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Lecture 11: Bootstrap
 Instructor: Han Hong
 Department of EconomicsStanford University
 2011
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The Bootstrap Principle
 • Replace the real world by the bootstrap world:
 • Real World: Population(F0) −→ Sample(F1): X1, . . . ,Xn.
 • The bootstrap world: Sample(F1): X1, . . . ,Xn −→ BootstrapSample F2 = X ∗1 , . . . ,X
 ∗n .
 • We care about functional of F0 : θ (F0), the bootstrapprinciple says that we estimate θ (F0) by θ (F1).
 • The only problem is how to define θ (F0), and the bootstrapresample is only useful for defining this function for θ (F1).
 • A bootstrap resample is a sample of size n, drawnindependently with replacement from the empiricaldistribution F1, i.e., P (X ∗i = Xj |F1) = n−1, 1 ≤ i , j ≤ n.
 Han Hong Bootstrap
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• The simplist example: the mean.
 θ (F0) = µ =
 ∫xdF (x) .
 The bootstrap estimate is
 θ (F1) =
 ∫xdF1 (x) =
 1
 n
 n∑i=1
 Xi = E (X ∗i |F1)
 • Similarly, for the variance.
 θ (F0) = σ2 =
 ∫x2dF (x)−
 (∫xdF (x)
 )2
 θ (F1) = σ̂2 =
 ∫x2dF̂ (x)−
 (∫xdF̂ (x)
 )2
 = E(X ∗2i |F1
 )− (E (X ∗i |F1))2 =
 1
 n
 n∑i=1
 X 2i −
 (X̄)2
 Han Hong Bootstrap
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• Both of these drawing X ∗i from F1 is called nonparametricbootstrap.
 • In regression models, yi = x ′iβ + εi , the nonparametric
 bootstrap (for estimating the distribution of β̂, say) draws(y∗i , x
 ∗i ) from the JOINT empirical distribution of (yi , xi ).
 It is also possible to draw from ε̂i = yi − x ′i β̂ fixing the xi ’s.
 • With d dimension data you can find many different ways ofresampling, depending on your assumptions about the relationamong yi , xi , for example.
 • You can also modify your bootstrap resample scheme bytaking into account a priori information you have about Xi ,say if you know Xi is symmetric around 0, then you mightwant to resample from the 2n vector Xi ,−Xi , i = 1, . . . , n.
 Han Hong Bootstrap
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Parameteric Bootstrap
 • If you know F0 is from a parametric family, say E(λ = µ−1
 ),
 then you may want to resample from F (λ) = E(λ̂) instead ofthe empirical distribution F1.
 • If you choose MLE, then it is λ̂ = 1µ̂ = 1
 X̄. So you resample
 from an exponential distribution with mean X̄ .
 • But we will only discuss nonparametric bootstrap today.
 • The bootstrap principle again: The whole business is to findthe definition of the functional θ (F0).
 • It is often the solution t = θ (F0) to E [f (F1,F0; t) |F0] = 0.
 • Since we don’t know F0, the bootstrap version is to estimate tby t̂ s.t. E
 [f(F2,F1; t̂
 )|F1
 ]= 0.
 • Examples are bias reduction and confidence interval.
 Han Hong Bootstrap
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Bias Reduction
 • Need t = E (θ (F1)− θ (F0) |F0). The bootstrap principlesuggests estimating by t̂ = E (θ (F2)− θ (F1) |F1).
 • For example,θ (F0) = µ2 =
 (∫xdF0 (x)
 )2, then θ (F1) = X̄ 2 =
 (∫xdF1 (x)
 )2.
 E (θ (F1) |F0) = EF0
 (µ+ n−1
 n∑i=1
 [Xi − µ]
 )2
 = µ2 + n−1σ2
 =⇒ t = n−1σ2 = O(n−1)
 E (θ (F2) |F1) = EF1
 (X̄ + n−1
 n∑i=1
 [X ∗i − X̄
 ])2
 = X̄ 2 + n−1σ̂2
 =⇒ t̂ = n−1σ̂2 where σ̂2 = n−1n∑
 i=1
 (Xi − X̄
 )2
 Han Hong Bootstrap
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• So the bootstrap bias-corrected estimate of µ2 is:
 θ (F1)− t̂ = 2θ (F1)− E (θ (F2) |F1) = X̄ 2 − n−1σ̂2
 Its bias is:
 E[X̄ 2 − n−1σ̂2 − µ2|F0
 ]= n−1σ2 − n−1
 (1− n−1
 )σ2 = n−2σ2
 So the bias is reduced by an order of O(n−1), compared to
 the uncorrected estimate.
 • For this problem, the one step bootstrap bias correction doesnot completely eliminate the bias.(It turns out bootstrapiteration will do)
 • But another resample scheme, the jacknife, can eliminate biascompletely for this example.
 Han Hong Bootstrap
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Jacknife
 • In general, let θ̂ be an estimator using all data and θ̂−i be theestimator obtained by omitting observation i .
 • The ith jacknife pseudovalue is given as θ∗i = nθ̂− (n − 1) θ̂−i .
 • The Jacknife estimator is the average of these n of θ∗i :
 θ̂J ≡ 1n
 ∑ni=1 θ
 ∗i .
 • In this example, θ̂ = X̄ 2. θ̂−i =(
 1n−1
 ∑j 6=i Xj
 )2. So
 θ̂J = nX̄ 2 − (n − 1)
 1
 n − 1
 ∑j 6=i
 Xj
 2
 which is unbiased.
 Han Hong Bootstrap
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Confidence Interval
 • Look for a one-sided confidence interval of the form(−∞, θ̂ + t) with coverage probability of α:
 P(θ (F0) ≤ θ̂ + t
 )= α =⇒ P
 (θ (F0)− t ≤ θ̂
 )= α.
 • The bootstrap version becomes P(θ (F1)− t̂ ≤ θ (F2)
 )= α. So
 −t̂ is (1− α)th quantile of θ (F2)− θ (F1) conditional on θ (F1).
 • Usually the distribution function of θ (F2)− θ (F1) conditionalon F1 is difficult to calculate, as difficult as θ (F1)− θ (F0)conditional on θ (F0).
 • But as least the former can be simulated (since you know F1),while the later can’t (since you don’t know F0).
 Han Hong Bootstrap
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• To simulate the distribution of θ (F2)− θ (F1) conditional on F1
 (1) Independently draw B (a very big number, say 100,000)bootstrap resamples X ∗b , b = 1, . . . ,B from F1, where eachX ∗b = (X ∗b1, . . . ,Xbn)∗, each X ∗bi is independent draw from theempirical distribution.
 (2) For each X ∗b , calculate θ∗b = θ (X ∗b ). Then simply use theempirical distribution of X ∗b , or any smoothed version of it, toapproximate the distribution of θ (F2)− θ (F1) conditional onF1.
 This approximation can be arbitrary close as B →∞.
 Han Hong Bootstrap
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Distribution of Test Statistics
 • Almost just the same as the confidence interval problem.
 • Consider a statistics(like OLS coefficient β̂, t-statistics)Tn = Tn (X1, . . . ,Xn), want to know its distribution function:
 Pn (x ,F0) = P (Tn ≤ x |X1, . . . ,Xn ∼ iid F0)
 • But don’t know F0, so use the bootstrap principle,
 Pn (x ,F1) = P (T ∗n ≤ x |X ∗1 , . . . ,X ∗n ∼ iid F1)
 • Again when Pn (x ,F1) can’t be analytically computed, it canbe approximated arbitrary well by
 Pn (x ,F1) ≈ 1
 B
 B∑b=1
 1 (T ∗nb ≤ x)
 for T ∗nb = Tn (X ∗b1, . . . ,X∗bn).
 Han Hong Bootstrap
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• Note again the schema in the bootstrap approximation.
 Pn (x ,F0)1≈ Pn (x ,F1)
 2≈ 1
 B
 B∑b=1
 1 (T ∗nb ≤ x)
 1 The statistical error: introduced by replacing F0 with F1, thesize of error as n→∞ can be analyzed through asymptotictheory, e.g. Edgeworth expansion.
 2 The numerical error: introduced by approximating F1 usingsimulation. Should disappear as B →∞. It has nothing to dowith n-asymptotics and statistical error.
 • Similarly, standard error of Tn
 σ2 (Tn) ≈ σ2 (T ∗n ) ≈ 1
 B
 B∑b=1
 (T ∗nb −
 1
 B
 B∑b=1
 T ∗nb
 )2
 Han Hong Bootstrap
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The Pitfall of Bootstrap
 • Whether the bootstrap works or not (in the consistency senseof whether P (T ∗n ≤ x |F1)− P (Tn ≤ x |F0) −→ 0) need to beanalyzed case by case.
 •√n consistent, asymptotically normal test statistics can be
 bootstrapped, but it is not known whether other things maywork.
 • Example of inconsistency, nonparametric bootstrap fails.
 Take F ∼ U (0, θ), and X(1), . . . ,X(n) is the order statistics ofthe sample, so X(n) is the maximum. It is naturally toestimate θ using X(n).
 Han Hong Bootstrap
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• θ−X(n)
 θ converges at rate n to E (1), since for x > 0:
 P
 (nθ − X(n)
 θ> x
 )= P
 (X(n) < θ − θx
 n
 )= P
 (Xi < θ − θx
 n
 )n
 =
 (1
 θ
 (θ − θx
 n
 ))n
 =(
 1− x
 n
 )n n→∞−→ e−x
 In particular, the limiting distribution is continuous.
 • But this is not the case for bootstrapped distribution, X ∗(n).
 The bootstrapped version is naturally n(X(n) − X ∗(n))/X(n). But
 P
 (nX(n) − X ∗(n)
 X(n)= 0
 )=
 (1−
 (1− 1
 n
 )n)n→∞−→
 (1− e−1
 )≈ 0.63
 So there is a big probability mass at 0 in the limitingdistribution of the bootstrap sample.
 Han Hong Bootstrap
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• It turns out that in this example parametric bootstrap wouldwork although nonparametric bootstrap fails. But there aremany examples where even parametric bootstrap will fail.
 • An alternative to bootstrap, called subsample, proposed byRomano(1998), which include the jacknife as a special case, isalmost always consistent, as long as the subsample size msatisfies m→∞ and m/n→ 0. The jacknife case m = n − 1does not satisfy the general consistency condition. Serialcorrelation in time series also creates problem for naivenonparametric bootstrap. Subsample is one way out.
 • The other alternative is to resample blocks instead ofindividual observations(Fitzenberg(1998)).
 • However, both of these will only give consistency but not the2nd order benefit of edgeworth expansion.
 Han Hong Bootstrap
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• So if in most cases bootstrap only works when asymptotictheory works, why use bootstrap?
 • Some conceivable benefits are:
 • Don’t want to waste time deriving asymptotic variance,although
 √n consistency and asym normality is known. Let
 the computer do the job.
 • Avoid bandwidth selection in estimating var-cov of quantileregression type estimators. Bandwidth is needed for eitherkernel estimate of the conditional density f (0|xt) or fornumerical derivatives.
 • For asymptotic pivotal statistics, bootstrapping is equivalent toautomatically doing edgeworth expansion.
 Han Hong Bootstrap
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Exact Pivotal Statistics
 • An exact (or asymptotic) pivotal statistics Tn is one whose (orasymptotic) distribution does not depend on unknownparameters ∀n.
 • Denote pivotal statistics by Tn and nonpivotal ones by Sn.
 • If know that F ∼ N(µ, σ2
 ), then
 • Sn =√n(X̄ − µ
 )∼ N
 (0, σ2
 )is nonpivotal since unknown σ2.
 The bootstrap estimate is N(0, σ̂2
 ), so there is error in
 approximating the distribution of Sn.
 • Tn =√n − 1
 (X̄−µ)σ̂2 ∼ tn−1 for σ̂2 = 1
 n
 ∑ni=1
 (Xi − X̄
 )2.
 The bootstrap estimate is also tn−1. No error here.
 • If Tn is exact pivotal, need not bootstrap at all. Either look upa table or simulate. But most statistics are asymptotic pivotal.
 Han Hong Bootstrap
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Asymptotic Pivotal Statistics
 • No matter what F is, for t-statistics the CLT saysP (Tn ≤ x)
 n→∞−→ Φ (x), so it is asymptotically pivotal.
 • But the CLT doesn’t say how fast P (Tn ≤ x) tends to Φ (x).
 • The Edgeworth expansion describes it:
 Pn (x ,F0) ≡ P (Tn ≤ x |F0) = Φ (x) + G (x ,F0)1√n
 + O(n−1)
 The bootstrap version is:
 Pn (x ,F1) ≡ P (T ∗n ≤ x |F1) = Φ (x) + G (x ,F1)1√n
 + Op
 (n−1)
 • The Edgeworth expansion can be carried out up to manyterms in power of n−1/2. Expansion up to the 2nd term:
 Pn (x ,F0) ≡ P (Tn ≤ x |F0) = Φ (x) + G (x ,F0)1√n
 + H (x ,F0)1
 n+ O
 (n−
 32
 )Han Hong Bootstrap
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Consider error in approximating Pn (x ,F0):
 • Error of CLT:
 Pn (x ,F0)− Φ (x) = G (x ,F0) 1√n
 + O(n−1)
 = O(
 1√n
 )• Error of Bootstrap:
 Pn (x ,F0)− Pn (x ,F1) = G (x ,F0) 1√n− G (x ,F1) 1√
 n+ Op
 (n−1)
 =
 (G (x ,F0)− G (x ,F1)) 1√n
 + Op
 (n−1)
 = Op
 (n−1)
 since√n (F1 − F0) = Op (1), and assuming G (x ,F ) is smooth
 and differentiable in the 2nd argument:
 G (x ,F1)− G (x ,F0) = Op (F1 − F0) = Op
 (1√n
 ).
 • So if your sample size is 100, By CLT you commit an error of(roughly) 0.1, but by bootstrap 0.01, big improvement??
 Han Hong Bootstrap
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• However, this improvement doesn’t work for nonpitovalstatistics, say Sn: by CLT
 P (Sn ≤ x)n→∞−→ Φ
 ( xσ
 ).
 • The corresponding Edgeworth expansion is:
 Pn (x ,F0) ≡ P (Sn ≤ x |F0) = Φ( xσ
 )+ G (x/σ,F0)
 1√n
 + O(n−1)
 The bootstrap version is:
 Pn (x ,F1) ≡ P (S∗n ≤ x |F1) = Φ( xσ̂
 )+ G (x/σ̂,F1)
 1√n
 + O(n−1)
 Han Hong Bootstrap
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Consider error in approximating Pn (x ,F0):
 • Error of CLT: need to replace σ by σ̂.
 Pn (x ,F0)− Φ (x/σ̂) =
 Φ (x/σ)− Φ (x/σ̂) + G (x/σ,F0) 1√n
 + O(n−1)
 = O(
 1√n
 )• Error of Bootstrap:
 Pn (x ,F0)− Pn (x ,F1) = Φ (x/σ)− Φ (x/σ̂) + G (x/σ,F0) 1√n−
 G (x/σ̂,F1) 1√n
 + Op
 (n−1)
 = Op
 (n−1/2
 )This is because both F1 − F0 = Op
 (1√n
 )and σ̂ − σ = Op
 (1√n
 ).
 • No improvement compared to CLT. This is because now the1st term Φ (x/σ) does not cancelled with Φ (x/σ̂).
 Han Hong Bootstrap
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• The implication of this is that bootstrapping provides betterapproximation to two sided symmetric test(or symmetricconfidence interval) compared to one sided test(or confidenceinterval).
 • Assume G (x ,F0) is an even function in x .
 • One-sided test: reject if Tn ≤ x (or Tn > x), theapproximaton error being:
 Pn (x ,F0)− Pn (x ,F1) = G (x ,F0)1√n− G (x ,F1)
 1√n
 + Op
 (n−1)
 = Op
 (n−1)
 Han Hong Bootstrap
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• Two sided test: reject if |Tn| ≥ x ⇔ (Tn > x ∪ Tn < −x), then
 P (|Tn| > x) = P (Tn > x) + P (Tn < −x)
 =
 [1− Φ (x)− G (x ,F0)
 1√n− H (x ,F0)
 1
 n− O
 (n−3/2
 )]+
 [Φ (−x) + G (−x ,F0)
 1√n
 + H (−x ,F0)1
 n+ O
 (n−3/2
 )]=2Φ (−x)− 2H (x ,F0)
 1
 n+ O
 (n−3/2
 )• So the approximation error is:
 P (|T ∗n | > x |F1)− P (|Tn| > x) = 2 [H (x ,F0)− H (x ,F1)]1
 n+ O
 (n−3/2
 )= Op
 (n−3/2
 )Smaller by an order of Op
 (n−1/2
 ).
 Han Hong Bootstrap
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Edgeworth Expansion
 • Only look at G (x ,F0) but not higher order terms like H (x ,F0)
 • Simply take X1, . . . ,Xn iid EXi = 0,Var (Xi ) = 1. So Tn =√nX̄
 • Recall the characteristic function for Tn: by Xi iid assumption
 φTn (t) = Ee itTn = Eeit 1√
 n
 ∑ni=1 Xi =
 (Ee
 i t√nXi
 )n=
 [φX
 (t√n
 )]n= e
 n log φX
 (t√n
 )
 • Taylor expand this around t√n
 = 0:
 Han Hong Bootstrap
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n log φX
 (t√n
 )=n log φX (0) + n
 φ′X (0)
 φX (0)
 t√n
 + n1
 2
 [φ′′X (0)
 φX (0)− (φ′X (0))2
 φX (0)2
 ](t√n
 )2
 +n1
 3!
 [φ′′′X (0)
 φX (0)− 3
 φ′X (0)φ′′X (0)
 φX (0)2 + 2φ′X (0)3
 φX (0)3
 ](t√n
 )3
 + O
 (t√n
 )4
 • Recall that φX (0) = 1, φ′X (0) = iEX = 0, φ′′X (0) = i2EX 2 = −1,φ′′′X (X ) = i3EX 3 ≡ −iµ3:
 n log φX
 (t√n
 )= −1
 2t2 − i
 6µ3 t3
 √n
 + O
 (t4
 n
 )ΦTn (t) = e
 n log φX
 (t√n
 )= e−t
 2/2 exp
 (− i
 6µ3 t3
 √n
 + O
 (t4
 n
 ))= e−t
 2/2
 [1− i
 6µ3 t3
 √n
 + O(n−1)]
 Han Hong Bootstrap
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• Use the Inversion Formula: for φX (t) = Ee itX =∫e itx f (x) dx ,
 there is f (x) = 12π
 ∫e−ixtφX (t) dt
 • For example, the characteristic function of N (0, 1) is e−t2/2,
 so e−t2/2 =
 ∫e itxφ (x) dx , so φ (x) = 1
 2π
 ∫e−ixte−t
 2/2dt.
 • Now applying this to X = Tn:
 fTn (x) =1
 2π
 ∫e−ixtφTn (t) dt =
 1
 2π
 ∫e−ixte
 n log φX
 (t√n
 )dt
 =1
 2π
 ∫e−ixte−
 t2
 2
 [1− i
 6µ3 t3
 √n
 + O(n−1)]
 dt
 =1
 2π
 ∫e−ixte−
 t2
 2 dt − i
 6
 µ3
 √n
 (1
 2π
 ∫e−ixte−
 t2
 2 t3dt
 )=
 1
 2π
 ∫e−ixte−
 t2
 2 dt − i
 6
 1
 (−i)3
 µ3
 √n
 [d
 dx3
 (1
 2π
 ∫e−ixte−
 t2
 2 t3dt
 )]+ O
 (n−1)
 = φ (x)− 1
 6
 µ3
 √nφ′′′ (x) + O
 (n−1)
 Han Hong Bootstrap
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• So
 P (Tn ≤ x) =
 ∫ x
 fTn (u) du = Φ (x)− 1
 6
 µ3
 √nφ′′ (x) + O
 (n−1)
 .
 • So
 G (x ,F0) = −µ3
 6φ′′ (x) =
 µ3
 6
 (1− x2
 )φ (x) ,
 by noting that φ′ (x) = −xφ (x), and φ′′ (x) = −φ (x) + x2φ (x).Note that G (x ,F0) is an even function.
 Han Hong Bootstrap
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