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            A transient electrochemical model incorporating the Donnan effect for all-vanadium redox ﬂow batteries Y. Lei a , B.W. Zhang a , B.F. Bai a , T.S. Zhao b, * a State Key Laboratory of Multiphase Flow in Power Engineering, Xi'an Jiaotong University, Xi'an 710049, China b Department of Mechanical and Aerospace Engineering, The Hong Kong University of Science and Technology, Clear Water Bay, Kowloon, Hong Kong, China highlights  A transient model with incorporation of the Donnan effect is developed in VRFB.  The model allows the exhibition of membrane selective adsorption.  The model enables an accurate prediction of the battery performance.  Effect of the ﬁxed charge concentration on species crossover is studied.  Donnan effect is found to deteriorate vanadium crossover in Naﬁon membranes. article info Article history: Received 29 June 2015 Received in revised form 10 August 2015 Accepted 29 August 2015 Available online xxx Keywords: Flow battery Vanadium crossover Donnan effect Numerical modeling abstract In a typical all-vanadium redox ﬂow battery (VRFB), the ion exchange membrane is directly exposed in the bulk electrolyte. Consequently, the Donnan effect occurs at the membrane/electrolyte (M/E) in- terfaces, which is critical for modeling of ion transport through the membrane and the prediction of cell performance. However, unrealistic assumptions in previous VRFB models, such as electroneutrality and discontinuities of ionic potential and ion concentrations at the M/E interfaces, lead to simulated results inconsistent with the theoretical analysis of ion adsorption in the membrane. To address this issue, this work proposes a continuous-Donnan effect-model using the Poisson equation coupled with the Nernst ePlanck equation to describe variable distributions at the M/E interfaces. A one-dimensional transient VRFB model incorporating the Donnan effect is developed. It is demonstrated that the present model enables (i) a more realistic simulation of continuous distributions of ion concentrations and ionic po- tential throughout the membrane and (ii) a more comprehensive estimation for the effect of the ﬁxed charge concentration on species crossover across the membrane and cell performance. © 2015 Elsevier B.V. All rights reserved. 1. Introduction All-vanadium redox ﬂow battery (VRFB) is a large-scale energy storage device for intermittent renewable energy sources. With the advantages of a long cycle life, capacity independence with power, quick response and high security, this type of battery has received increasing focus [1e3]. Although the VRFB possesses commercial promise, a key limiting factor in the form of ion crossover via the membrane must be resolved before development. This limitation negatively affects both the performance and the lifetime of the VRFB. Much effort has recently been devoted to prevention of ion crossover. The study of novel materials for the ion exchange membrane aims to bring forth merits of lowered cost, high stability, low vanadium permeability and high proton conductivity [4e10]. Chen et al. synthesized a series of membranes based on sulfonated poly with various additives [7e10], which feature lowered costs but make little improvement to the overall quality. Other efforts have attempted to design experiments to determine the transport properties for interpretation of the transport behaviors of ions through the ion exchange membrane [11e 13]. Aside from experimental investigations, numerical simulation is useful in analyzing the transport mechanism of ions through the membrane and the optimization of cell performance [14e24]. So far, a mathematical model incorporating a complete description of species transport through the membrane for VRFBs has been established, in which the NernstePlanck equation containing the * Corresponding author. E-mail address: [email protected] (T.S. Zhao). Contents lists available at ScienceDirect Journal of Power Sources journal homepage: www.elsevier.com/locate/jpowsour http://dx.doi.org/10.1016/j.jpowsour.2015.08.100 0378-7753/© 2015 Elsevier B.V. All rights reserved. Journal of Power Sources 299 (2015) 202e211 
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 A transient electrochemical model incorporating the Donnan effect forall-vanadium redox flow batteries
 Y. Lei a, B.W. Zhang a, B.F. Bai a, T.S. Zhao b, *
 a State Key Laboratory of Multiphase Flow in Power Engineering, Xi'an Jiaotong University, Xi'an 710049, Chinab Department of Mechanical and Aerospace Engineering, The Hong Kong University of Science and Technology, Clear Water Bay, Kowloon, Hong Kong, China
 h i g h l i g h t s
 � A transient model with incorporation of the Donnan effect is developed in VRFB.� The model allows the exhibition of membrane selective adsorption.� The model enables an accurate prediction of the battery performance.� Effect of the fixed charge concentration on species crossover is studied.� Donnan effect is found to deteriorate vanadium crossover in Nafion membranes.
 a r t i c l e i n f o
 Article history:Received 29 June 2015Received in revised form10 August 2015Accepted 29 August 2015Available online xxx
 Keywords:Flow batteryVanadium crossoverDonnan effectNumerical modeling
 * Corresponding author.E-mail address: [email protected] (T.S. Zhao).
 http://dx.doi.org/10.1016/j.jpowsour.2015.08.1000378-7753/© 2015 Elsevier B.V. All rights reserved.
 a b s t r a c t
 In a typical all-vanadium redox flow battery (VRFB), the ion exchange membrane is directly exposed inthe bulk electrolyte. Consequently, the Donnan effect occurs at the membrane/electrolyte (M/E) in-terfaces, which is critical for modeling of ion transport through the membrane and the prediction of cellperformance. However, unrealistic assumptions in previous VRFB models, such as electroneutrality anddiscontinuities of ionic potential and ion concentrations at the M/E interfaces, lead to simulated resultsinconsistent with the theoretical analysis of ion adsorption in the membrane. To address this issue, thiswork proposes a continuous-Donnan effect-model using the Poisson equation coupled with the NernstePlanck equation to describe variable distributions at the M/E interfaces. A one-dimensional transientVRFB model incorporating the Donnan effect is developed. It is demonstrated that the present modelenables (i) a more realistic simulation of continuous distributions of ion concentrations and ionic po-tential throughout the membrane and (ii) a more comprehensive estimation for the effect of the fixedcharge concentration on species crossover across the membrane and cell performance.
 © 2015 Elsevier B.V. All rights reserved.
 1. Introduction
 All-vanadium redox flow battery (VRFB) is a large-scale energystorage device for intermittent renewable energy sources. With theadvantages of a long cycle life, capacity independence with power,quick response and high security, this type of battery has receivedincreasing focus [1e3]. Although the VRFB possesses commercialpromise, a key limiting factor in the form of ion crossover via themembrane must be resolved before development. This limitationnegatively affects both the performance and the lifetime of theVRFB. Much effort has recently been devoted to prevention of ion
 crossover. The study of novel materials for the ion exchangemembrane aims to bring forthmerits of lowered cost, high stability,low vanadium permeability and high proton conductivity [4e10].Chen et al. synthesized a series of membranes based on sulfonatedpoly with various additives [7e10], which feature lowered costs butmake little improvement to the overall quality. Other efforts haveattempted to design experiments to determine the transportproperties for interpretation of the transport behaviors of ionsthrough the ion exchange membrane [11e13].
 Aside from experimental investigations, numerical simulation isuseful in analyzing the transport mechanism of ions through themembrane and the optimization of cell performance [14e24]. Sofar, a mathematical model incorporating a complete description ofspecies transport through the membrane for VRFBs has beenestablished, in which the NernstePlanck equation containing the
 mailto:[email protected]
 http://crossmark.crossref.org/dialog/?doi=10.1016/j.jpowsour.2015.08.100&domain=pdf
 www.sciencedirect.com/science/journal/03787753
 http://www.elsevier.com/locate/jpowsour
 http://dx.doi.org/10.1016/j.jpowsour.2015.08.100
 http://dx.doi.org/10.1016/j.jpowsour.2015.08.100
 http://dx.doi.org/10.1016/j.jpowsour.2015.08.100
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Fig. 1. (a) Schematic of a VRFB system; (b) modeling domain.
 Y. Lei et al. / Journal of Power Sources 299 (2015) 202e211 203
 diffusion, migration and convection terms is used for all ions.However, the Donnan effect occurring at the M/E interfaces underthe presence of fixed charge on themembrane is neglected inmajormodels, which exhibits the ion adsorption and repulsion of an ionexchange membrane. From adsorption experiments with a cationexchange membrane (CEM) exposed in the vanadium solution,cation concentrations in the membrane could be dramaticallyhigher than ones in the solution [11]. Thus, the Donnan effect mustbe incorporated in numerical models. To date, only two publishedmodels have ever accounted for the Donnan effect. Knehr et al. [16]treated the Donnan effect with an unrealistic discontinuity ofHSO4
 � concentration at the M/E interfaces to maintain electro-neutrality, leading to simulated results inconsistent with the trendsof membrane selective adsorption. Yang et al. [21] captured theDonnan potential and concentration jumps at the M/E interfaceswithout specificmathematical descriptions or detailed illuminationon the mechanisms of this behavior, and estimated anion concen-trations in membrane from their data did not exhibit anion repul-sion in a CEM. In fact, a highly localized space charge region, wherethe electroneutrality is not satisfied, occurs at the M/E interfaceswhen the fixed charge on the membrane is exposed in the elec-trolytes [25,26]. As the charge density in the space charge region iscomposed of all ion charges including the fixed charge if any, theDonnan effect, or in other words, the dramatic differences of theionic potential and ion concentrations across the M/E interfacialregion, possesses a complex relationship with the characteristics ofthe space charge region. Accordingly, neglecting the space chargeregion lowers the accuracy of species crossover and cell perfor-mance predicted in VRFBmodels. Thus, a detailed description of thespace charge region accounting for the complex correlation be-tween ionic potential and ion concentrations is required to shedlight into the mechanism of the Donnan effect and species cross-over through an ion exchange membrane.
 In this paper, a continuous-Donnan effect-model is proposed byusing the Poisson equation coupled with the NernstePlanckequation to describe the space charge region [25e27]. The Poissonequation is used to characterize the correlation between ionic po-tential distribution and space charge density at the M/E interfacialregions, which is suitable in dilute solution theory. In addition, theNernstePlanck equation is used to describe the transport processesof all ions in the solution. Consequently, continuous variations ofionic potential and ion concentrations at theM/E interfacial regionsare obtained. A one-dimensional transient VRFB model incorpo-rating the Donnan effect is then developed. In addition, with theDonnan effect considered, the effect of fixed charge concentrationon ion distributions, species crossover and cell performance areobtained and analyzed for CEMs. In the next section, the detailmathematical model is presented, followed by the analysis andconclusion.
 2. Model description
 The schematic of a typical VRFB system is shown in Fig. 1a. Thesystem consists of two electrolyte tanks, two pumps and a singlecell, which includes an ion-exchange membrane, two graphite feltsas positive and negative electrodes, as well as two current collec-tors. As the system is operating, electrolyte in each half-cell circu-lates between the tank and electrode, in which the redox reactionsoccur simultaneously. The reactions are as follows:
 Positive electrode : VO2þþH2O� e� ������������!Charge
 DischargeVOþ2 þ 2Hþ (1)
 Negative electrode : V3þþe� ������������!Charge
 DischargeV2þ (2)
 As the axis x in Fig. 1a is the dominate direction of the currentdensity composed of all ion fluxes in electrolytes, the variations ofion concentrations, electric and ionic potentials are able to beneglected in the other two axes. Therefore, the present model issimplified to be one dimension through the membrane. Further-more, the lump model is utilized to describe the variables in elec-trodes, since the variations of ion concentrations here are muchsmaller than those in the membrane [18]. As shown in Fig. 1b, themodel is one-dimensional, where the two electrodes are zero-dimensional. Each interfacial region contains a space charge re-gion described in introductionwith thewidth set to be 2 nm, whichwill be verified in Section 3.1.2. The membrane thickness Lm is183 mm. Other assumptions are as follows:
 1. The battery system is isothermal;2. The model satisfies the dilute solution approximation;3. The side reactions, gravity, water transport, as well as the pump
 power are ignored;4. Sulfuric acid is dissociated to be Hþ and HSO4
 �;5. The positions where self-reactions occur are assumed at x ¼ x2
 and x ¼ x3;6. The ion diffusivities in themembrane are set to be constant with
 different fixed charge concentrations, as variations in the porousstructure are neglected.
 2.1. Governing equations
 2.1.1. Membrane regionIn the membrane region, the mathematical model is formulated
 by the conservation of species and charge, as well as electrically
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Table 1Properties and parameters in membrane.
 Parameter Value
 Membrane thickness, Lm 183e-6 mValence of the fixed charge [14], zM �1Hydraulic permeability [16], kp 1.58e-18 m2
 Electrokinetic permeability [16], kf 1.13e-20 m2
 Water viscosity, mw 0.001 Pa$sDielectric constant, ε 6.947e-10 F$m�1
 V2þ membrane diffusivity [16], D2,m 3.125e-12 m2$s�1
 V3þ membrane diffusivity [16], D3,m 5.93e-12 m2$s�1
 VO2þ membrane diffusivity [16], D4,m 5e-12 m2$s�1
 VO2þ membrane diffusivity [16], D5,m 1.17e-12 m2$s�1
 Hþ membrane diffusivity [16], DH,m 3.35e-9 m2$s�1
 HSO4� membrane diffusivity [16], DHS,m 4e-11 m2$s�1
 Fig. 2. Charge schematic at the M/E interfacial region.
 Y. Lei et al. / Journal of Power Sources 299 (2015) 202e211204
 neutral equation. The properties and parameters are listed inTable 1.
 The species conservation is expressed as:
 vcivtþ V$N
 .
 i ¼ 0 (3)
 where ci and N.
 i are respectively the concentration and the flux ofspecies i, the subscript i denotes all ions except HSO4
 �, and t is time.The flux N
 .
 i is given by NernstePlanck equation:
 N.
 i ¼ �Di;mVci �ziciDi;m
 RTFVfl þ ci v
 . (4)
 where Di,m and zi are the membrane diffusivity and the valence ofspecies i, respectively, R ¼ 8.314 J/(mol K) and F ¼ 96485 C/mol arerespectively the universal gas constant and the Faraday constant, Tis the operating temperature, and fl is the ionic potential in thesolution. The velocity v
 . described by an alternate form of Schlogl'sequation [10] satisfies the continuity equation:
 V$ v.¼ 0 (5)
 v.¼ �kp
 mwVp� kf
 mwð�zMcMÞF
 Vfl þ
 FP
 ziDi;mVciF2
 RTP
 z2i ciDi;m
 !(6)
 where kp and kf are respectively the hydraulic and the electroki-netic permeability, mw and p are the viscosity and the pressure offluid. From equation (6), the velocity is not constant during achargeedischarge cycle.
 The electroneutrality satisfies:Xi
 zici þ zMcM ¼ 0 (7)
 where the subscript i contains all ions.The charge conservation is expressed as:
 V$il ¼ V$
 FXi
 ziN.
 i
 !¼ 0 (8)
 where il is the ionic current density and composed of all fluxes.
 2.1.2. Membrane/electrolyte interfacial regionsIn the interfacial regions, the mathematical model, including
 governing equations, properties and parameters, is the same as thatin the membrane, except that the electrically neutral equation isunsuitable due to the existence of space charge. Note that thesubscript i for species conservation in this section contains all ions.
 Fig. 2 shows the charge schematic of the highly localized spacecharge region at the M/E interfacial region mentioned above.Farther away from the junction between the membrane and elec-trolyte, the space is observed to be electrically neutral. As aconsequence, the ionic charge in the bulk electrolyte is zero, whilethat in the bulk membrane is equal to ezMcM with the presence offixed charge on the membrane, where zM and cM are the valenceand concentration of the fixed charge, respectively. Under theassumption that all ion concentrations are continuous, the ioniccharge changes continuously from zero in the electrolyte to ezMcMin the membrane. Consequently, with the fixed charge concentra-tion constant, the distribution of the space charge at the M/Einterfacial region appears to be the diffuse double layer shown inFig. 2. Here, the Poisson equation is introduced to relate the ionicpotential with the space charge [25e27], which is expressed as:
 �V$ðεVflÞ ¼ re (9)
 where ε is the dielectric constant. re is the space charge density,defined as:
 re ¼
 8>><>>:
 FPizici 0 � x< x1; x4 < x � x5
 F
 Pizici þ zMcM
 !x1 � x � x2; x3 � x � x4
 (10)
 The ionic potential difference across the interfacial region is theDonnan potential.
 2.1.3. Self-reactions in VRFBsSelf-reactions occur at the two sides of the membrane region as
 a result of species crossover. When VO2þ and VO2þ transport
 through the membrane to the negative electrode, they are imme-diately deoxidized by V2þ to be V3. Similarly, V2þ and V3þ transportto the positive electrode and are oxidized by VO2
 þ to be VO2þ. Thechemical equations are expressed as:
 x ¼ x2;�V2þ þ VO2þ þ 2Hþ/2V3þ þ H2O2V2þ þ VOþ2 þ 4Hþ/3V3þ þ 2H2O
 (11)
 x ¼ x3;
 (V2þ þ 2VOþ2 þ 2Hþ/3VO2þ þ H2OV3þ þ VOþ2/2VO2þ (12)
 The species conservation is modified to be
 vcivtþ V$N
 .
 i ¼ Si (13)
 where Si is the reaction source term obtained from Eqs. (11) and
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Table 2Properties and parameters in electrodes and current collectors.
 Parameter Value
 Electrode length, Lh 0.02 mElectrode width, Lw 0.025 mElectrode thickness, Lt 0.003 mPorosity [16], є 0.93Specific surface area [16], a 35,000 m�1
 V2þ diffusivity [14], D2,e 2.4e-10 m2$s�1
 V3þ diffusivity [14], D3,e 2.4e-10 m2$s�1
 VO2þ diffusivity [14], D4,e 3.9e-10 m2$s�1
 VO2þ diffusivity [14], D5,e 3.9e-10 m2$s�1
 Hþ diffusivity [14], DH,e 9.312e-9 m2$s�1
 HSO4� diffusivity [16], DHS,e 1.33e-9 m2$s�1
 Current collector thickness, Lc 0.01 mElectronic conductivity of current collector [18], sc 91,000 S$m�1
 Y. Lei et al. / Journal of Power Sources 299 (2015) 202e211 205
 (12). The formula of Si is expressed as:
 x ¼ x2;
 8>><>>:
 S2Dx ¼ �����N.4
 ����� 2����N.5
 ����S3Dx ¼ 2
 ����N.4
 ����þ 3����N.5
 ����SHDx ¼ �2
 ����N.4
 ����� 4����N.5
 ����(14)
 x ¼ x3;
 8>><>>:
 S4Dx ¼ 3����N.2
 ����þ 2����N.3
 ����S5Dx ¼ �2
 ����N.2
 ���������N.3
 ����SHDx ¼ �2
 ����N.2
 ����(15)
 where the subscripts 2,3,4,5 and H represent V2þ, V3þ, VO2þ, VO2þ
 and Hþ respectively, Dx is the step length.
 Table 3Operating conditions and parameters.
 Parameter Value
 Tank volume, Vt 30 mlOperating temperature, T 298 KFlow rate, Q 60 ml min�1
 Initial state of charge, SOC0 0.15Initial total vanadium concentration in each electrolyte, c0 1000 mol m�3
 Tuning concentration, cD 1000 mol m�3
 2.2. Boundary conditions and initial values
 As the description of two electrodes is treated with the lumpmodel, the electrolyte concentrations are boundary conditions forthe modeling domain. By neglecting the concentration differencebetween the electrode and the tank, the concentrations of all va-nadium ions and Hþ are calculated by species conservations, andthe HSO4
 � concentration is obtained from the electrically neutralcondition:
 x ¼ 0;
 8>>>>>>>>>><>>>>>>>>>>:
 ðVt þ εVeÞdc2dt¼ Vea
 jF� N
 .
 2 � Lh � Lw
 ðVt þ εVeÞdc3dt¼ �Vea
 jF� N
 .
 3 � Lh � Lw
 ðVt þ εVeÞdcHdt ¼ �N.
 H � Lh � Lw
 2� c2 þ 3� c3 þ cH � cHS ¼ 0
 (16)
 x ¼ x5;
 8>>>>>>>>>><>>>>>>>>>>:
 ðVt þ εVeÞdc4dt¼ �Vea
 jFþ N
 .
 4 � Lh � Lw
 ðVt þ εVeÞdc5dt¼ Vea
 jFþ N
 .
 5 � Lh � Lw
 ðVt þ εVeÞdcHdt ¼ 2VeajFþ N
 .
 H � Lh � Lw
 2� c4 þ c5 þ cH � cHS ¼ 0
 (17)
 where Vt and Ve are the volume of the tank and electrode. ε, a, Lhand Lw are the porosity, the specific surface area, the height andwidth of the electrode, respectively.
 Local reaction current density j is obtained by:
 j ¼ � IaLt
 (18)
 where I is the applied current density, Lt is the thickness of elec-trode. The properties and parameters are listed in Table 2.
 The constant concentration boundaries are
 x ¼ x2; c4 ¼ 0; c5 ¼ 0x ¼ x3; c2 ¼ 0; c3 ¼ 0 (19)
 The pressure boundary condition is set as
 Dp ¼ pðx ¼ x5Þ � pðx ¼ 0Þ ¼ 0 (20)
 The ionic potential boundary is derived from the given appliedcurrent density and is expressed as
 x ¼ 0; �n.$Vfl ¼ �
 I þ FPiziDi;mVci
 F2
 RTPiz2i Di;mci
 (21)
 x ¼ x5; �n.$Vfl ¼
 I þ FPiziDi;mVci
 F2
 RTPiz2i Di;mci
 (22)
 where n.
 is the outward normal unit vector.The state of charge SOC is defined to be
 SOC ¼ min
 cn2
 cn2 þ cn3;
 cp5cp4 þ cp5
 !(23)
 where the superscripts n and p represent the negative and positiveelectrodes.
 The initial electrolyte concentrations are defined to be
 x ¼ 0; t ¼ 0;
 8>><>>:
 c2 ¼ c0 � SOC0c3 ¼ c0 � ð1� SOC0ÞcH ¼ cD þ c0 � SOC0cHS ¼ 2� c2 þ 3� c3 þ cH
 (24)
 x ¼ x5; t ¼ 0;
 8>><>>:
 c4 ¼ c0 � ð1� SOC0Þc5 ¼ c0 � SOC0cH ¼ cD þ c0 þ c0 � SOC0cHS ¼ 2� c4 þ c5 þ cH
 (25)
 where SOC0 ¼ 0.15 is the initial state of charge. c0 ¼ 1000 mol/m3 isthe initial total vanadium concentration in each half-cell.cD ¼ 1000 mol/m3 is the tuning concentration for Hþ. The initialdistributions of all variables in the modeling domain are obtainedfrom the steady-state model with the above boundary conditions.The operating conditions and initial values are listed in Table 3.
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Table 4Kinetic parameters.
 Parameter Value
 Reaction rate constant: positive [14], kp 6.8e-7 m$s�1
 Reaction rate constant: negative [14], kn 1.7e-7 m$s�1
 Cathodic transfer coefficient: positive, ap,c 0.5Anodic transfer coefficient: positive, ap,a 0.5Cathodic transfer coefficient: negative, an,c 0.5Anodic transfer coefficient: negative, an,a 0.5Equilibrium potential: positive, E 0
 p 1.004 VEquilibrium potential: negative, E0n �0.255 V
 Y. Lei et al. / Journal of Power Sources 299 (2015) 202e211206
 2.3. Battery voltage
 By balancing the electrochemical reaction rate with the rate ofmass transfer at the electrode surface, concentration ci
 s at the liq-uidesolid interface in the porous electrode can be achieved from
 N.s
 2 ¼ kmn�c2 � cs2
 � ¼ � jF
 N.s
 3 ¼ kmn�c3 � cs3
 � ¼ jF
 (26)
 N.s
 4 ¼ kmp�c4 � cs4
 � ¼ jF
 N.s
 5 ¼ kmp�c5 � cs5
 � ¼ � jF
 (27)
 where N.s
 i is the flux at the electrode surface. kmp and kmn are themass transfer coefficients nearby the positive and negative elec-trode surfaces, expressed as:
 kmn ¼ kmp ¼ 1:6� 10�4�
 QLt � Lw
 �0:4
 (28)
 Relationship of the reaction rate with overpotential is given bythe ButlereVolmer equation:
 j ¼ �i0ncs3c3
 exp�� an;cFhn
 RT
 �� cs2c2
 exp�an;aFhn
 RT
 �(29)
 j ¼ i0p
 cs5c5
 exp�� ap;cFhp
 RT
 �� cs4c4
 exp�ap;aFhp
 RT
 �(30)
 where ac, aa are the cathodic and anodic transfer coefficients, h isthe overpotential, the subscripts n and p represent the negative andpositive electrodes, respectively. The exchange current densities in0
 and ip0 for the negative and positive electrodes are expressed as
 i0n ¼ Fknðc2Þan;cðc3Þan;a (31)
 i0p ¼ Fkpðc4Þap;cðc5Þap;a (32)
 where kn and kp are the standard rate constants for the negative andpositive reactions.
 The cell voltage Ecell is calculated as
 Ecell ¼ Ep0 � En0 þRTF
 lncp5c
 n2
 �cpH�2
 cp4cn3 � 106
 þ�fpl � fn
 l
 �þ hp � hn þ Vohm
 (33)
 where E0n and E 0
 p are the equilibrium potentials, the superscripts nand p represent the negative and positive electrodes, respectively.Under the assumption that the conductivity in the electrode matrixis consistent with that in the electrolyte, the ohmic loss Vohmassociated with the electrodes and current collectors is formulatedto be:
 Vohm ¼
 0B@ �ILt
 33=2 F2
 RTPiz2i ciDi;e
 1CA
 n
 þ
 0B@ �ILt
 33=2 F2
 RTPiz2i ciDi;e
 1CA
 p
 þ�2Isc
 Lc
 (34)
 where sc and Lc are the conductivity and the width of currentcollectors, Di,e is the diffusivity of species i in electrolytes. All kinetic
 parameters are listed in Table 4.
 3. Results and discussion
 The governing equations were solved using the finite-elementsoftware COMSOL Multiphysics 3.5a. The uniform grid was con-structed in both interfacial regions, while the proportional grid wasutilized to connect the membrane with two interfacial regions. Therelative tolerance was set to 1 � 10�6.
 3.1. Model validation
 3.1.1. Cell performanceThe comparison of cell performance between simulation and
 experiment is shown in Fig. 3a with all properties and parametersset as reference [16]. The numerical result is validated against theexperimental data with a margin of error under 3.6%. The voltagediscrepancy may be caused by neglecting variable distributions inthe electrodes, using estimated and fitted parameters, as well astaking no account of side reactions.
 3.1.2. Donnan effect at the M/E interfaceThe present model is validated against an analytical model with
 the Donnan effect [25] in Fig. 3b. It is seen that the present model isin good agreement with the analytical solution at both binary so-lution side (x < 0) and the charged membrane side (x > 0).
 As the interfacial region has no clear boundary, the given widthshould not affect the result. Two cases are compared with onlyinterfacial width difference. The operating conditions arecM ¼ 1200 mol/m3, I ¼ 400 A/m2 and SOC ¼ 0.3 of the chargeprocess. In Fig. 3c, the ionic potential distributions at the M/Einterfacial region of negative side show a high level of consistencyso that the interfacial width set in this paper is appropriate.
 3.2. Variable distributions
 In the following sections, we discuss the effect of fixed chargeconcentration on the species crossover and cell performance takingthe Donnan effect into consideration.
 Distributions of ion concentrations and the ionic potential withcM ¼ 1200 and 2400 mol/m3 are shown in Fig. 4, where theenlarged views of variable distributions at the M/E interfacial re-gions are also exhibited. The operating conditions are I ¼ 400 A/m2
 and SOC ¼ 0.5 of the charge process. In Fig. 4a, the comparison ofV2þ concentration between the models with and without theDonnan effect is presented. For the model without the Donnaneffect, HSO4
 � concentration at the membrane/electrolyte junctionis discontinuous, the difference of which is equal to zMcM to satisfyelectroneutrality. The distribution of V2þ concentration in thepresent model shows a steep jump at the M/E interfacial region,known as the Donnan effect, which has not been captured in thecompared one. In addition, the jump is enhanced proportionally
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 with an increase in cM. For other ion concentrations and the ionicpotential shown in Fig. 4, the situations are similar to that of the V2þ
 concentration. It is found that for a CEM, the Donnan effect leads toan increase in the cation concentrations in the membrane, and adecrease in the anion concentrations and the ionic potential. Theseresults are consistent with the theoretical analysis of ion adsorptionand repulsion in themembrane. Thus, a more complete effect of thefixed charge concentration on the variable distributions in themembrane is mathematically achieved. Furthermore, Fig. 4c showsthat the fixed charge concentration does not have a large effect onthe ionic potential gradient in the membrane.
 Another factor that influences the jump is the electrolyte con-centrations. As shown in Fig. 5a, the jump is enhanced with anincrease of V2þ concentration in electrolyte, which is evaluated tobe similar for all other ions. The operating conditions are I ¼ 400 A/m2 and cM ¼ 1200 mol/m3.
 Fig. 5b and c shows the distributions of V2þ concentration withdifferent pressure boundary conditions and different applied cur-rent densities, respectively. The pressure difference across themembrane is set to be zero and 1500 Pa, respectively in Fig. 5b.With the same cM¼ 1200 mol/m3, I ¼ 400 A/m2 and SOC¼ 0.393 ofthe charge process, the jump does not vary with the pressureboundary conditions, while the slopes in the membrane differ dueto the effect of the osmotic flow. It reveals that the pressureboundary condition has no influence on the Donnan effect. WithSOC ¼ 0.5 and cM ¼ 1200 mol/m3 in Fig. 5c, it reveals that theDonnan effect does not vary with current density, while the slope inthemembrane changes due to the variation of the velocity, which isrelated to the current density and derived from the combination ofEqs. (4), (6) and (8):
 v.z� kp
 mwVp� kf
 mwð�zMcMÞF
 �IF2
 RTPiz2i Di;mci
 (35)
 In the above equation, it shows clearly that the electro-osmoticterm in the velocity is proportional to the current density.
 3.3. Vanadium crossover
 With an increase in cM, the variation of vanadium crossoverbecomes more complex and is affected by both the Donnan effectand the electro-osmotic flow. Fluxes of V2þ and VO2þ via themembrane of the charge process with different cM between themodels with and without the Donnan effect are separately pre-sented in Fig. 6. The flux of V2þ is chosen at x ¼ x3, and that of VO2þ
 is at x ¼ x2. It is found that compared to the model without theDonnan effect at I ¼ 400 A/m2, fluxes of V2þ and VO2þ in the pre-sent model are enhanced with the same cM, resulting from an in-crease in the diffusion term deduced from Fig. 4a, i.e. the Donnaneffect promotes vanadium crossover for a VRFB with a CEM, evenwhen the convection term imposes very little difference.
 With an increase in cM, only the electro-osmotic flow affectsvanadium crossover in the model without the Donnan effect.Therefore, the flux of every vanadium ion obeys the variation of thevelocity in Eq. (35). Moreover, the difference in flux with an in-crease in cM is compared between the models with and without theDonnan effect to explore the role of the Donnan effect on the va-nadium fluxes. The results imply that for all vanadium ions, theDonnan effect leads to an impetus for flux to transport through the
 Fig. 3. (a) Comparison of the simulated voltage with experimental data [16]; (b) modelvalidation of the Donnan effect at the M/E interface; (c) the ionic potential distribu-tions with different negative-side M/E interfacial widths at cM ¼ 1200 mol/m3,I ¼ 400 A/m2 and SOC ¼ 0.3 of the charge process.
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Fig. 4. Distributions of (a) V2þ, (b) HSO4� concentrations and (c) the ionic potential
 with different cM at I ¼ 400 A/m2 and SOC ¼ 0.5 of the charge process. DE denotes theDonnan effect.
 Fig. 5. Distributions of V2þ concentration with different (a) time, (b) pressureboundary conditions at SOC ¼ 0.393, and (c) applied currents at SOC ¼ 0.5. For all caseswith no specific mention, the conditions are I ¼ 400 A/m2 and cM¼ 1200 mol/m3 of thecharge process.
 Y. Lei et al. / Journal of Power Sources 299 (2015) 202e211208
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Fig. 6. Fluxes of (a) V2þ and (b) VO2þ via the membrane with different cM between themodels with and without the Donnan effect (DE) at I ¼ 400 A/m2 in the charge process.
 Fig. 7. Effect of cM on the coulombic efficiency between the models with and withoutthe Donnan effect (DE) at different applied currents. The charge and discharge periodsare set between SOC ¼ 0.2 and SOC ¼ 0.8.
 Y. Lei et al. / Journal of Power Sources 299 (2015) 202e211 209
 membrane. This phenomenon occurs due to an improvement inaverage diffusion with an increase in cM.
 3.4. Self-reactions and the coulombic efficiency
 As the number of self-reactions is determined by vanadiumcrossover, the coulombic efficiency is also affected by the fixedcharge concentration. Fig. 7 shows the effect of cM on the coulombicefficiency between the models with and without the Donnan effectat different current densities. The charge and discharge times aredetermined by the charge and discharge periods between SOC¼ 0.2and SOC ¼ 0.8, respectively. It demonstrates that the coulombicefficiency in the present model is lower at the same cM whencompared to that of the model without the Donnan effect. This isparticularly pronounced at a large cM. This is due to the enhance-ment of all vanadium ion fluxes, illustrated in Fig. 6 and furtherdiscussed in Section 3.3.
 With an increase in cM, the coulombic efficiency decreases in themodel without the Donnan effect, caused by the promotion of theelectro-osmotic flow. And the present model exhibits a largerdecrease in the coulombic efficiency due to the consideration of theDonnan effect. Moreover, it is revealed in Fig. 7 that with an in-crease in cM, the electro-osmotic flow dominates the variation of
 the coulombic efficiency at large current densities, while theDonnan effect dominates at small current densities. It is explainedthat the electro-osmotic flow and its variationwith cM both declinewith current density, analyzed by Eq. (35).
 Finally, the electro-osmotic flow virtually vanishes when the cellis open circuit and the effect of the fixed charge concentration onthe species crossover is totally owed to the Donnan effect.
 3.5. Electrolyte imbalance in a VRFB
 Species crossover also influences the electrolyte imbalance be-tween two half-cells, the variation of which is determined by thesum of the vanadium ion fluxes through the membrane. Fig. 8shows the effect of cM on the total vanadium concentration ineach half-cell. The applied current density is 400 A/m2. The resultsshow that the total vanadium concentration between two half-cellsis at an imbalance after an arbitrary operating period, due to theparameter differences of ions such as the valence and diffusivity.
 With an increase in cM in Fig. 8a, the model without the Donnaneffect shows that the total vanadium concentration (dash dot line)at the end of a cycle appears to be the same in each half-cell. This isinterpreted with an analysis of the electro-osmotic flow below. Inthe charge and discharge processes, the magnitudes of electro-osmotic flow are equivalent, while the directions are opposite,derived from Eq. (35). Therefore, the effect of the electro-osmoticflow on electrolyte imbalance is largely counteracted after a char-geedischarge cycle, and thus the electrolyte imbalance does notvary with cM in the model without the Donnan effect. However, theelectrolyte imbalance (solid line) after a cycle is enhanced with anincrease in cM in the present model, due to an improvement inaverage diffusion caused by the Donnan effect, which leads to agreater impact of diffusivity difference on the sum of vanadium ionfluxes through the membrane.
 In Fig. 8b, it can be seen that the pressure boundary condition isan important factor in controlling the extent of electrolyte imbal-ance, while its variation with an increase in cM is almost the sameunder different pressure boundary conditions. Thus, the Donnaneffect dominates the variation of electrolyte imbalance with anincrease in cM.
 4. Conclusion
 In this work, a one-dimensional transient model incorporating
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Fig. 8. Effect of cM on vanadium imbalance during a cycle (a) between the models withand without the Donnan effect (DE) at Dp ¼ 0 Pa and (b) between different pressuredifference across the membrane in the present model. The current is 400 A/m2.
 Y. Lei et al. / Journal of Power Sources 299 (2015) 202e211210
 the Donnan effect is developed for all-vanadium redox flow bat-teries. Unlike previous models with unrealistic assumptionsincluding electroneutrality and discontinuities of ionic potentialand ion concentrations at the M/E interfaces, a continuous-Donnaneffect-model is proposed in this work to simulate the space chargeregion at the M/E interfaces. It is demonstrated that the presentmodel predicts (i) a realistic continuous variation for all the vari-ables across the entire cell, and (ii) a more complicated effect of thefixed charge concentration on species crossover and cell perfor-mance. The findings are as follows:
 (1) The jump in the vanadium ions at the M/E interfacial regionsis enhanced with an increase in the fixed charge concentra-tion or electrolyte concentrations, while it does not vary withpressure boundary conditions or applied current densities.
 (2) For a VRFB with a CEM, the Donnan effect promotes vana-dium crossover. The promotion is more pronounced with anincrease in cM.
 (3) The Donnan effect leads to a decline in coulombic efficiencyfor a VRFB with a CEM. With an increase in cM, coulombic
 efficiency decreases, and its variation is dominated by theDonnan effect at small applied current densities.
 (4) For a VRFB with a CEM, the extent of the electrolyte imbal-ance after a cycle is enhanced with an increase in cM. Thisphenomenon is almost entirely influenced by the Donnaneffect.
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 Nomenclature
 c Concentration, mol m�3
 t Time, s
 N.
 Species flux, mol m2 s�1
 D Diffusivity, m2 s�1
 z ValenceR Universal gas constant, J mol�1 K�1
 T Operating temperature, KF Faraday constant, C mol�1
 v. Velocity, m s�1
 p Pressure, Pai Current density, A m�2
 x Position at x axis, mS Reaction source termV Volumej Local reaction current density, A m�2
 a Specific surface area, m�1
 I Applied current density, A m�2
 L Length, mSOC State of chargecD Tuning concentration, mol m�3
 km Mass transfer coefficient nearby the electrode surface, s�1
 i0 Exchange current density, A m�2
 k Standard reaction rate constant, m s�1
 E0 Equilibrium potential, VVohm Ohmic loss, V
 Greekf Potential, Vkp Hydraulic permeability, m2
 kf Electrokinetic permeability, m2
 mw Viscosity, Pa sε Dielectric constant, F m�1
 re Space charge density, C m�3
 є Porosityaa Anodic transfer coefficientac Cathodic transfer coefficienth Overpotential, Vs Conductivity, S m�1
 Superscripts and subscriptsi Speciesm,M Membrane2,3,4,5 V2þ, V3þ, VO2þ, VO2
 þ
 t Tanke Electrolyteh Height of electrodew Width of electrode0 Initial conditions Solidn Negative side
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 p Positive sidel Liquidc Current collectorH Hþ
 HS HSO4�
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