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 Previous lectures - Nonlinear dynamical systems
 Stability of dynamical systems
 Bifurcations as passages through nonhyperbolic situations
 Change in stability,
 Creation, destruction and collisions
 Analysis of the bifurcation within the center manifold
 Normal forms
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 Outline
 The implicit function theorem
 Bifurcation conditions for continuous systems
 Saddle-node bifurcation
 Transcritical bifurcation
 Pitchfork bifurcation
 Stability of bifurcations
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 IMPLICIT FUNCTION THEOREM
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 The implicit function theorem
 If we know a solution to an equation and the Jacobian matrix of the equation is invertible (has nonzero determinant) at that point, then there are solutions at nearby of the parameter which are continuously connected to the known solution.
 This is one of the basis of parameter continuation algorithms
 Theorem: Suppose that F:Rn×R→Rn is a continuously differentiable function of the variables (z1, ..., zn)∈Rn and λ∈R, and that F(0,0)=0. If the Jacobian matrix DF(0,0) where DFij=∂Fi/∂zj) is invertible then there exists ε>0 and a smooth curve zj=Yi(λ), i=1,...,n, which is the unique solution of F(z1,..., zn, λ)=0 in |λ|<ε, |z|<ε
 6
 z1
 z 2
 λ
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 The implicit function theorem
 What the theorem is saying is that if F(0,0)=0 then:
 and so if DF(0,0) is invertible then solutions to F(y,µ)=0 are given approximately (for small |y| and |µ|) by
 The conditions of the implicit function theorem are not satisfied if:
 for the continuous case there is a zero real eigenvalue
 for the discrete case there is a unit magnitude Floquet multiplier
 The hypotheses of implicit function theorem are verified if nonhyperbolicity is due:
 Continuous case: to a pair of complex conjugated eigenvalues with zero real part
 Discrete case: to a pair of complex conjugated Floquet multipliers with unite magnitude or one –1 Floquet multiplier.
 7
 z ! [DF (0, 0)]!1F!(0, 0)!
 F (z, !) = DF (0, 0)z + F!(0, 0)! + ...
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 The implicit function theorem and bifurcations
 Bifurcations are possible when the implicit function theorem holds.
 Example: a 2D nonlinear system
 8
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 9
 INTRODUCTION
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 Introduction
 In this lecture we will consider continuous dynamical systems of the type:
 We will present the most common local bifurcations of equilibrium points and their critical conditions.
 Local bifurcations of limit cycles will be presented in the next lecture and will be addressed as bifurcation of fixed points of the corresponding Poincaré maps
 By applying a Jordan transformation one ends up with:
 10
 dx
 dt= f(x, µ), x ! Rn, f ! Cr(Rn, Rn) with r ! 1, µ ! Rm with m ! 1
 y =
 !
 "ys
 yu
 yc
 #
 $ =
 !
 "Js 0 00 Ju 00 0 Jc
 #
 $
 !
 "ys
 yu
 yc
 #
 $ +
 !
 "Rs (ys, yuyc, µ)Ru (ys, yuyc, µ)Rc (ys, yuyc, µ)
 #
 $
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 Real and Complex bifurcation
 The most frequent cases:
 The Jacobian matrix has one zero real eigenvalue thus the center manifold is one-dimensional: we can have real bifurcations
 Steady state regimes can be created or destructed
 The Jacobian matrix has a pair of conjugated complex eigenvalues with zero real part, thus the center manifold is 2D: we can have complex bifurcations
 Limit cycles can be created or destructed.
 11
 Re
 Im
 Re
 Im
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 Bifurcations and center manifold
 We can study the problem on the center manifold of the inflated dynamical system
 We have to consider
 (seemingly 2D but essentially) a 1D system for real bifurcations
 (seemingly 3D but essentially) a 2D system for complex bifurcations
 12
 W cloc :
 !ys = hs(yc, µ)yu = hu(yc, µ)
 yc = Jc yc + Rc(hs(yc, µ), hu(yc, µ), yc, µ), yc ! R2
 µ = 0
 yc = Jc yc + Rc(hs(yc, µ), hu(yc, µ), yc, µ), yc ! Rµ = 0
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 Bifurcations and center manifold
 The analysis will be local and thus nonlinear terms can be reduced to polynomials which can be simplified through normal forms
 The normal forms will depend on the linear part (the matrix Jc) and on the nonlinear terms present in Rc
 The normal forms are not unique but all those corresponding to one case are topologically equivalent: we can use just one of them
 If the Jacobian matrix has only one real zero eigenvalue we will have to study a one-dimensional dynamical system
 13
 y = f(y, µ), y ! R, µ ! R
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 One dimensional dynamical systems
 We will start by considering the simple one-dimensional dynamics on the center manifold:
 We wish to study the possible bifurcations as the parameter µ varies.
 The phase portrait for a 1D system is fully determined by its critical (equilibrium) points (why?), thus we need only study what happens to the critical points.
 Bifurcations will (only) occur as these points are created, destroyed, collide, or change stability.
 14
 �c = �c(�) �c + �c(�s(�c)�� u(�c)�� c�� ) = �(�c�� )
 G(0, 0) = 0Gyc(0, 0) = Jc(0) = 0
 Nonhyperbolicity conditions
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 Saddle-node bifurcation
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 Local bifurcation of equilibria
 To understand the local behavior of the flow around (0,0) we expand G as a Taylor series in both variables:
 The first two terms in the right hand side vanishes by definition of nonhyperbolic equilibrium point.
 If Gµ≠0 the implicit function theorem guarantees that close to the origin there exists a curve µ=µ(yc)
 Now let’s consider the other terms.
 We rephrase the problem as a power series:
 16
 G(yc, µ) = G + Gycyc + Gµµ +12(Gycycy
 2c + 2Gycµycµ + Gµµµ2) + O(3)
 A0(µ) = Gµ +12Gµµµ2 + O(µ3)
 A1(µ) = Gµycµ + O(µ2)
 A2(µ) = Gycyc + O(µ)
 yc =!
 k!0
 Ak(µ)ykc
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 Local bifurcation of equilibria
 By solving the steady state at the leading order one ends up with if Gycyc≠0
 If :
 If :
 The stability for small |µ| is determined by the sign of the Jacobian matrix which is A1+2A2x+.... The dominant term is A2x:
 The positive (negative) stationary point is stable (unstable) if Gycyc<0 (Gycyc>0)
 17
 yc ! ±
 !"2Gµµ
 Gycyc
 Gµ
 Gycyc
 > 0 there are a pair of solutions near the origin for µ<0 and there are no solutions for µ>0
 there are a pair of solutions near the origin for µ>0 and there are no solutions for µ<0
 Gµ
 Gycyc
 < 0
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 Saddle-node bifurcation
 Theorem: Suppose that . with G(0,0)=Gx(0,0)=0. Then provided Gα(0,0)≠0 and Gxx(0,0)≠0 there is a continuous curve of stationary points in a neighborhood of (x,α)=(0,0) which is tangent to α=0 at (0,0). If Gα Gxx <0 (resp. >0) there are no stationary point near (0,0) if α<0 (>0) whilst for each value of α>0 (<0) in some sufficiently small neighborhood of α=0 there are two stationary points near x=0. For α≠0 both stationary points are hyperbolic and the upper one is stable and the lower unstable if Gxx <0. The stability properties are reversed if Gxx >0
 18
 x = G(x, !)
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 Saddle-node bifurcation - Normal form
 By applying the normal form theory one can demonstrate the normal form for a saddle-node bifurcation is topologically equivalent to:
 The stationary points are:
 The loci of equilibrium points are
 Bifurcation points:
 19
 x = µ± x2
 µ! x2 = 0, µ + x2 = 0
 x = ±!
 (!µ)
 x = µ = 0fx = ±2x
 fµ = 1fxx = ±2
 !
 x
 !
 x
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 Saddle-node bifurcation - Normal form
 For the stability one has just to evaluate the vector field (on the center manifold) at different values of the bifurcation parameter
 20
 µ + x2
 µ! x2
 x
 x
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 Geometrical interpretation of the bifurcation conditions
 The bifurcation conditions for the saddle-node bifurcations are Gα(0,0)≠0 and Gxx(0,0)≠0
 We use the implicit function theorem.
 The first condition implies that the solution branch µ(x) is tangent to the line µ=0 at x=0
 The second condition implies that the solution branch is all above or below the line µ=0.
 21
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 Possible scenarios
 Hysteresis
 22
 Marten Scheffer, Steve Carpenter, Jonathan A. Foley, Carl Folke and Brian Walker, Catastrophic shifts in ecosystems, Nature 413, 591-596(11 October 2001)
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 Possible scenarios
 23
 B. Novák and J.J. Tyson, Modelling the controls of the eukaryotic cell cycle, Biochemical Society Transactions (2003) 31, (1526–1529)
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 Possible scenarios
 24
 J. Zagora, M. Vosla, L. Schreiberová and I. Schreiber, Excitable dynamics in the bromate–sulfite–ferrocyanide reaction, Physical Chemistry Chemical Physics, 2002

Page 25
                        
                        

Bifurcation of equilibrium points /52Lezione 6
 AA 2008/2009 Pier Luca Maffettone Nonlinear Dynamical Systems I AA 2008/09
 25
 Transcritical and pitchfork bifurcations
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 Transcritical bifurcation (exchange of stability)
 If we reexamine the expansion
 and we assume that Gµ=0 the implicit theorem does not hold true and at leading order we obtain (provided ):
 When the there are two straight lines that intersects at the origin
 26
 G(yc, µ) = G + Gycyc + Gµµ +12(Gycycy
 2c + 2Gycµycµ + Gµµµ2) + O(3)
 x !"Gµycµ±
 !G2
 µyc"GycycGµµ
 Gycyc
 Gycyc != 0
 G2µyc!GycycGµµ > 0
 Gycyc < 0!
 x
 !
 x
 Gycyc > 0
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 Transcritica bifurcation (exchange of stability)
 Theorem: Suppose that . with G(0,0)=Gx(0,0)=0. Then provided Gα(0,0)=0 and Gxx(0,0)≠0 and there are two curves of stationary points in a neighborhood of (x,α)=(0,0). These curves intersect transversely at (0,0) for each α ≠0 sufficiently small there are two hyperbolic stationary points near x=0. The upper stationary point is stable (unstable) and the lower stationary point is unstable (stable) if Gxx <0 (Gxx >0).
 The normal form of the transcritical bifurcation is:
 27
 x = G(x, !)G2
 !x !GxxG!! > 0
 x = µx± x2
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 Transcritica bifurcation (exchange of stability)
 For the stability one has just to evaluate the vector field (on the center manifold) at different values of the bifurcation parameter
 28
 x
 x
 µx + x2
 µx! x2
 µ = 0
 µ > 0
 µ < 0
 µ = 0
 µ > 0
 µ < 0
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 Pitchfork bifurcation
 The final example of bifurcations involving only stationary points is often found in systems which are invariant under the transformation x→-x.
 It occurs when both and vanish at the origin.
 Its normal form is:
 29
 GycycGµ
 x = µx± x3
 !
 x
 !
 x
 x = 0x2 = +µ
 x = 0x2 = !µ
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 Pitchfork bifurcation
 For the stability one has just to evaluate the vector field (on the center manifold) at different values of the bifurcation parameter
 30
 x
 x
 µx! x3
 µx + x3
 µ = 0
 µ > 0
 µ < 0
 µ = 0µ > 0
 µ < 0

Page 31
                        
                        

Bifurcation of equilibrium points /52Lezione 6
 AA 2008/2009 Pier Luca Maffettone Nonlinear Dynamical Systems I AA 2008/09
 31
 Hopf bifurcation
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 Hopf bifurcation
 All the bifurcation discussed so far have involved motion on a one-dimensional centre manifold on which stationary points can be created or destroyed as parameter vary.
 “The Hopf bifurcation is several orders of magnitude harder to analyse since it involves a nonhyperbolic stationary point with linearized eigenvalues ±iω , and thus a two-dimensional center manifold, and bifurcating solutions are periodic rather than stationary” - Glendinning.
 Let’s start with an example
 Equilibrium point: the origin with Jacobian and eigenvalues α±i
 Use a simulator to study the model predictions as the parameter changes value (Mathematica)
 32
 x1 = !x1 ! x2 ! x1(x21 + x2
 2)x2 = x1 + !x2 ! x2(x2
 1 + x22)
 J =!
 ! !11 !
 "
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 Hopf bifurcation
 Let’s do some algebra. The system can be rephrased in a complex form:
 Or in polar form (uncoupled equations)
 The first equation (for r≥0) has the equilibrium point r=0 ∀α. The equilibrium is linearly stable if α<0; it remains stable at α=0 but nonlinearly (so the rate of solution convergence to zero is no longer exponential); for α>0 the equilibrium becomes linearly unstable. There is an additional stable equilibrium point r(α)=√α for α>0.
 The second equation describes a rotation with constant speed.
 33
 z = (! + i)z ! z|z|2
 r = r(!! r2)
 ! = 1
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 The phase portraits are
 Hopf bifurcation
 34
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 Hopf bifurcation and catastrophicity
 We observe a loss of stability of the equilibrium at α=0 under increase of the parameter.
 The stable equilibrium is replaced by a stable limit cycle of small amplitude. Therefore, the system “remains” in a neigborhood of the equilibrium and we have a soft or noncatastrophic stability loss.
 What happens if there is a “+” in front of the cubic terms?
 The region of attraction of the equilibrium point is bounded by the unstable cycle, which “shrinks” as the parameter approaches its critical value and disappears. Thus, the system is “pushed out” from a neigborhood of the equilibrium, giving us a sharp or catastrophic loss of stability.
 If the system loses stability softly, it is well “controllable”: If we make the parameter negative again, the system returns to the stable equilibrium. On the contrary, if the system loses its stability sharply, resetting to a negative value of the parameter may not return the system back to the stable equilibrium since it may have left its region of attraction.
 Notice that the type of Hopf bifurcation is determined by the stability of the equilibrium at the critical parameter value.
 35
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 Hopf bifurcation
 The linear version of the Hopf bifurcation
 36
 z = (! + i)z
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 Hopf bifurcation
 With much more algebra one can find the genericity conditions for this bifurcation.
 The theorem for Hopf bifurcation is:
 Suppose that with f(0,0,μ)=g(0,0,μ)=0 and that the Jacobian matrix evaluated at the origin when µ=0 is
 for some ω≠0. Then if fμx+gμy≠0 and a≠0 where is a constant defined below, a curve of periodic solutions bifurcates from the origin into µ<0 if fμx+gμy>0 or µ>0 if fμx+gμy<0. The origin is stable for µ>0 (µ<0) and unstable for µ<0 (µ>0) if fμx+gμy<0 (>0) while the periodic solutions are stable (unstable) if the origin is unstable (stable) on the side of µ=0 for which the periodic solution exists. The amplitude of the periodic orbits grows like √|µ| whilst their periods tend to 2π/|ω| as |µ| tends to zero. The bifurcation is supercritical if the bifurcating periodic orbits are stable, otherwise it is subcritical.
 37
 x = f(x, y, µ), y = g(x, y, µ),
 a =116
 (fxxx + gxxy + fxyy + gyyy +1
 16!(fxy(fxx + fyy)! gxy(gxx + gyy)! fxxgxx + fyygyy)
 !0 !!! 0
 "

Page 38
                        
                        

Bifurcation of equilibrium points /52Lezione 6
 AA 2008/2009 Pier Luca Maffettone Nonlinear Dynamical Systems I AA 2008/09
 Nonhyperbolicity: just a necessary condition
 There are also situations in which the nonhyperbolic condition does not correspond to a bifurcation point
 The locus of equilibrium points consists only of stable solutions
 38
 y = µ! y3
 µ = y3
 !
 y
 y
 µ! y3
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 Ecology
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 Ecology - Predator-Prey system
 x1 represents the level of prey population which has a finite source of food.
 x2 represents the level of the predator population
 When prey population is large the predators can increase their population, but in the absence of preys the predators extinct
 Without predators the preys increase in number.
 If the level is low, the increase is proportional to the population
 If the level is high the growth will be reduced for the competition for food
 State variables: x1 and x2, a 2-D dynamical system.
 The phase space will be the first quadrant (why?)
 40
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 Ecology - Predator-Prey system
 Let’s try modeling.
 The preys without predators increase logistically. Without interactions:
 For x1 small the growth rate is proportional to x1 so the population grows exponentially
 For x1 large the quadratic term enters in action and K fixes the environmental sustainability
 Two possible steady state 0 and K
 The predators without preys tend to extinction: one steady state 0
 41
 x1 = rx1
 !1! x1
 K
 "+ Interactions
 x2 = !cx2 + Interactions
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 Ecology - Predator-Prey system
 Interactions:
 We assume that the probability of encounters of predators with prey is x1 x2 and the parameters α and β fix the efficiency of these encounters
 Let’s study the dynamics of this model
 Equilibrium points:
 42
 x1 = rx1
 !1! x1
 K
 "! !x1x2
 x2 = !cx2 + "x1x2
 x1 = 0, x2 = 0x1 = K, x2 = 0
 x1 =c
 !, x2 = r
 !K ! c
 "!Kif !K > c
 Total extinctionPredator extinction
 Coexistence
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 Ecology - Predator-Prey system
 Stability of equilibrium points
 The Jacobian is:
 The eigenvalues are:
 Total extinction: -c, r saddle
 Predator extinction: -r, βK-c saddle
 Coexistence ?
 43
 !r"1! 2x1
 K
 #! !x2 !!x1
 "x2 !c + "x1
 $
 12
 !!c + r ! 2rx1 + !x1 ! "x2 ±
 "(c + r ! (2r + !) x1)
 2 ! 2" (c + r ! 2rx1 + !x1) x2 + "2x22
 #
 !cr ±!
 cr (cr ! 4K! (K! ! c))2K!
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 Ecology - Predator-Prey system
 Coexistence
 Two possibilities:
 two real and negative eigenvalues: a asymptotically stable node
 a pair of complex conjugated eigenvalues with negative real part: a asymptotically stable spiral
 44
 !cr ±!
 cr (cr ! 4K! (K! ! c))2K!
 cr > 4K! (K! ! c) then 0 < cr (cr ! 4K! (K! ! c)) < c2r2
 cr < 4K! (K! ! c) then cr (cr ! 4K! (K! ! c)) < 0 0.0 0.5 1.0 1.5 2.0x10.0
 0.2
 0.4
 0.6
 0.8
 1.0x2
 0.0 0.5 1.0 1.5 2.0x10.0
 0.2
 0.4
 0.6
 0.8
 1.0x2
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 Ecology - Predator-Prey system
 Let’s modify the model to account for limitations to the growth of predators.
 Interaction independent of prey population when x1 >>H
 Let’s fix all the values but K: r=12 years-1; α=20 years -1; β=4 years -1; c=8/5 years -1; H=4 millions
 Equilibrium points: (0,0), (K,0), (8/3, 4(3K-8)/3 K)
 Eigenvalues
 (0,0) 12, -5 a saddle ∀K
 (K,0) -12, (12 K-32)/(20+5K): if K<8/3 stable node, if K>8/3 saddle
 At K=8/3 we have nonhyperbolic conditions
 45
 x1 = rx1
 !1! x1
 K
 "! !x1x2
 x1 + H
 x2 = !cx2 +"x1x2
 x1 + H
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 Ecology - Predator-Prey system
 The last equilibrium point (8/3, 4(3K-8)/3 K) is physically meaning for K>8/3 with eigenvalues
 They are real and of opposite sign for 0<K<8/3 (though not physical): a saddle
 They passes through nonhyperbolic conditions at K=8/3: Bifurcation?
 They are real and negative for 8/3<K<4.8: an a-stable node
 They are complex with negative real part for 4.8<K<28/3: an a-stable spiral
 They passes through nonhyperbolic conditions at K=28/3: Bifurcation?
 They are complex with positive real part for K>28/3: an unstable spiral
 Homework: try to identify the bifurcation conditions.
 46
 !112 + 12K ± 4!
 784! 3K (40 + 3K)5K
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 Ecology - Predator-Prey system: Simulation results
 47
 !!
 0 1 2 3 4x10.0
 0.2
 0.4
 0.6
 0.8
 1.0x2
 !!
 0 2 4 6 8x10
 1
 2
 3
 4x2
 !!
 0 2 4 6 8 10x10
 1
 2
 3
 4x2
 0 1 2 3 4x10.0
 0.2
 0.4
 0.6
 0.8
 1.0x2
 0<K<8/3
 8/3<K<28/3
 8/3<K<4.8
 K>28/3
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 Ecology - Predator-Prey system: Simulation results
 What happens when K increases?
 The limit cycles enlarge
 As the prey sustainability increases it goes closer and closer to potential risks. The prey population dynamics during the oscillations experience very low values.
 Possible perturbation not accounted for in the model might drive the ecological system to extinction
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 Stability of bifurcations
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 Stability of bifurcations under perturbations
 From the point of view of stability of nonhyperbolic fixed points of vector fields one should not only study the orbit structure near the fixed point but also the local orbit structure of nearby vector fields.
 An applied scientist must assess the “robustness” of mathematical models by analyzing the dynamics as the vector field changes.
 If the vector field is “perturbed” will the bifurcation scenario be affected?
 Qualitatively we can say:
 Saddle-node and Hopf bifurcation are “stable” to perturbation
 Transcritical and pitchfork bifurcation are not stable to perturbation.
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 Stability of bifurcations under perturbations
 Transcritical bifurcation
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 Pitchfork bifurcation x = ! + µx! x2 x = ! + µx! x3
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 Summary
 Bifurcation conditions for continuous systems
 Nonhyperbolic conditions + specific conditions
 Saddle-node bifurcation
 Transcritical bifurcation
 Pitchfork bifurcation
 Stability of bifurcations
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