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            Hindawi Publishing Corporation Advances in Condensed Matter Physics Volume 2013, Article ID 419202, 5 pages http://dx.doi.org/10.1155/2013/419202 Research Article The Anisotropic Glassy Properties of Decagonal Quasicrystals DragoG-Victor Anghel 1 and Dmitry V. Churochkin 2 1 Horia Hulubei National Institute for Physics and Nuclear Engineering, 30 Reactorului Street, P.O. Box MG-6, M˘ agurele RO-077125, Jud. Ilfov, Romania 2 Department of Physics, Faculty of Mathematical and Physical Sciences, University of Chile, Avenue Blanco Encalada 2008, Santiago, Chile Correspondence should be addressed to Dragos ¸-Victor Anghel; [email protected] Received 3 May 2013; Accepted 26 September 2013 Academic Editor: Robert Leisure Copyright © 2013 D.-V. Anghel and D. V. Churochkin. is is an open access article distributed under the Creative Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. We use an extended version of the standard tunneling model to explain the anisotropic sound absorption in decagonal quasicrystals. e glassy properties are determined by an ensemble of two level systems (TLSs), arbitrarily oriented. e TLS is characterized by a3 × 3 symmetric tensor, [], which couples to the strain ﬁeld, [], through a 3 × 3 × 3 × 3 tensor of coupling constants, []. e structure of [] reﬂects the symmetry of the quasicrystal. We also analyze the probability distributions of the elements of [] in this particular model for a better understanding of the characteristics of “isotropic” and “anisotropic” distributions of the ensemble of TLSs. We observe that the distribution of the elements is neither simple nor intuitive and therefore it is diﬃcult to guess it a priory, using qualitative arguments based on the symmetry properties. 1. Introduction Despite almost four decades of study of the glassy properties materials [1–4], the nature of the two-level systems (TLS), the ubiquitous hypothetical microscopic entities that are held responsible for these properties, is still not known. As a gen- eral picture, it is accepted that they represent dynamic defects, which are atoms or groups of atoms that tunnel from one minimum energy conﬁguration to another. But these atoms are in general not identiﬁed, and even in the cases when they are identiﬁed (like in crystals with defects), the TLS spectrum cannot be obtained based on a microscopic model. e study of solids with anisotropic glassy properties is especially interesting since this brings additional information about the TLSs and requires a critical perspective on the standard tunneling model (STM). To identify the origin of the TLS, the thermal and acoustical properties of a number of crystalline systems with defects [5–13] and quasicrystals [14–18] at low temperatures have been investigated thoroughly. As expected, the glass like properties in both the disordered crystalline system and in the quasicrystals were revealed. However, a crucial diﬀerence in comparison with ordinary amorphous solids which pos- sess TLS excitations was detected. Namely, pronounced anisotropy in internal friction was clearly marked. As a consequence of that, the baﬄing physical problem about the possible origin of the anisotropy appeared. Indeed, there are two competitive ways for the explanation. First, the eﬀect is explained by an anisotropy in the distribution over the “orien- tations” of the TLSs in the ensemble. e interaction between the TLS and the elastic ﬁeld is described by the Hamiltonian   = 1 2 (  0 0 − ), (1) where  ≡ 2    and [] is the strain ﬁeld of the phonon— we assume everywhere summation over the repeated indices. e symmetric second rank tensor [] characterizes the TLS and its “deformability” under elastic strain. e anisotropy of the physical properties is a reﬂection of the values taken by the elements of [], which are determined by the lattice symmetries. Bert et al. made a conjecture regarding these values to recover the anisotropic sound attenuation rates that they observed in decagonal quasicrystals [18]. 
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 Research ArticleThe Anisotropic Glassy Properties of Decagonal Quasicrystals
 DragoG-Victor Anghel1 and Dmitry V Churochkin2
 1 Horia Hulubei National Institute for Physics and Nuclear Engineering 30 Reactorului Street PO Box MG-6Magurele RO-077125 Jud Ilfov Romania
 2Department of Physics Faculty of Mathematical and Physical Sciences University of Chile Avenue Blanco Encalada 2008Santiago Chile
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 Academic Editor Robert Leisure
 Copyright copy 2013 D-V Anghel and D V Churochkin This is an open access article distributed under the Creative CommonsAttribution License which permits unrestricted use distribution and reproduction in any medium provided the original work isproperly cited
 We use an extended version of the standard tunnelingmodel to explain the anisotropic sound absorption in decagonal quasicrystalsThe glassy properties are determined by an ensemble of two level systems (TLSs) arbitrarily oriented The TLS is characterized bya 3 times 3 symmetric tensor [119879] which couples to the strain field [119878] through a 3 times 3 times 3 times 3 tensor of coupling constants [119877] Thestructure of [119877] reflects the symmetry of the quasicrystal We also analyze the probability distributions of the elements of [119879] in thisparticular model for a better understanding of the characteristics of ldquoisotropicrdquo and ldquoanisotropicrdquo distributions of the ensemble ofTLSs We observe that the distribution of the elements is neither simple nor intuitive and therefore it is difficult to guess it a prioryusing qualitative arguments based on the symmetry properties
 1 Introduction
 Despite almost four decades of study of the glassy propertiesmaterials [1ndash4] the nature of the two-level systems (TLS)the ubiquitous hypothetical microscopic entities that are heldresponsible for these properties is still not known As a gen-eral picture it is accepted that they represent dynamic defectswhich are atoms or groups of atoms that tunnel from oneminimum energy configuration to another But these atomsare in general not identified and even in the cases when theyare identified (like in crystals with defects) the TLS spectrumcannot be obtained based on a microscopic model
 The study of solids with anisotropic glassy properties isespecially interesting since this brings additional informationabout the TLSs and requires a critical perspective on thestandard tunneling model (STM)
 To identify the origin of the TLS the thermal andacoustical properties of a number of crystalline systems withdefects [5ndash13] and quasicrystals [14ndash18] at low temperatureshave been investigated thoroughly As expected the glass likeproperties in both the disordered crystalline system and inthe quasicrystals were revealed However a crucial difference
 in comparison with ordinary amorphous solids which pos-sess TLS excitations was detected Namely pronouncedanisotropy in internal friction was clearly marked As aconsequence of that the baffling physical problem about thepossible origin of the anisotropy appeared Indeed there aretwo competitive ways for the explanation First the effect isexplained by an anisotropy in the distribution over the ldquoorien-tationsrdquo of the TLSs in the ensembleThe interaction betweenthe TLS and the elastic field is described by the Hamiltonian
 119867119868=
 1
 2
 (120575 0
 0 minus120575) (1)
 where 120575 equiv 2120574119894119895119878119894119895and [119878] is the strain field of the phononmdash
 we assume everywhere summation over the repeated indicesThe symmetric second rank tensor [120574] characterizes the TLSand its ldquodeformabilityrdquo under elastic strain The anisotropyof the physical properties is a reflection of the values takenby the elements of [120574] which are determined by the latticesymmetries Bert et al made a conjecture regarding thesevalues to recover the anisotropic sound attenuation rates thatthey observed in decagonal quasicrystals [18]
  2 Advances in Condensed Matter Physics
 In the second approach [19ndash21]mdashthe one that we willemploy in this papermdashthe TLS is characterized by a 3 times 3symmetric tensor [119879] and the coupling between [119879] and [119878]is made through a forth rank tensor of coupling constantsdenoted by [119877] Explicitly 120574
 119894119895equiv 119877119896119897119894119895119879119896119897and 120575 equiv [119879]119905 [119877]
 [119878] The elements of [119879] are determined by a unit vector twhich is the direction of the TLS whereas the structure of[119877] is determined by the symmetries of the host material Inthis model even if the TLSs are isotropically oriented theanisotropy of the system is imposed by the properties of thetensor of coupling constants
 We applied the second approach to the crystalline mate-rials of different symmetries with embedded TLSs assumingthe isotropy of the orientations of the TLSs [22ndash25] and wecalculated the attenuation of ultrasound waves of differentpolarizations and propagating in different crystallographicdirections This model describes not only in a simple waythe asymmetries of the glassy properties but also allows us tomake predictions about the relative attenuation rates of soundpropagating in different directions
 In this paper we apply themodel of [19] to the attenuationof ultrasound waves in quasicrystals and we obtain theattenuation rates along different crystallographic directionsexpressed in terms of the components of the tensor of cou-pling constants We apply our calculations to the experimen-tal results of [18] which enable us to calculate the relationsbetween some of the components of the coupling constantstensor
 In order to better understand the distribution of the TLSsin isotropic and anisotropic materials we calculate the distri-bution of the elements of [119879] for an isotropic distribution ofunit vectors t
 2 The Anisotropy of the Glassy Properties
 Let us introduce the notations by presenting briefly themodel The Hamiltonian of the free TLS is
 119867TLS =Δ
 2
 120590119911minus
 Λ
 2
 120590119909equiv
 1
 2
 (Δ minusΛ
 minusΛ minusΔ) (2)
 where Δ is called the asymmetry of the potential and Λ thetunnel splitting The eigenvalues of 119867TLS are plusmn1205982 where 120598 equivradicΔ2+ Λ2 is the excitation energy of this TLS The ground
 state will be denoted by | darr⟩ and the excited state by | uarr⟩The interaction Hamiltonian of the TLS with the strain fieldis given by (1)
 The parameters Δ and Λ are distributed with the proba-bility 119875(Δ Λ) = 119875
 0Λ where 119875
 0is a constant If expressed in
 terms of 120598 and 119906 equiv Λ120598 the probability distribution becomes119875(120598 119906) = 119875
 0(119906radic1 minus 119906
 2)
 As usual we work in the abbreviated subscript notationsand write [119878] and [120574] as six-dimensional vectors S =
 (11987811 11987822 11987833 211987823 211987813 211987812)119905 and 120574 = (120574
 11 12057422 12057433 12057423 12057413
 12057412)119905 where the superscript 119905 denotes the transpose of a
 matrix or a vectorAs stated before 120574
 119894119895= 119877119896119897119894119895119879119896119897 Assuming that the TLS
 is characterized by a direction in space t the tensor T isformed of the components of t [19] In abbreviated subscript
 notations T equiv (1199052119909 1199052
 119910 1199052
 119909 2119905119910119905119911 2119905119911119905119909 2119905119909119905119910)119879 119877119894119895119896119897
 becomes119877119868119869 and 120574 equiv [119877]119905 sdotT [19]The structure of [119877] is determined
 by the symmetries of the lattice since 120575 is a scalar and itshould be invariant under coordinates transformationswhereas [119877] should be invariant under the symmetry trans-formations that leaves the lattice invariant [19]
 The absorption rate of a phononmdashwith wavenumber kand polarization 120590mdashby a TLS is [19 21 22 24]
 Γk120590 (t) =2120587
 ℎ
 Λ2119899k1205901205982
 10038161003816100381610038161003816T119905 sdot [119877] sdot Sk120590
 10038161003816100381610038161003816
 2
 120575 (120598 minus ℎ120596) (3)
 The main characteristic of the TLS-phonon interaction iscontained in the quantity119872k120590(t) equiv T119905 sdot [119877] sdotSk120590 which bearsan intrinsic anisotropy through the matrix [119877] on which thesymmetries of the lattice are imposed
 The average scattering rate of a phonon by the ensembleof TLSs is obtained by averaging Γk120590(t) over 120598Λ and t In thisway we get the total phonon absorption rate
 120591minus1
 k120590 =2120587
 ℎ
 1198750⟨1003816100381610038161003816119872k120590 (t)
 1003816100381610038161003816
 2
 ⟩119899k120590 tanh(120598
 2119896B119879) (4)
 which may be put into the standard form
 120591minus1
 k120590 =2120587
 ℎ
 11987501205742
 k12059011987321198962119899k120590 tanh(
 120598
 2119896B119879) (5)
 where 119873 = radicℎ(2119881120588120596) is the normalization constant of thephononmode and 120574k120590 equiv ⟨|119872k120590(t)|2⟩
 12(119873119896) is the (average)
 phonon-TLS coupling constantWemake the typical assump-tion that t is isotropically oriented and the anisotropy isinduced only by the properties of [119877]
 As shown in [19] the structure of [119877] should be similarto that of the elastic stiffness constants [119888] The quasicrystalanalyzed in [17] has decagonal symmetry and in this case [119877]should have the form [18 26ndash28]
 [119877] =(
 (
 1199031111990312119903130 0 0
 1199031211990311119903130 0 0
 1199031311990313119903330 0 0
 0 0 0 119903440 0
 0 0 0 0 119903440
 0 0 0 0 0 11990366
 )
 )
 (6)
 where 11990366= (11990311minus11990312)2mdashthe axis 119911 is taken along the tenfold
 axisThe structure of both [119877] and [119888] is similar in decagonalquasicrystals and in hexagonal lattices
 Like in hexagonal lattices in the decagonal quasicrystalswe can have pure longitudinal and transversal waves propa-gating in all the three directions 119909 119910 and 119911
  Advances in Condensed Matter Physics 3
 The coupling constants 120574k120590 are similar to those calculatedfor hexagonal lattices in [24]
 1205742
 119896 x 119897 =2 (1199032
 11+ 1199032
 12+ 1199032
 13) + (11990311+ 11990312+ 11990313)2
 15
 = 1205742
 119896 y 119897(7a)
 1205742
 119896 z 119897 =81199032
 13+ 41199031311990333+ 31199032
 33
 15
 (7b)
 1205742
 119896 y x119905 = 1205742
 119896 x y 119905 =(11990311minus 11990312)2
 15
 =
 41199032
 66
 15
 (7c)
 1205742
 119896 x z 119905 = 1205742
 119896 y z 119905 = 1205742
 119896zx119905 = 1205742
 119896 z y 119905 =41199032
 44
 15
 (7d)
 where by 119897 and 119905 we refer to longitudinal and transversalpolarizations respectively
 While for the longitudinal waves the direction of polar-ization is obvious for the transversal waves the directionof polarization is indicated by the second unit vector in thesubscript of 120574 in (7c) and (7d)
 Due to the isotropy condition in the decagonal plane thecoupling constants of the phonons propagating in this planeare independent of the direction of propagation if they havesimilar polarization
 Comparing (7c) and (7d)with the results of Bert et al [18]we obtain
 1198751205742
 1198751205742
 perp
 equiv
 1205742
 119896 x y 119905
 1205742
 119896 x z 119905= (
 11990311minus 11990312
 211990344
 )
 2
 = (
 11990366
 11990344
 )
 2
 asymp 42 (8)
 where 1198751205742and 1198751205742
 perpare obvious notations from [18]
 To find the ranges of the coupling constants we rewrite(7a) and (7b) as
 1205742
 119896 x 119897 = 1205742
 119896 y 119897 =1199032
 13
 80
 [(4
 11990311
 11990313
 + 1)
 2
 + (4
 11990312
 11990313
 + 1)
 2
 +
 2
 3
 (4
 11990311
 11990313
 + 1)(4
 11990312
 11990313
 + 1) +
 40
 3
 ]
 (9a)
 1205742
 119896 z 119897 =1199032
 13
 45
 [(3
 11990333
 11990313
 + 2)
 2
 + 20] (9b)
 Since the function 119891(119886 119887) = 1198862 +1198872 +21198861198873 satisfies 119891(119886 119887) ge119891(0 0) = 0 for any 119886 and 119887 we find from (9a) and (9b) that
 1205742
 119896 x 119897 = 1205742
 119896 y 119897 ge1199032
 13
 6
 1205742
 119896 z 119897 ge41199032
 13
 9
 (10)
 Theminimum values of the coupling constants 1205742119896x119897 and 120574
 2
 119896z119897for given 119903
 13(10) are obtained for 119903
 11= 11990312= minus119903134 and
 11990333= minus2119903
 133 The ratio between these minimum values is
 (1205742
 119896 x 119897)min
 (1205742
 119896 z 119897)min
 =
 3
 8
 (11)
 and is independent of 11990311 11990312 11990313 and 119903
 33
 Another inequality exists for the ratio 1205742119896x1198971205742
 119896yx119905 If wedenote119883 = 119903
 12(11990311minus 11990312) and 119884 equiv 119903
 13(11990311minus 11990312) then
 1205742
 119896 x 1198971205742
 119896yx119905= (3 + 8119883
 2+ 31198842+ 4119883119884 + 8119883 + 2119884) ge 1 (12)
 The limit value of the inequality (12) 1205742119896x119897 = 120574
 2
 119896yx119905 is reachedfor119883min = minus12 and 119884min = 0
 Relations (11) and (12) are tests for the model since theyshould be valid independent of the concrete values of thecoupling constants
 3 The Components of the Tensors
 The anisotropies of the glassy properties of a disordered sys-tem are determined by the properties of the tensor 120574 In ourmodel the ldquoorientationsrdquo of the TLSs are defined by the unitvectors t and the symmetries of the hostmaterial are incorpo-rated into the coupling constant tensor [119877] These determinethe distributions of the elements of the tensors T and 120574 Thisis not possible in the STM To understand the difficulties todefine by general qualitative arguments the ldquoanisotropyrdquo of120574 in the STM we calculate in this section the probabilitydistribution of the elements of our tensor T under theassumption that the unit vectors t are isotropically orientedWe will see that neither these elements have all the same dis-tribution of probability nor the distributions are constant forthe ranges of these variables
 We define t by the Euler angles 120579 and 120601 119905119909= sin 120579 cos120601
 119905119910= sin 120579 sin120601 and 119905
 119911= cos 120579 Keeping 119905
 119911and 120601 as variables
 wewriteT119905 = [(1minus1199052119911)cos2 120601 (1minus1199052
 119911)sin2 120601 1199052
 119911 2119905119911radic1 minus 119905
 2
 119911sin120601
 2119905119911radic1 minus 119905
 2
 119911cos120601 (1 minus 1199052
 119911) sin(2120601)]
 The variables 119905119911and 120601 are uniformly distributed in the
 intervals [0 1] and [0 2120587] respectively We denote theirprobability distribution by 119875t(119905119911 120601) = 1(4120587) Then theprobability distribution in the variables 119879
 119868(119868 = 1 6) and
 120601 is
 119875119868120601(119879119868 120601) =
 1
 4120587
 100381610038161003816100381610038161003816100381610038161003816
 120597 (119905119911 120601)
 120597 (119879119868 120601)
 100381610038161003816100381610038161003816100381610038161003816
 =
 1
 4120587
 100381610038161003816100381610038161003816100381610038161003816
 120597 (119879119868 120601)
 120597 (119905119911 120601)
 100381610038161003816100381610038161003816100381610038161003816
 minus1
 (13)
 The simplest of all is eventually
 1198753120601(1198793 120601) =
 1
 4120587radic1198793
 (14)
 which if integrated over 120601 gives
 1198753(1198793) =
 1
 2radic1198793
 (15)
  4 Advances in Condensed Matter Physics
 5
 4
 3
 2
 1
 0 02 04 06 08 1
 T
 Figure 1 The probability distributions of the components of thetensor T 119875
 1(119879) = 119875
 2(119879) = 119875
 3(119879) = 1(2radic119879) for 119879 isin (0 1] (solid
 line) and 21198754(|119879|) = 2119875
 5(|119879|) = 2119875
 6(|119879|) for 119879 isin [minus1 0) cup (0 1]
 (dashed line)
 For the components 1198791and 119879
 2 we obtain the probability
 distributions
 1198751120601(1198791 120601) =
 1
 4120587
 120579 (cos2 120601 minus 1198791)
 radic1 minus (1198791cos2 120601)cos2 120601
 (16a)
 1198752120601(1198792 120601) =
 1
 4120587
 120579 (sin2 120601 minus 1198792)
 radic1 minus (1198792sin2 120601)sin2 120601
 (16b)
 where 120579(119909) is the Heaviside step function An extra factorof 2 appears in (16a) and (16b) because 119879
 1and 119879
 2are even
 functions of 119905119911
 For an isotropic distribution of t the components 1198791 1198792
 and 1198793are equivalent and using (15) and (16a) and (16b) we
 obtain the identity (Figure 1 solid line)
 1198751 (119879) = 1198752 (
 119879) =
 1
 120587
 int
 1
 radic119879
 119889119909
 119909radic(1199092minus 1198791) (1 minus 119909
 2)
 equiv
 1
 2radic119879
 (17)
 The components 1198794 1198795 and 119879
 6are also equivalent to
 isotropic t For example
 1198756120601(1198796 120601) =
 1
 4120587
 120579 (1003816100381610038161003816sin (2120601)100381610038161003816
 1003816minus10038161003816100381610038161198796
 1003816100381610038161003816)
 radic1 minus 1198796 sin (2120601) 100381610038161003816
 1003816sin (2120601)100381610038161003816
 1003816
 (18a)
 where 1198796 sin(2120601) = 1 minus 1199052
 119911ge 0 From (18a) we get
 1198756 (119879) =
 1
 2120587
 int
 1
 |119879|
 119889119909
 radic119909 (119909 minus 119879) (1 minus 1199092)
 (18b)
 = 1198754 (119879) = 1198755 (
 119879) (18c)
 where 119879 isin [minus1 1] and 1198754(|119879|) = 119875
 5(|119879|) = 119875
 6(|119879|) (Figure 1
 dashed line)We notice that lim
 119879rarr11198751198796(119879) = 1(2radic2) whereas in 0
 1198751198796(119879) has a logarithmic divergenceThe equalities (18c) are obtained using the equivalence
 between the components 1198794 1198795 and 119879
 6
 We observe that the isotropic distribution of the TLSorientations does not correspond to a constant distribution ofthe values of the components of T nor to equal distributionsof these values Therefore it is not straightforward to drawconclusions regarding the relations between the distributionsof the values of 120574
 119868 based only on general arguments
 4 Conclusions
 In this paper we describe the anisotropy of the glassyproperties of the decagonal quasicrystals in themodel of [19]We show that the glassy properties of these quasicrystals aresimilar to those of hexagonal disordered lattices [24] andwe obtained the TLS-phonon average coupling constants1205742
 k120590 which are dependent on the phononrsquos propagationdirection k and polarization 120590 We apply the results to theexperimental data of [18] and we obtain the ratio (119903
 6611990344)2asymp
 42 where 11990344
 and 11990366
 are components of the tensor ofcoupling constants
 In order to better understand the characteristics ofldquoisotropicrdquo and ldquoanisotropicrdquo distributions of TLSs we calcu-lated the probability distributions of the elements of the ten-sor Tmdashwhich describes the TLSmdashunder the assumption thatthe directions of the ensemble of TLSs defined by the unitvectors t are isotropically oriented We observe that thedistributions of the elements of T are rather complicated andtherefore they cannot be found in the STM simply based onqualitative general arguments
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2 Advances in Condensed Matter Physics
 In the second approach [19ndash21]mdashthe one that we willemploy in this papermdashthe TLS is characterized by a 3 times 3symmetric tensor [119879] and the coupling between [119879] and [119878]is made through a forth rank tensor of coupling constantsdenoted by [119877] Explicitly 120574
 119894119895equiv 119877119896119897119894119895119879119896119897and 120575 equiv [119879]119905 [119877]
 [119878] The elements of [119879] are determined by a unit vector twhich is the direction of the TLS whereas the structure of[119877] is determined by the symmetries of the host material Inthis model even if the TLSs are isotropically oriented theanisotropy of the system is imposed by the properties of thetensor of coupling constants
 We applied the second approach to the crystalline mate-rials of different symmetries with embedded TLSs assumingthe isotropy of the orientations of the TLSs [22ndash25] and wecalculated the attenuation of ultrasound waves of differentpolarizations and propagating in different crystallographicdirections This model describes not only in a simple waythe asymmetries of the glassy properties but also allows us tomake predictions about the relative attenuation rates of soundpropagating in different directions
 In this paper we apply themodel of [19] to the attenuationof ultrasound waves in quasicrystals and we obtain theattenuation rates along different crystallographic directionsexpressed in terms of the components of the tensor of cou-pling constants We apply our calculations to the experimen-tal results of [18] which enable us to calculate the relationsbetween some of the components of the coupling constantstensor
 In order to better understand the distribution of the TLSsin isotropic and anisotropic materials we calculate the distri-bution of the elements of [119879] for an isotropic distribution ofunit vectors t
 2 The Anisotropy of the Glassy Properties
 Let us introduce the notations by presenting briefly themodel The Hamiltonian of the free TLS is
 119867TLS =Δ
 2
 120590119911minus
 Λ
 2
 120590119909equiv
 1
 2
 (Δ minusΛ
 minusΛ minusΔ) (2)
 where Δ is called the asymmetry of the potential and Λ thetunnel splitting The eigenvalues of 119867TLS are plusmn1205982 where 120598 equivradicΔ2+ Λ2 is the excitation energy of this TLS The ground
 state will be denoted by | darr⟩ and the excited state by | uarr⟩The interaction Hamiltonian of the TLS with the strain fieldis given by (1)
 The parameters Δ and Λ are distributed with the proba-bility 119875(Δ Λ) = 119875
 0Λ where 119875
 0is a constant If expressed in
 terms of 120598 and 119906 equiv Λ120598 the probability distribution becomes119875(120598 119906) = 119875
 0(119906radic1 minus 119906
 2)
 As usual we work in the abbreviated subscript notationsand write [119878] and [120574] as six-dimensional vectors S =
 (11987811 11987822 11987833 211987823 211987813 211987812)119905 and 120574 = (120574
 11 12057422 12057433 12057423 12057413
 12057412)119905 where the superscript 119905 denotes the transpose of a
 matrix or a vectorAs stated before 120574
 119894119895= 119877119896119897119894119895119879119896119897 Assuming that the TLS
 is characterized by a direction in space t the tensor T isformed of the components of t [19] In abbreviated subscript
 notations T equiv (1199052119909 1199052
 119910 1199052
 119909 2119905119910119905119911 2119905119911119905119909 2119905119909119905119910)119879 119877119894119895119896119897
 becomes119877119868119869 and 120574 equiv [119877]119905 sdotT [19]The structure of [119877] is determined
 by the symmetries of the lattice since 120575 is a scalar and itshould be invariant under coordinates transformationswhereas [119877] should be invariant under the symmetry trans-formations that leaves the lattice invariant [19]
 The absorption rate of a phononmdashwith wavenumber kand polarization 120590mdashby a TLS is [19 21 22 24]
 Γk120590 (t) =2120587
 ℎ
 Λ2119899k1205901205982
 10038161003816100381610038161003816T119905 sdot [119877] sdot Sk120590
 10038161003816100381610038161003816
 2
 120575 (120598 minus ℎ120596) (3)
 The main characteristic of the TLS-phonon interaction iscontained in the quantity119872k120590(t) equiv T119905 sdot [119877] sdotSk120590 which bearsan intrinsic anisotropy through the matrix [119877] on which thesymmetries of the lattice are imposed
 The average scattering rate of a phonon by the ensembleof TLSs is obtained by averaging Γk120590(t) over 120598Λ and t In thisway we get the total phonon absorption rate
 120591minus1
 k120590 =2120587
 ℎ
 1198750⟨1003816100381610038161003816119872k120590 (t)
 1003816100381610038161003816
 2
 ⟩119899k120590 tanh(120598
 2119896B119879) (4)
 which may be put into the standard form
 120591minus1
 k120590 =2120587
 ℎ
 11987501205742
 k12059011987321198962119899k120590 tanh(
 120598
 2119896B119879) (5)
 where 119873 = radicℎ(2119881120588120596) is the normalization constant of thephononmode and 120574k120590 equiv ⟨|119872k120590(t)|2⟩
 12(119873119896) is the (average)
 phonon-TLS coupling constantWemake the typical assump-tion that t is isotropically oriented and the anisotropy isinduced only by the properties of [119877]
 As shown in [19] the structure of [119877] should be similarto that of the elastic stiffness constants [119888] The quasicrystalanalyzed in [17] has decagonal symmetry and in this case [119877]should have the form [18 26ndash28]
 [119877] =(
 (
 1199031111990312119903130 0 0
 1199031211990311119903130 0 0
 1199031311990313119903330 0 0
 0 0 0 119903440 0
 0 0 0 0 119903440
 0 0 0 0 0 11990366
 )
 )
 (6)
 where 11990366= (11990311minus11990312)2mdashthe axis 119911 is taken along the tenfold
 axisThe structure of both [119877] and [119888] is similar in decagonalquasicrystals and in hexagonal lattices
 Like in hexagonal lattices in the decagonal quasicrystalswe can have pure longitudinal and transversal waves propa-gating in all the three directions 119909 119910 and 119911
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 The coupling constants 120574k120590 are similar to those calculatedfor hexagonal lattices in [24]
 1205742
 119896 x 119897 =2 (1199032
 11+ 1199032
 12+ 1199032
 13) + (11990311+ 11990312+ 11990313)2
 15
 = 1205742
 119896 y 119897(7a)
 1205742
 119896 z 119897 =81199032
 13+ 41199031311990333+ 31199032
 33
 15
 (7b)
 1205742
 119896 y x119905 = 1205742
 119896 x y 119905 =(11990311minus 11990312)2
 15
 =
 41199032
 66
 15
 (7c)
 1205742
 119896 x z 119905 = 1205742
 119896 y z 119905 = 1205742
 119896zx119905 = 1205742
 119896 z y 119905 =41199032
 44
 15
 (7d)
 where by 119897 and 119905 we refer to longitudinal and transversalpolarizations respectively
 While for the longitudinal waves the direction of polar-ization is obvious for the transversal waves the directionof polarization is indicated by the second unit vector in thesubscript of 120574 in (7c) and (7d)
 Due to the isotropy condition in the decagonal plane thecoupling constants of the phonons propagating in this planeare independent of the direction of propagation if they havesimilar polarization
 Comparing (7c) and (7d)with the results of Bert et al [18]we obtain
 1198751205742
 1198751205742
 perp
 equiv
 1205742
 119896 x y 119905
 1205742
 119896 x z 119905= (
 11990311minus 11990312
 211990344
 )
 2
 = (
 11990366
 11990344
 )
 2
 asymp 42 (8)
 where 1198751205742and 1198751205742
 perpare obvious notations from [18]
 To find the ranges of the coupling constants we rewrite(7a) and (7b) as
 1205742
 119896 x 119897 = 1205742
 119896 y 119897 =1199032
 13
 80
 [(4
 11990311
 11990313
 + 1)
 2
 + (4
 11990312
 11990313
 + 1)
 2
 +
 2
 3
 (4
 11990311
 11990313
 + 1)(4
 11990312
 11990313
 + 1) +
 40
 3
 ]
 (9a)
 1205742
 119896 z 119897 =1199032
 13
 45
 [(3
 11990333
 11990313
 + 2)
 2
 + 20] (9b)
 Since the function 119891(119886 119887) = 1198862 +1198872 +21198861198873 satisfies 119891(119886 119887) ge119891(0 0) = 0 for any 119886 and 119887 we find from (9a) and (9b) that
 1205742
 119896 x 119897 = 1205742
 119896 y 119897 ge1199032
 13
 6
 1205742
 119896 z 119897 ge41199032
 13
 9
 (10)
 Theminimum values of the coupling constants 1205742119896x119897 and 120574
 2
 119896z119897for given 119903
 13(10) are obtained for 119903
 11= 11990312= minus119903134 and
 11990333= minus2119903
 133 The ratio between these minimum values is
 (1205742
 119896 x 119897)min
 (1205742
 119896 z 119897)min
 =
 3
 8
 (11)
 and is independent of 11990311 11990312 11990313 and 119903
 33
 Another inequality exists for the ratio 1205742119896x1198971205742
 119896yx119905 If wedenote119883 = 119903
 12(11990311minus 11990312) and 119884 equiv 119903
 13(11990311minus 11990312) then
 1205742
 119896 x 1198971205742
 119896yx119905= (3 + 8119883
 2+ 31198842+ 4119883119884 + 8119883 + 2119884) ge 1 (12)
 The limit value of the inequality (12) 1205742119896x119897 = 120574
 2
 119896yx119905 is reachedfor119883min = minus12 and 119884min = 0
 Relations (11) and (12) are tests for the model since theyshould be valid independent of the concrete values of thecoupling constants
 3 The Components of the Tensors
 The anisotropies of the glassy properties of a disordered sys-tem are determined by the properties of the tensor 120574 In ourmodel the ldquoorientationsrdquo of the TLSs are defined by the unitvectors t and the symmetries of the hostmaterial are incorpo-rated into the coupling constant tensor [119877] These determinethe distributions of the elements of the tensors T and 120574 Thisis not possible in the STM To understand the difficulties todefine by general qualitative arguments the ldquoanisotropyrdquo of120574 in the STM we calculate in this section the probabilitydistribution of the elements of our tensor T under theassumption that the unit vectors t are isotropically orientedWe will see that neither these elements have all the same dis-tribution of probability nor the distributions are constant forthe ranges of these variables
 We define t by the Euler angles 120579 and 120601 119905119909= sin 120579 cos120601
 119905119910= sin 120579 sin120601 and 119905
 119911= cos 120579 Keeping 119905
 119911and 120601 as variables
 wewriteT119905 = [(1minus1199052119911)cos2 120601 (1minus1199052
 119911)sin2 120601 1199052
 119911 2119905119911radic1 minus 119905
 2
 119911sin120601
 2119905119911radic1 minus 119905
 2
 119911cos120601 (1 minus 1199052
 119911) sin(2120601)]
 The variables 119905119911and 120601 are uniformly distributed in the
 intervals [0 1] and [0 2120587] respectively We denote theirprobability distribution by 119875t(119905119911 120601) = 1(4120587) Then theprobability distribution in the variables 119879
 119868(119868 = 1 6) and
 120601 is
 119875119868120601(119879119868 120601) =
 1
 4120587
 100381610038161003816100381610038161003816100381610038161003816
 120597 (119905119911 120601)
 120597 (119879119868 120601)
 100381610038161003816100381610038161003816100381610038161003816
 =
 1
 4120587
 100381610038161003816100381610038161003816100381610038161003816
 120597 (119879119868 120601)
 120597 (119905119911 120601)
 100381610038161003816100381610038161003816100381610038161003816
 minus1
 (13)
 The simplest of all is eventually
 1198753120601(1198793 120601) =
 1
 4120587radic1198793
 (14)
 which if integrated over 120601 gives
 1198753(1198793) =
 1
 2radic1198793
 (15)
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 Figure 1 The probability distributions of the components of thetensor T 119875
 1(119879) = 119875
 2(119879) = 119875
 3(119879) = 1(2radic119879) for 119879 isin (0 1] (solid
 line) and 21198754(|119879|) = 2119875
 5(|119879|) = 2119875
 6(|119879|) for 119879 isin [minus1 0) cup (0 1]
 (dashed line)
 For the components 1198791and 119879
 2 we obtain the probability
 distributions
 1198751120601(1198791 120601) =
 1
 4120587
 120579 (cos2 120601 minus 1198791)
 radic1 minus (1198791cos2 120601)cos2 120601
 (16a)
 1198752120601(1198792 120601) =
 1
 4120587
 120579 (sin2 120601 minus 1198792)
 radic1 minus (1198792sin2 120601)sin2 120601
 (16b)
 where 120579(119909) is the Heaviside step function An extra factorof 2 appears in (16a) and (16b) because 119879
 1and 119879
 2are even
 functions of 119905119911
 For an isotropic distribution of t the components 1198791 1198792
 and 1198793are equivalent and using (15) and (16a) and (16b) we
 obtain the identity (Figure 1 solid line)
 1198751 (119879) = 1198752 (
 119879) =
 1
 120587
 int
 1
 radic119879
 119889119909
 119909radic(1199092minus 1198791) (1 minus 119909
 2)
 equiv
 1
 2radic119879
 (17)
 The components 1198794 1198795 and 119879
 6are also equivalent to
 isotropic t For example
 1198756120601(1198796 120601) =
 1
 4120587
 120579 (1003816100381610038161003816sin (2120601)100381610038161003816
 1003816minus10038161003816100381610038161198796
 1003816100381610038161003816)
 radic1 minus 1198796 sin (2120601) 100381610038161003816
 1003816sin (2120601)100381610038161003816
 1003816
 (18a)
 where 1198796 sin(2120601) = 1 minus 1199052
 119911ge 0 From (18a) we get
 1198756 (119879) =
 1
 2120587
 int
 1
 |119879|
 119889119909
 radic119909 (119909 minus 119879) (1 minus 1199092)
 (18b)
 = 1198754 (119879) = 1198755 (
 119879) (18c)
 where 119879 isin [minus1 1] and 1198754(|119879|) = 119875
 5(|119879|) = 119875
 6(|119879|) (Figure 1
 dashed line)We notice that lim
 119879rarr11198751198796(119879) = 1(2radic2) whereas in 0
 1198751198796(119879) has a logarithmic divergenceThe equalities (18c) are obtained using the equivalence
 between the components 1198794 1198795 and 119879
 6
 We observe that the isotropic distribution of the TLSorientations does not correspond to a constant distribution ofthe values of the components of T nor to equal distributionsof these values Therefore it is not straightforward to drawconclusions regarding the relations between the distributionsof the values of 120574
 119868 based only on general arguments
 4 Conclusions
 In this paper we describe the anisotropy of the glassyproperties of the decagonal quasicrystals in themodel of [19]We show that the glassy properties of these quasicrystals aresimilar to those of hexagonal disordered lattices [24] andwe obtained the TLS-phonon average coupling constants1205742
 k120590 which are dependent on the phononrsquos propagationdirection k and polarization 120590 We apply the results to theexperimental data of [18] and we obtain the ratio (119903
 6611990344)2asymp
 42 where 11990344
 and 11990366
 are components of the tensor ofcoupling constants
 In order to better understand the characteristics ofldquoisotropicrdquo and ldquoanisotropicrdquo distributions of TLSs we calcu-lated the probability distributions of the elements of the ten-sor Tmdashwhich describes the TLSmdashunder the assumption thatthe directions of the ensemble of TLSs defined by the unitvectors t are isotropically oriented We observe that thedistributions of the elements of T are rather complicated andtherefore they cannot be found in the STM simply based onqualitative general arguments
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 The coupling constants 120574k120590 are similar to those calculatedfor hexagonal lattices in [24]
 1205742
 119896 x 119897 =2 (1199032
 11+ 1199032
 12+ 1199032
 13) + (11990311+ 11990312+ 11990313)2
 15
 = 1205742
 119896 y 119897(7a)
 1205742
 119896 z 119897 =81199032
 13+ 41199031311990333+ 31199032
 33
 15
 (7b)
 1205742
 119896 y x119905 = 1205742
 119896 x y 119905 =(11990311minus 11990312)2
 15
 =
 41199032
 66
 15
 (7c)
 1205742
 119896 x z 119905 = 1205742
 119896 y z 119905 = 1205742
 119896zx119905 = 1205742
 119896 z y 119905 =41199032
 44
 15
 (7d)
 where by 119897 and 119905 we refer to longitudinal and transversalpolarizations respectively
 While for the longitudinal waves the direction of polar-ization is obvious for the transversal waves the directionof polarization is indicated by the second unit vector in thesubscript of 120574 in (7c) and (7d)
 Due to the isotropy condition in the decagonal plane thecoupling constants of the phonons propagating in this planeare independent of the direction of propagation if they havesimilar polarization
 Comparing (7c) and (7d)with the results of Bert et al [18]we obtain
 1198751205742
 1198751205742
 perp
 equiv
 1205742
 119896 x y 119905
 1205742
 119896 x z 119905= (
 11990311minus 11990312
 211990344
 )
 2
 = (
 11990366
 11990344
 )
 2
 asymp 42 (8)
 where 1198751205742and 1198751205742
 perpare obvious notations from [18]
 To find the ranges of the coupling constants we rewrite(7a) and (7b) as
 1205742
 119896 x 119897 = 1205742
 119896 y 119897 =1199032
 13
 80
 [(4
 11990311
 11990313
 + 1)
 2
 + (4
 11990312
 11990313
 + 1)
 2
 +
 2
 3
 (4
 11990311
 11990313
 + 1)(4
 11990312
 11990313
 + 1) +
 40
 3
 ]
 (9a)
 1205742
 119896 z 119897 =1199032
 13
 45
 [(3
 11990333
 11990313
 + 2)
 2
 + 20] (9b)
 Since the function 119891(119886 119887) = 1198862 +1198872 +21198861198873 satisfies 119891(119886 119887) ge119891(0 0) = 0 for any 119886 and 119887 we find from (9a) and (9b) that
 1205742
 119896 x 119897 = 1205742
 119896 y 119897 ge1199032
 13
 6
 1205742
 119896 z 119897 ge41199032
 13
 9
 (10)
 Theminimum values of the coupling constants 1205742119896x119897 and 120574
 2
 119896z119897for given 119903
 13(10) are obtained for 119903
 11= 11990312= minus119903134 and
 11990333= minus2119903
 133 The ratio between these minimum values is
 (1205742
 119896 x 119897)min
 (1205742
 119896 z 119897)min
 =
 3
 8
 (11)
 and is independent of 11990311 11990312 11990313 and 119903
 33
 Another inequality exists for the ratio 1205742119896x1198971205742
 119896yx119905 If wedenote119883 = 119903
 12(11990311minus 11990312) and 119884 equiv 119903
 13(11990311minus 11990312) then
 1205742
 119896 x 1198971205742
 119896yx119905= (3 + 8119883
 2+ 31198842+ 4119883119884 + 8119883 + 2119884) ge 1 (12)
 The limit value of the inequality (12) 1205742119896x119897 = 120574
 2
 119896yx119905 is reachedfor119883min = minus12 and 119884min = 0
 Relations (11) and (12) are tests for the model since theyshould be valid independent of the concrete values of thecoupling constants
 3 The Components of the Tensors
 The anisotropies of the glassy properties of a disordered sys-tem are determined by the properties of the tensor 120574 In ourmodel the ldquoorientationsrdquo of the TLSs are defined by the unitvectors t and the symmetries of the hostmaterial are incorpo-rated into the coupling constant tensor [119877] These determinethe distributions of the elements of the tensors T and 120574 Thisis not possible in the STM To understand the difficulties todefine by general qualitative arguments the ldquoanisotropyrdquo of120574 in the STM we calculate in this section the probabilitydistribution of the elements of our tensor T under theassumption that the unit vectors t are isotropically orientedWe will see that neither these elements have all the same dis-tribution of probability nor the distributions are constant forthe ranges of these variables
 We define t by the Euler angles 120579 and 120601 119905119909= sin 120579 cos120601
 119905119910= sin 120579 sin120601 and 119905
 119911= cos 120579 Keeping 119905
 119911and 120601 as variables
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 Figure 1 The probability distributions of the components of thetensor T 119875
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 2 we obtain the probability
 distributions
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 where 120579(119909) is the Heaviside step function An extra factorof 2 appears in (16a) and (16b) because 119879
 1and 119879
 2are even
 functions of 119905119911
 For an isotropic distribution of t the components 1198791 1198792
 and 1198793are equivalent and using (15) and (16a) and (16b) we
 obtain the identity (Figure 1 solid line)
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 The components 1198794 1198795 and 119879
 6are also equivalent to
 isotropic t For example
 1198756120601(1198796 120601) =
 1
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 where 1198796 sin(2120601) = 1 minus 1199052
 119911ge 0 From (18a) we get
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 119879rarr11198751198796(119879) = 1(2radic2) whereas in 0
 1198751198796(119879) has a logarithmic divergenceThe equalities (18c) are obtained using the equivalence
 between the components 1198794 1198795 and 119879
 6
 We observe that the isotropic distribution of the TLSorientations does not correspond to a constant distribution ofthe values of the components of T nor to equal distributionsof these values Therefore it is not straightforward to drawconclusions regarding the relations between the distributionsof the values of 120574
 119868 based only on general arguments
 4 Conclusions
 In this paper we describe the anisotropy of the glassyproperties of the decagonal quasicrystals in themodel of [19]We show that the glassy properties of these quasicrystals aresimilar to those of hexagonal disordered lattices [24] andwe obtained the TLS-phonon average coupling constants1205742
 k120590 which are dependent on the phononrsquos propagationdirection k and polarization 120590 We apply the results to theexperimental data of [18] and we obtain the ratio (119903
 6611990344)2asymp
 42 where 11990344
 and 11990366
 are components of the tensor ofcoupling constants
 In order to better understand the characteristics ofldquoisotropicrdquo and ldquoanisotropicrdquo distributions of TLSs we calcu-lated the probability distributions of the elements of the ten-sor Tmdashwhich describes the TLSmdashunder the assumption thatthe directions of the ensemble of TLSs defined by the unitvectors t are isotropically oriented We observe that thedistributions of the elements of T are rather complicated andtherefore they cannot be found in the STM simply based onqualitative general arguments
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 4 Conclusions
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 k120590 which are dependent on the phononrsquos propagationdirection k and polarization 120590 We apply the results to theexperimental data of [18] and we obtain the ratio (119903
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