ2 ◦ φ maps lines zL = constant to radial lines in the (y, z) plane.It follows that Θ0 6= 0, and we use hypothesis [H5] to assure that Θ0 6= π
 2 (yielding the transversalintersection of the spiralling traces of the two-dimensional stable and unstable manifolds in Fix(R1) ⊂Σ1. This condition holds generically (open and dense condition on the first derivatives of the returnmaps), and since we have used C1 linearisation, the condition is corresponds to a Ck open and densecondition on the underlying (Ck) smooth vector field.The derivative of the map φ : σ0 → σ1 is given by
 Dφ(yL, zL) = yL
 (zLd
 )ρ/μ
 1yLsin(ωμln(zLd
 )) ω cos(ωμln(zLd
 ))+ ρ sin
 (ωμln(zLd
 ))
 μzL
 1yLcos(ωμln(zLd
 )) ρ cos(ωμln(zLd
 ))− ω sin
 (ωμln(zLd
 ))
 μzL
 . (5.28)
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Then the derivative map D(ψ2 ◦ φ ◦ ψ1) is given by
 D(ψ2 ◦φ◦ψ1)(y, z) = yL
 (zL
 d
 )ρ/μB
 1yLsin(ωμln(zLd
 )) ω cos(ωμln(zLd
 ))+ ρ sin
 (ωμln(zLd
 ))
 μzL
 1yLcos(ωμln(zLd
 )) ρ cos(ωμln(zLd
 ))− ω sin
 (ωμln(zLd
 ))
 μzL
 A,
 (5.29)where (yL, zL) = ψ1(y, z), B = Dψ2(φ◦ψ1(y, z)) and A = Dψ1(y, z). Equation (5.29) may be rewrittenin the form
 z(−1+ρ/μ)L C
 [zL 00 yL
 ]
 A, (5.30)
 where
 C = d−ρ/μB
 sin(ωμln(zLd
 ))− cos
 (ωμln(zLd
 ))
 cos(ωμln(zLd
 ))sin(ωμln(zLd
 ))
 [1
 ρμ
 0 −ωμ
 ]
 . (5.31)
 Note that the regionsMi,Mi+1 have the property that their preimages (under ψ2◦φ) have zL valuesin σ0 (respectively z
 iL, z
 i+1L ) that satisfy (ω/μ)(ln z
 iL − ln z
 i+1L ) ≈ π, where j ∈ N. Consider the strips
 Zi in Σ0 which are formed by the preimages of the Mi. (We shall also denote by Zi the preimages ofMi in σ0 where the meaning is clear.) In these strips the value of the matrix C varies approximatelyby multiplication by
 −I =
 [−1 00 −1
 ]
 .
 We shall denote
 C =
 [c1 c2c3 c4
 ]
 , A =
 [a1 a2a3 a4
 ]
 .
 From our previous calculation, we observe that the image of the line y = −a2a1z under D(ψ2 ◦ φ ◦ ψ1)
 intersects the line z = 0 at an angle Θ0 6= 0, π2 , in the regions Mi, asymptotically as i → ∞. Theseconditions control the image under C of the least contracting eigenvector of
 z(−1+ρ/μ)L C
 [zL 00 yL
 ]
 A.
 They ensure that this eigenvector is not mapped in the direction of Fix R or Fix (−R). These conditionsensure that c2, c4 6= 0. It is also imprtant to note that by the transversality hypothesis [H3], botha4, a3 6= 0.It can be verified that the map DF0 = R ◦D(ψ2 ◦ φ ◦ ψ1)−1 ◦R ◦D(ψ2 ◦ φ ◦ ψ1) is given by
 DF0 =1
 Det A Det C yLzL
 [2a3a4c2c4y
 2L +O(zL) 2a24c2c4yL +O(zL)
 2a23c2c4yL +O(zL) 2a3a4c2c4y2L +O(zL)
 ]
 ,
 and that when a3, a4, c2, c4 6= 0, the eigenvalues are λ′1 = O(zL), λ′2 = O(1/zL), with corresponding
 eigenvectors (−a4/a3 + O(zL), 1) and (a4/a3 + O(zL), 1). Thus the map DF0 is hyperbolic for i suf-ficiently large, with eigenvalues tending to zero and infinity respectively as i → ∞. Hence we mayconstruct sector bundles Ss and Su that satisfy the properties laid out in Proposition 5.7.
 By application of Proposition 5.7, we have thus established the existence of countable many horse-shoes at the critical parameter value λ = 0. This implies the existence of a hyperbolic invariant setwhich is topologically conjugate to a full shift on a countable infinity (N) of symbols (represented byi). It is important to note that the closure of all these sets is not uniformly hyperbolic. However, anysubset containing a finite number of these horseshoes is uniformly hyperbolic. This completes the proofof Theorem 1.2 E.
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We note that the hyperbolic invariant set obtained above is not necessarily minimal: the regionsS0 and S1 may have more intersections in Σ1 than illustrated in figure 3, cf for instance the situationsketched in the rightmost diagram of Figure 7 where there are additional intersections away from FixR1.Finally, we would like point out that our analysis can be carried out also for heteroclinic cycles
 that are not symmetric, with the 2D and/or 1D heteroclinic connections constituting the cycle notbeing R-invariant, yielding analogous conclusions. Notably, symmetry is not the deciding factor in thecreation of the horseshoes.When λ is varied from 0, many of the heteroclinic orbits will be removed in saddle-node-type
 bifurcations: as long as the unfolding by λ breaks the initial heteroclinic cycle, there remain onlyfinitely many n-2D heteroclinic orbits for each n.
 6 Consequences for the Michelson system
 We finally discuss the application of our results on the Hopf-zero bifurcation to the Michelson system(1.1). We recall that the Michelson system has a reversible Hopf-zero bifurcation at c = 0. We notethat the Michelson system is in fact also volume preserving, but - as already mentioned in various placesbefore - our results hold as well for reversible volume preserving vector fields in R3.We concluded in Theorem 1.2 that generic unfoldings (in the C∞ topology) of the Hopf-zero bi-
 furcation in reversible (volume-preserving) vector fields exhibit many heteroclinic cycle bifurcationsaccumulating to the singularity. Hence we are led to ask whether heteroclinic cycle bifurcations occurin the Michelson system for small c.The normal form for the Michelson system satisfies the open conditions guaranteeing the Hopf-
 zero bifurcation where for small c the system has in normal form an invariant 2-sphere consisting ofthe coinciding two-dimensional (un)stable manifolds of the two newborn saddle-foci. As this sphere istransverse to Fix R, at least two symmetric 2D heteroclinic orbits persist under any small perturbationand they thus really exist in the Michelson system for small c. In fact, [1, 40] show that all 1-2Dheteroclinic orbits must be symmetric, implying that for sufficiently small c there are at most two 1-2Dsymmetric heteroclinic orbits. We thus establish that there are precisely two 1-2D heteroclinic orbitsin the Michelson system for small c.In turn, the above result implies that the invariant sphere arising in the normal form indeed breaks up
 when no truncation is made. This is also consistent with [1], where it is proved that for most parametervalues, the one-dimensional invariant manifolds of the saddle-foci escape to infinity. Moreover, as theMichelson system is analytic, it follows that the 1-2D heteroclinic orbits are locally isolated in phasespace. These intersections of two-dimensional stable and unstable manifolds are either transversal(generic) or arise at some tangency of the invariant manifolds that is of some (finite!) odd degree.If there is a tangency, we cannot carry over all our conclusions and in particular the hyperbolicity
 condition on the symmetric topological horseshoes fails to hold. However, importantly, the occurrenceof an odd symmetric tangency of the traces of the two-dimensional stable and unstable manifolds in Σ0implies the nearby existence of transversal (asymmetric) intersections of these manifolds, see Figure 8.Thus, even in the case of an odd order symmetric tangency of the 1-2D heteroclinic orbits, we findasymmetric transversal 2D heteroclinic orbits that we may use as the starting point of our analysis(taking into account our remark at the end of the previous section regarding the fact that asymmetrichorseshoes are also found near asymmetric heteroclinic cycles). Analogously, if hypothesis [H5] fails tohold in Σ1, we still find asymmetric transversal intersections of two-dimensional stable and unstablemanifolds in Σ1.The subsequent question is whether the Michelson system admits a 1-1D heteroclinic connection
 for small c. We expect the generic occurrence (in the C∞-topology) of an infinity of small values ofc where such 1-1D heteroclinic orbit exists. However, as we employ a fast oscillating non-analytic flatperturbation to prove this result, it is not so surprising that it in fact can be proven that the (analytic)Michelson system does not admit 1-1D heteroclinic orbits [1, 27, 40] (referred to as monotonic 1Dheteroclinic orbits in these references). In fact, [27] prove that this result holds for all c > 0.In [1] the existence of many 2-1D heteroclinic connections for small c is proved, and our results
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Fix R
 Figure 8: Sketch of an odd order tangency between the traces of the two-dimensional stable and unstablemanifolds of p0 and p1 (solid curves) in FixR0 ⊂ Σ0 and the subsequent transversal intersections ofother parts of these manifolds which accumulate onto them after having gone around the heterocliniccycle (dashed curves).)
 apply to the heteroclinic cycles formed involving these. In fact, we note from our analysis also that theoccurrence of such n-1D heteroclinic connections (N ≥ 2) is unavoidable in any small perturbation ofthe normal form, whereas in order to obtain many 1-1D heteroclinic connections we had to choose ourflat perturbation carefully.Another one of our hypotheses that remains unverifiable is that the 1D heteroclinic connections pass
 through Fix(R) with positive speed. However, the majority of our results are in fact insensistive to suchdetails. It is important that because of the analyticity of the vector field (also in the parameter) the 1Dheteroclinics arise at locally isolated values of λ. The passing and positive speed assumptions are notso important. In fact, the latter assumption is merely necessary to obtain exponentional accumulationof bifurcation points in parameter space. Such accumulations are exponential as long as the approachof the 1D manifold to Fix(R) is not flat in the parameter.In [1], it is shown that in the Michelson system the 1D manifolds approach each other as c→ 0 in a
 flat manner, without ever coinciding. Thus we may think of the Hopf-zero singularity as the bifurcationpoint for a 1-1D heteroclinic cycle, which is approached as a flat function of c. In fact, [1] prove thatthe accumulation of 1-homoclinic orbits to the singularity of the Michelson system is polynomial: intheir notation ε ∼ (2m)−
 12 , m ∈ N.
 We thus establish the result formulated in Theorem 1.4.We finalize our discussion of the Michelson system with a discussion of a heteroclinic cycle far away
 from c = 0. Kuramoto & Tsuzuki found that the Michelson systems has a 1D heteroclinic connectionwhen c = cKT = α
 √2 ≈ 0.84952, with the following explicit expression:
 xKT (t) = α(−9 tanhβt+ 11 tanh3 βt), (6.1)
 where α = 15√11193 , β =
 12
 √1119 .
 If there is a 2D heteroclinic orbit at this parameter value, we would thus have a heteroclinic cycle.Unfortunately there do not exist any analytical proofs of existence of 2D-heteroclinic orbits at c = cKT .However, there is strong numerical evidence that they exist and that they are transverse [30]. Also,McCord [32] has shown that for sufficiently large c there exists a unique 2D heteroclinic connection.The existence of a 2D heteroclinic connection for all c > 0 remains an open problem. It seems likelythat a computational proof of existence of such a 2D heteroclinic orbit would be tractable, and in thiscase the results of our analysis would again apply to this parameter range.By analyticity of the Michelson system, the Kuramoto-Tsuzuki exact solution is locally isolated in
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the parameter space. It is not so important to verify that the unfolding is generic (as this only yields theexponential properties of the accumulations in our results). As before, with only the hypothesis on localisolatedness of the heteroclinic cycle, most of the conclusions of Theorem 1.2 hold: many heteroclinic,homoclinic and periodic solutions and many horseshoes near c = cKT .
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