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 ABSTRACT
 Analysis of Newtonian/Non-Newtonian Fluids by Lie Group
 Theoretic Methods
 The advent of efficient computation techniques has made it possible to solve
 nonlinear differential equations governing the fluid flow problems. Nevertheless, the
 possibility of obtaining exact or approximate analytical solutions is always preferred
 to understand the physics of fluid flow and to establish the reliability of both
 numerical and analytical results. This has always been an intellectual challenge for the
 mathematicians and engineers to find the analytical solutions of the nonlinear
 differential equations.
 Lie group analysis provides an analytic approach to find the solution of nonlinear
 problems and gives an insight for the possible exact and analytical solution techniques
 that may emerge as a consequence of this analysis. Further, Lie group analysis is a
 tool to simplify the problem systematically by applying the symmetries obtained
 through it. The main objective of this thesis is to establish the occurrence of various
 stretching velocities and to analyze complicated fluid flow problems using Lie group
 analysis.
 This thesis presents a Lie group analysis of partial differential equations elucidating
 the steady simple flow problems, mixed convection problems and combined heat and
 mass transfer problems for Newtonian and non-Newtonian fluids. The novelty of the
 work lies in using the generalized boundary conditions and to deduce the appropriate
 conditions that are invariant under the infinitesimal generator. These boundary
 conditions include the power-law stretching and exponential stretching models that
 have great applications in polymer and glass industries.
 Chapter 1 provides a brief history and literature survey covering the study of the
 present thesis. Chapter 2 contains some preliminaries, the basic equations of fluid
 flow and heat and mass transfer and general physical quantities that appear in the
 subsequent chapters.
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x
 In Chapter 3, we consider the Lie group analysis of mixed convection flow of
 Newtonian fluid with mass transfer over a stretching surface. We propose generalized
 forms of the wall stretching velocity, wall temperature and wall concentration and
 show the possibility of only two types of stretching velocities; namely the polynomial
 stretching and the exponential stretching. The similarity transformations are
 established and those available in the literature are extracted as special cases of our
 problem.
 Lie group analysis of non-Newtonian power-law fluid along a stretching surface is
 performed in Chapter 4. The application of infinitesimal generator on the generalized
 surface stretching conditions for non-Newtonian power-law fluid leads to the
 possibility of power-law and exponential stretching velocities. To author’s
 knowledge, exponential stretching in the flow of power-law fluid is not available in
 the literature. An exact analytical solution of the nonlinear similarity equation for new
 found exponential stretching is developed for shear thinning fluid with power-law
 index n = 1/2. Making use of the perturbation technique, analytical solutions are
 extended to a wider class of shear thinning fluids (0.1 ≤ n ≤ 0.9). The numerical
 solution for shear thinning fluid is also presented. An excellent agreement is found
 between the two solutions. The solution for the case of shear thickening fluid is
 obtained using the numerical technique namely; Keller box method.
 In Chapter 5, we investigate the flow and heat transfer of a non-Newtonian Powell-
 Eyring fluid over a stretching surface. Using Lie group analysis, the symmetries of the
 equations are found. The application of infinitesimal generator to the generalized
 boundary conditions leads us to the possibility of two types of surface condition that
 are in contrast to the findings in the last two chapters. Firstly, the surface is moving
 with constant velocity and surface temperature is either of exponential form or
 constant. Secondly, the surface is stretching with velocity proportional to x1/3
 (x is the
 distance along the plate) and the surface temperature is of power-law form. The latter
 case is discussed in this chapter and the similarity transformations are derived with
 help of the symmetries. The governing system of partial differential equations is
 transformed to a system of ordinary differential equations by using these similarity
 transformations. These equations are solved numerically using Keller box method. A
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xi
 comparison of the results thus obtained is made with the analytical and numerical
 solutions available in the literature and an excellent agreement is found. The effect of
 governing physical parameters on velocity and temperature profiles, skin friction and
 local Nusselt number is also analyzed and discussed.
 Chapter 6 is devoted to study the flow and heat transfer of Powell-Eyring fluid over a
 stretching surface in a parallel free stream. Geometry of the problem differs from the
 preceding problems, where the flow is caused solely by the stretching of the surface.
 The stretching velocity is proportional to x1/3
 and the free stream velocity is in terms
 of a generalized function. The governing equations are transformed to a system of
 nonlinear ordinary differential equations by using a special form of Lie group of
 transformations, namely scaling group of transformations. It is noted that self-
 similarity in the problem is possible only if free stream velocity is also proportional to
 x1/3
 . Numerical results are obtained by means of the Keller box method and the special
 cases of the problem are compared with the previous work giving good agreement.
 The effect of governing physical parameters on flow properties including their
 physical significance is also discussed.
 Steady three dimensional flow and heat transfer of viscous fluid on a rotating disk
 stretching in radial direction is investigated in Chapter 7. This problem is an extension
 of the traditional Von Karman flow problem to the configuration with stretchable
 rotating disk. Using Lie group theory the similarity transformations for nonlinear
 power-law stretching are derived. Exact analytical solutions are presented for pure
 stretching for stretching index n = 3. Numerical solutions, showing combined effects
 of stretching and rotation, are found using Keller box method. An excellent agreement
 is found between the two solutions for pure stretching problem. The quantities of
 physical interest, such as azimuthal and radial skin friction and Nusselt number are
 presented and discussed. Chapter 8 provides a concluding discourse of the thesis.
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“Introduction”
 2
 The methods to solve ordinary differential equations were traditionally based on
 special techniques depending upon the nature of differential equations. These
 techniques were successfully applied to a number of differential equations such as;
 separable variables, homogeneous, exact, linear etc. Indeed, this had been the case
 until mid of the 19th
 century when it was discovered by Sophus Lie that these
 techniques were actually the special cases of a general solution procedure. This
 procedure was derived from the “invariance of a differential equation under a
 continuous group of symmetries”. This important finding not only unified the existing
 solution techniques but also provided a significant extension to these techniques,
 which ultimately led to the development of the “theory of continuous groups” known
 as “Lie groups of transformations” [1]. The theory, in return, made a significant
 impact on several branches of pure and applied mathematics. The applications of Lie's
 continuous symmetry groups were thus found in numerical analysis, differential
 geometry, algebraic topology, invariant theory, control theory, bifurcation theory,
 special functions, classical mechanics, continuum mechanics, quantum mechanics,
 relativity and many other.
 By definition, the symmetry group of a system of differential equations refers to a
 group of transformations that maps one solution to another. These groups depend on
 continuous parameters and may consist of either point transformations (also called
 point symmetries) which act on the system's space of dependent and independent
 variables or contact transformations (also called contact symmetries) which act on the
 space as well as on all the first derivatives of the dependent variables. Basic examples
 of Lie groups include translations, rotations, and scaling. An “autonomous system” of
 first order ordinary differential equations (representing a stationary flow) defines a
 “one-parameter Lie group of point transformations” [2]. Unlike discrete groups (like
 the case of reflection), Lie showed that for a given system of differential equations the
 admissible continuous group of point transformations corresponding to the space and
 its independent and dependent variables can be obtained by an explicit computational
 algorithm called “Lie's algorithm”. Historically, the applications of Lie groups to
 differential equations pioneered by Lie and Noether remain dormant till Ovsiannikov
 [3] made a systematic attempt in successfully applying these methods to a wider range
 of physically important problems. However, the research activity in this field made a
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 3
 big headway in the last two decades in terms of its applications to physical systems,
 especially fluid mechanics, and in the development of the theory itself.
 Once the symmetry group of a system of differential equations is found, it can be
 employed in numerous applications. For instance, such group can be used to build
 new solutions from the known solutions. Thus a symmetry group provides a source
 for classifying various classes of solutions based on their symmetry. The two
 solutions are considered to be equivalent if one solution can be transformed into the
 other by some group element. Further, we can use the symmetry groups to modify the
 classification of families of differential equations obtained through arbitrary
 parameters (or functions). Consequently, those physical or mathematical systems of
 equations are preferred which have a higher degree of symmetry. Another utility is in
 that of establishing the types of differential equations admitting certain group of
 symmetries; this can be achieved by applying infinitesimal methods using the theory
 of “differential invariants”. In case of ordinary differential equations, the invariance
 under a one-parameter symmetry group implies that we can reduce the order of the
 equation by one, and can recover the solutions of the original equations from those
 obtained for the reduced equation by a single quadrature. The application of
 symmetry group methods to the differential equations can be further extended by
 considering invariance under Lie-Bäcklund transformations, where the infinitesimal
 generators depend on the derivatives of dependent variables up to any finite order.
 Infinitesimal generator also helps to deduce the similarity transformation for a system
 of partial differential equations. A better and further insight of Lie group analysis can
 be found in [4].
 Thus Lie group analysis was found to have a systematic way of finding the invariant
 or self-similar solutions of a system of partial differential equations. The method is
 capable of providing a deep insight into the underlying physical problems - described
 by partial differential equations. Particular examples of its applications include
 problems of fluid mechanics [5], where a broad range of invariant solutions have been
 found. Invariance under Lie group of transformation of the partial differential
 equations leads to the construction of group-invariant solutions, called similarity
 solutions. Especially for a system of nonlinear Partial Differential Equations, the Lie
 group method provides a systematic procedure to investigate invariant solutions.
 These solutions are obtained by solving a reduced system of partial differential
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 equations with less number of independent variables. From the above discussion we
 establish that the applications of Lie group transformations are twofold: Producing a
 new solution from an existing solution or finding similarity solution of partial
 differential equation. The focus in the present thesis is on the latter type of the
 application. Similarity transformations are helpful to convert a system of partial
 differential equations having n-independent variables to a system with n − 1
 independent variables. An interesting application appears in the case of partial
 differential equation of two-independent variables when “partial differential equation
 is transformed into an ordinary differential equation". The solutions as a result of such
 application are called self-similar solutions and the transformed equations are known
 as self-similar equations. Invariant solutions can also be constructed for specific
 boundary value problems. The exact solution of the self-similar boundary layer
 equations for creeping flow of a second grade fluid was found by Yürüsoy and
 Pakdemirli [6]. A more recent work on similarity solution is done by Hamad and
 Ferdows [7].
 The study of flow phenomenon due to stretching surface has found numerous
 engineering and industrial applications [8]. The stretching of the surface places a
 significant role in determining the quality of the final product. A number of industrial
 processes are carried out using different stretching velocities such as linear, power-
 law and exponential. Specifically, such flows are generated in extrusion of polymers
 [9], hot rolling, fibers spinning, continuous casting, glass blowing and manufacturing
 of plastic and rubber sheet. For example, when a sheet of polymer is extruded
 continuously from a die, a boundary layer develops that grows along the surface in the
 direction of its motion [10]. An immense variety of research in the problems of fluid
 mechanics is duly provided exact, analytical and numerical solutions for better
 understanding of the fluid properties and sufficient explanation of the experiments. It
 is thus now a known fact that the fluid properties, such as the flow configuration,
 velocity and heat transfer characteristics, are greatly dependent upon the rate of
 heating/cooling of the stretching surface.
 The temperature difference between the surface and surrounding fluid causes density
 gradient in the thermal boundary layer region. Consequently, it gives rise to the body
 force in the form of buoyancy of the fluid. If the temperature of the surface is higher
 than the ambient temperature, the induced pressure gradient due to buoyancy force,
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 results in aiding flow. Conversely, it is called opposing flow. Free convection
 represents the flow due to buoyancy effects whereas the forced convection represents
 the flow due to movement of the surface. Mixed convection flow is governed by
 combined effects of free and forced convection. This phenomenon occurs in many
 engineering and industrial processes. The relative impact of free and forced
 convection is characterized by a parameter, λ = Gr/Re2, where Gr is the Grashof
 number that represents the buoyancy effects and Re is the Reynolds number that
 represents inertial effects. Mixed convection corresponds to the intermediate value of
 λ depending upon the specific flow model in the range say min maxλ λ λ< < . Within this
 range the parameter λ provides the relative impact of free convection compared to
 forced convection. Below this range only forced convection dominates whereas above
 this range only free convection analysis can be made. Mathematically, forced
 convection corresponds to the condition λ→0, whereas free convection is dominant
 when λ→∞ [11]. The relative buoyancy effects may be responsible for the delay or
 speeding up of the transition of flow regime of a fluid from laminar to turbulent.
 The history of stretching started from the works of Sakiadis [12, 13], who originated
 the study of boundary layer for the sheet moving with a constant velocity in a viscous
 fluid. Tsou et al. [14] studied the flow and heat transfer in the boundary layer around a
 stretching surface. Fox et al. [15] considered the effects of suction and injection on
 flow due to continuous moving surface. The exact analytical solution for steady
 stretching of the surface was given by Crane [16]. Heat and mass transfer on a
 stretching surface with the effect of suction and injection was introduced by Erickson
 et al. [17]. Heat transfer over a continuously moving plate with variable temperature
 was considered by Soundalgekar and Murty [18]. Grubka and Bobba [19] presented
 similarity solutions for stretched surface with suction and injection. These studies
 were undertaken for linear stretching velocities. Gupta and Gupta [20] identified that
 stretching phenomenon may not be necessarily linear in real processes. The power-
 law stretching velocity was thus undertaken by Banks [21] and Ali [22]. The case of
 exponential stretching for the viscous fluid was considered by Magyari and Keller
 [23] while Elbashbeshy [24] added the effects of wall suction in it. Sajid and Hayat
 [25] included the thermal radiation’s effects on exponential stretching phenomenon of
 Newtonain fluid boundary layer. In a relatively recent study, Hayat et al. [26]
 investigated the combined effect of heat and mass transfer with Soret and Dufour's
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 effect on mixed convection flow of a viscoelastic fluid along a vertically stretching
 surface in porous medium. Sivasankaran et al. [27, 28] applied Lie group analysis to
 solve boundary layer equations for natural convection flow with mass transfer past an
 inclined plate in the absence/presence of heat generation.
 The previous discussion has motivated to consider a number of problems and
 challenges in the fluid flow. We are convinced that Lie Group analysis is an effective
 analytical technique to address the boundary layer problems with stretching
 conditions. To implement the idea of this technique a fairly general problem is
 discussed in Chapter 3. This reads as: “Lie group analysis of mixed convection flow
 with mass transfer along a vertical stretching surface with suction or injection”. The
 stretching velocity, the surface temperature and the concentration are taken in the
 generalized form. Imposing restrictions on the symmetries from the boundary
 conditions allows two types of stretching velocities. In each case the governing partial
 differential equations are transformed into ordinary differential equations by
 employing these symmetries. It is shown that the similarity variables and functions
 available in the literature become special cases of the similarity variables and
 functions discussed in this chapter.
 We proceed in the following way. Using Lie group theory, the symmetries
 corresponding to the governing equations are calculated. There are two important
 features that justify the innovative nature of this work: First, instead of specifying the
 boundary conditions from the outset, these conditions are assumed in terms of
 arbitrary functions. Second, the infinitesimal generator is applied not only to the
 governing equations but also to the boundary conditions of the flow model to
 maintain the invariance of boundary condition. It is shown that mixed convection
 flow with mass transfer is possible only for two types of stretching; namely the
 polynomial and the exponential stretching. It is further proved that the similarity
 functions and variables available in the literature are the special cases of this work.
 Specifically, the similarity transformations used by Ali and Al-Yousef [29], Yi [30]
 and Chen [31] (for polynomial stretching) and Partha et al. [32] (for exponential
 stretching) become sub-cases of the exponential stretching case. Moreover, a new
 example is constructed for the polynomial stretching. The contents of this chapter are
 published in Journal of Mathematical Problems in Engineering (2010) [33].
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 Another important and crucial factor in the discussion of Lie group analysis is the role
 of boundary conditions. Therefore, while considering boundary value problem some
 restrictions need to be imposed on the symmetries such as requiring invariance of
 boundary conditions. The advantage of this procedure is to discard those finite
 parameters from infinitesimals under which boundary conditions fail to be invariant.
 Its necessity lies in the consequence of its omission; we may end up in non-similar
 boundary conditions [27, 28]. We have stressed its importance in our comment paper
 which has been published in Nonlinear Analysis: Modelling and Control (2010)
 [34] (not included in the thesis).
 Keeping in view the importance of non-Newtonian fluids, we intend to extend the
 discussion of Lie group analysis to this class of fluids. Before embarking upon the
 specific problem, we would like to discuss the importance of non-Newtonian fluids.
 Many fluids such as yoghurt, dyes, blood, shampoo, paint, ketchup, clay coatings,
 polymer melts, mud, greases and certain oils exhibit more complicated stress-strain
 relation than in the case of Newtonian fluids. Such types of fluid fail to obey the
 Newton's law of viscosity and are known as non-Newtonian fluids. Such fluids have
 extensive practical applications in fermentation, polymer depolarization, composite
 processing, bubble columns, bubble absorption, plastic foam processing, boiling and
 many others. The non-Newtonian fluids are now considered as a rule rather than an
 exception. Many authors have investigated the phenomenon of stretching sheets in
 non-Newtonian viscoelastic second grade fluid [35, 36]. Although a second grade
 fluid model may predict the normal stress effects, it is not favorable to describe shear
 thinning and shear thickening properties of non-Newtonian fluids. This behavior is
 best represented by “power-law fluid” [37, 38]. Some work that has been undertaken
 in power-law fluid includes Pakdemirli [39-41] who used similarity analysis to obtain
 the solution of non-Newtonian power-law fluid in different boundary layer
 configurations. Hassanien [42] and Zheng et al. [43] presented the numerical solution
 for continuously moving surface in a power-law fluid.
 Andersson and Kumaran [44] modeled the problem of power-law stretching for
 power-law fluid, but he presented analytical solution only for linear stretching for
 power-law fluid index (n) to be nearly equal to one (n ≈ 1). Some recent advances in
 modeling of power-law fluid can be seen in [45-49]. Lie group analysis and its
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 applications to stretching problems of Newtonian and non-Newtonian fluids, being
 the focus of our study, demands a brief introduction of stretching phenomena.
 The importance of stretching of the sheets and the possible stretching discussed in the
 literature so far has been mentioned earlier. To recall these include, linear, power-law
 and exponential stretching. Linear and power-law stretching has been visited more
 frequently; however exponential stretching is less attended. This in view, we add a
 little more emphasis on this. The exponential stretching of the sheets has significant
 importance in industry and engineering. It is well known that topological chaos
 depends upon the periodic motion of obstacles in a two-dimensional flow to form
 nontrivial braids. This motion is responsible for exponential stretching of material
 lines causing efficient mixing. Friedlander and Vishik [50] showed the existence of
 exponential stretching (the positivity of the Lyapunov exponent) as a necessary
 condition for smooth flow in "fast" dynamo problem.
 Motivated by these considerations, we choose to study, “the boundary layer flow of
 power-law fluid over a generalized stretching surface” in Chapter 4. The use of Lie
 group analysis reveals all possible similarity transformations of the problem. The
 application of infinitesimal generator on the generalized surface stretching conditions
 leads to two types of stretching velocities namely; power-law and exponential. The
 numerical solution of the power-law stretching has already been discussed in the
 literature; however neither exact nor approximate analytical solution is available so
 far. We prefer to offer such analytical solution for particular values of m and n
 satisfying the relation 1 – m + 2 m n = 0. The results of the investigation of the power-
 law stretching for the power-law fluid are published in “Communications in
 Nonlinear Science and Numerical Simulation” (2013) [51].
 The flow induced by the exponential stretching for power-law fluid is then
 investigated for the first time. Interestingly, an exact analytical solution of the
 nonlinear similarity equation for exponential stretching is developed for shear
 thinning fluid with power-law index n = 1/2. This solution is further extended to a
 larger class of shear thinning fluids (n ≈ 1/2) using perturbation method of parametric
 differentiation [52]. In addition, the numerical solution obtained through Keller box
 method [53] for shear thinning fluid is also presented. The two solutions are shown to
 match excellently for shear thinning fluids. Analytical solution for shear thickening
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 fluid is not tractable and the numerical solution is presented for completeness. The
 results obtained for the case of exponential stretching are published in International
 Journal of Non-Linear Mechanics (2013) [54]. Lastly, we have presented effects of
 suction on the flow of power-law fluid over exponentially stretching surface and
 found analytical and numerical solution. Since exponential stretching is not already
 discussed, the effects of suction/injection are revealed for the first time. These are in
 variance with other stretching velocities and are elaborated in section 4.5.2. This work
 has been submitted for publication in Applied Mathematics and Computation.
 One of the interesting forms of stretching velocity is the one considered by T. Fang
 [55] and Bataller [56]. They investigated the flow and heat transfer over a surface
 stretching with velocity proportional to x1/3. The effects of suction and injection in
 [56] were introduced by Cortell [57]. In these considerations, the underlying fluid was
 Newtonian. There is another important type of non-Newtonian fluid known as
 Powell-Eyring fluid-discovered by Powell and Eyring [58] in 1944. A good
 description of this fluid is given by Bird [37]. The question of why Powell-Eyring
 fluid can be explained as:
 This model is widely considered by the researchers during the last decade [59-62].
 There are several aspects that differentiate Powell-Eyring fluid model from other non-
 Newtonian fluids. Firstly, in spite of using any empirical relation it is deduced from
 the kinetic theory of fluids. Secondly, it correctly reduces to viscous (Newtonian)
 behavior for low and high shear rates. We mention some of the previous studies in the
 flow of Powell-Eyring fluid regarding different flow geometries. The Lie Group
 analysis is performed introducing the flow and heat transfer phenomena. More
 specifically, Chapter 5 discusses “Lie group analysis of the flow and heat transfer of
 Powell-Eyring fluid over a stretching surface in the presence of variable surface
 temperature”. The stretching velocity and the surface temperature are defined as
 arbitrary functions to be fixed through Lie group analysis. Application of infinitesimal
 generator to the governing equations in Powell-Eyring fluid and the generalized
 boundary conditions lead to the forms of stretching velocity and surface temperature
 proportional to x1/3 and xm, respectively. Similarity transformations for the problem
 are derived with the help of symmetries obtained through Lie group analysis (see also
 [6], [33], [40]). The governing partial differential equations are transformed to
 nonlinear ordinary differential equations by using the similarity transformations.
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 Numerical results are obtained by means of Keller box method. A comparison is made
 with previously published work and the results are found to be in good agreement.
 The effects of various parameters on physical quantities are plotted and discussed.
 The contents of this chapter have been submitted for publication in ASME Journal of
 Fluid Engineering.
 In the flow models discussed in Chapter 3 to 5, the free stream velocity was
 considered to be zero. In Chapter 6, we extend the stretching model in the presence
 of parallel free stream. The fluid considered in this case is again Powell-Eyring fluid.
 The velocity of the surface is considered to be proportional to x1/3 whereas free stream
 velocity is taken general. It has been established in the previous chapter that
 governing equations for the flow of Powel Eyring fluid are self-similar only if the
 stretching (or moving [63, 64] velocity is either constant or is proportional to x1/3).
 Thus full symmetry analysis is not performed and a special form of Lie group of
 transformations, namely “scaling group of transformations” [65-67], is used to
 transform the governing equations into nonlinear ordinary differential equations. It is
 noted that self-similarity is possible only if free stream velocity is also proportional to
 x1/3. Numerical results are obtained using Keller box method. Comparison, with the
 similarity solution obtained by Bachok et al. [68], is made with a special case of this
 study. The results are found to be in good agreement. The effects of governing
 parameters on physical quantities, i.e., velocity, temperature, skin friction and local
 Nusselt number, are analyzed and discussed. The contents of this chapter have been
 submitted for review in International Journal of Heat and Mass Transfer (Revised
 paper is under review).
 Encouraged with the success of Lie group analysis in finding the appropriate
 stretching velocities in converting various interesting situations into self-similar
 boundary value problems leading to analytical and numerical solutions, we attempt to
 look for more complicated situation of rotating disk. Mathematically, it requires
 working of the governing equations in cylindrical coordinates. The study of flow field
 due to rotating disk has found many applications in different fields of engineering and
 industry. A number of real processes are thus undertaken using disk rotation such as
 fans, turbines, centrifugal pumps, rotors, viscometers, spinning disk reactors and other
 rotating bodies etc. The history of flow due to rotating disk goes back to the
 celebrated paper by Von Karman [69] who initiated the study of incompressible
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 viscous fluid over an infinite plane disk rotating with a uniform angular velocity. This
 model is further investigated by many researchers to provide analytical and numerical
 results for better understanding of the fluid properties and sufficient explanation of the
 experiments.
 The use of similarity transformations to convert governing Navier-Stokes equations
 for axi-symmetric flow into a system of coupled ordinary differential equations was
 originated by Von Karman [69] and the numerical results for these equations was
 presented by Cochran [70]. Initially, Millsaps and Pohlhausen [71] considered the
 effects of heat transfer over a rotating disk kept at a constant temperature. Although
 the exact solution of Navier-Stokes equation existed in the books, yet the existence of
 the solution was first proved by Von Karman and Lin [72]. Fang et al. [73] discussed
 the exact solution of generalized stretching and shrinking problem in boundary layer.
 Wang [74] extended the Crane problem [16] to the three-dimensional case and
 obtained exact solution. The exact solutions for the flow over a rotating disk problem
 are discussed in classical textbooks [75, 76]. Awad [77] presented an asymptotic
 model to analyze the heat transfer phenomena over a rotating disk for large Prandtl
 numbers. The exact solutions for heat and mass transfer over a permeable rotating
 disk were presented by Turkyilmazoglu [78]. Fang [79] found the exact solution for
 steady flow over a rotating disk. Recently, Fang and Zhang [80] studied the flow
 between two stretching disks. Very recently, the combined effects of
 magnetohydrodynamic and radial stretching were analyzed by Turkyilmazoglu [81].
 Later Turkyilmazoglu and Senel [82] used Von Karman similarity to study heat and
 mass transfer of the flow due to a rotating rough and porous disk. All these studies
 were undertaken for linear radial stretching velocities.
 Chapter 7 deals with the “flow and heat transfer over a rotating disk that is stretching
 in radial direction”. Application of infinitesimal generator reveals the possibility of
 two stretching velocities in radial direction; linear and power-law. Linear radially
 stretching exists in literature while power-law is new one. Using the similarity
 transformations, investigated here for nonlinear power-law stretching, the governing
 Navier-Stokes equations are transformed into coupled ordinary differential equations.
 Exact analytical solutions are found for non-rotating disk stretching problem and for
 large disk stretching parameter for n = 3. Numerical solutions are obtained using
 Keller box method. A comparison between the analytical and numerical results for
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 purely non-rotating stretching problem gives an excellent agreement. The effect of
 pertinent physical parameters on azimuthal and radial skin friction and Nusselt
 number is analyzed graphically and the result is presented in the form of tables. The
 contents of this chapter have been submitted for publication in Computers and
 Fluids.
 In the literature, the preconceived boundary conditions are tested to be a candidate for
 similarity transformation by applying infinitesimal generator. We have presented a
 direct approach; a generalized boundary condition is assumed and the possible
 boundary conditions are recovered after applying infinitesimal generator on these
 boundary conditions. The ensuing conditions are not only similar in nature but the
 only conditions that can be similar under the similarity transformations. This
 procedure has helped to discover new stretching for which the boundary value
 problem can be transformed into self similar forms and hence become amenable to
 analytic and numerical solution.
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 This chapter comprises some basic concepts and definitions relevant to research
 problem which are incorporated in this thesis. The basic and constitutive equations
 governing the flow of Newtonian/non-Newtonian fluids over stretching surface are
 included in this chapter. In addition, the dimensionless parameters that generally
 govern the phenomenon of natural convection are also briefly discussed.
 2.1 Governing Equations
 In the real flow situations it is appreciated to consider the physical laws of
 conservation. These refer to the law of conservation of mass, momentum, and energy.
 Application of these laws to physical flow problems gives the continuity, momentum
 and energy equations, respectively. In addition, if the conservation of contaminant is
 assumed then one additional equation arrives namely; concentration equation.
 2.1.1 Continuity equation
 The continuity equation for a fluid flow is a differential equation that expresses the
 principle of conservation of mass in a control volume. This law describes that the rate
 of change of mass of fluid into the system is equal to the difference of mass coming in
 the system and the mass outflow from the system. In vector form it can be expressed
 as
 ( ). 0,
 t
 ρρ
 ∂+ ∇ =
 ∂V (1.1)
 where ρ is the fluid density and V denotes the velocity field and t is the time. In case
 of steady flow, it reduces to the following form
 ( ). 0.ρ∇ =V (1.2)
 For an incompressible flow, considering constant fluid density, the continuity
 equation is greatly simplified as:
 . 0∇ =V (1.3)
 2.1.2 Navier-Stokes equations
 The Navier-Stokes (NS) equations are the application of Newton's second law of
 motion for fluid flow. Physically it states that the time rate of change of momentum
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 in a given direction is equal to the sum of the forces acting in that direction. The
 forces concerned in this model are the body forces and the surface forces. The body
 forces include the force of gravity or weight of the fluid while the surface forces
 involved are the pressure force and the viscous forces.
 In vector form NS equations can be written as:
 2,
 D
 Dtρ µ= −∇ + ∇ +
 VV fp (1.4)
 where µ is the fluid’s dynamic viscosity, f is body force and p is the pressure. In Eq.
 (1.4)
 D
 Dtu v w
 t x y z
 ∂ ∂ ∂ ∂= + + +
 ∂ ∂ ∂ ∂ (1.5)
 represents the material time derivative, which is the total rate of change of momentum
 per unit volume and
 2 2 22
 2 2 2.
 x y z
 ∂ ∂ ∂∇ = + +
 ∂ ∂ ∂ (1.6)
 denotes the Laplacian operator in 3-dimension. The terms on the left side of Eq. (1.4)
 are known as inertial terms which represent the rate of change of momentum while
 the three terms on the right side correspond to pressure, viscous forces and body
 forces, respectively. It is worthy to note that Navier-Stokes equations together with
 the continuity equation provide a complete mathematical description of the flow of
 the incompressible viscous fluid.
 2.1.3 Energy equation
 Conservation of energy follows from the application of first law of thermodynamics
 on a control volume. This describes that changes in energy, heat transferred and work
 done by a system are in balance. Considering constant thermal conductivity, the
 fundamental energy equation in vector form, in absence of viscous dissipation, is
 given by
 2 ,p
 DTC k T
 Dtρ = ∇ (1.7)
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 where k is the fluid’s thermal conductivity, Cp
 is the specific heat, T is fluid’s
 temperature.
 2.1.4 Concentration equation
 Many engineering processes involve the transport of a contaminant by the fluid flow.
 The contaminant refers to anything from a polluting chemical to particulate matter. To
 derive the governing equation one needs to recognize that mass of contaminant is
 conserved or the contaminant is not being created within the flow field. The
 contaminant matter can be transported by two distinct physical mechanisms, namely
 convection and molecular diffusion. Assume that no contaminant is produced within
 the control volume and that the contaminant is sufficiently dilute to leave the fluid
 flow unchanged. Let C be the mass concentration of fluid (i.e. mass per unit volume),
 then the concentration equation in vector form is given by
 2,M
 DCD C
 Dt= ∇ (1.8)
 where C is the mass concentration and DM refers to mass diffusivity.
 2.2 Boundary Layer
 When a surface is moving or stretching with some linear/nonlinear velocity then the
 fluid adjacent to the surface acquires the same velocity as the velocity of the surface.
 This physical phenomenon occurs due to no slip condition and the viscosity of the
 fluid. Usually the velocity of the surface is different from the ambient velocity, i.e.,
 velocity of fluid at large distance from the surface, and due to this difference a
 boundary layer develops. The boundary layer is a region in which a rapid change in
 the velocity profile occurs, i.e. from zero (relative to the surface) to the value of
 ambient velocity. Even though boundary layers are found to be extremely thin, their
 importance in the study of fluid flow cannot be overlooked because these exist only in
 the region of the flow where viscous effects are significant [84]. Viscosity of the fluid
 plays an important role in determining the thickness of boundary layer. With
 increasing the viscosity the boundary layer thickness decreases however even for
 small viscosities the wall shear stress ( / wuτ µ ∂ ∂w= y) is important due to large
 velocity gradient.
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 Likewise the boundary layer due to viscosity, an existence of region is also noticed
 around a cold or heated surface in the consideration of heat transfer problems which is
 known as thermal boundary layer. The behavior of fluid flow changes drastically in
 this region due to difference of temperature between the fluid and the surface.
 Thermal boundary layer strongly depends upon the fluid’s thermal conductivity. i.e,
 higher fluid’s thermal conductivity, thicker would be the thermal boundary layer.
 We have considered flow over a permeable surface in Chapters 3, 4, 5 and 6 because
 the effects of suction or injection are also significant in determining the size of
 viscous/momentum and thermal boundary layer.
 Physically boundary layers may occur due to:
 • The velocity of fluid near a solid surface.
 • The fluid temperature near a solid surface.
 • Solute concentration near an interface.
 • Condensing vapor on a cool surface.
 2.3 Some Approximations in the Fluid Flow Equations
 Since the solutions of complete NS equations are intractable, therefore some
 approximations are needed to solve these problems. These approximations include the
 Boussinesq approximation and the boundary layer approximation
 2.3.1 Boussinesq Approximation
 If the density differences appear in the fluid because of temperature differences or
 concentration differences then the flow is driven by the gravitational force. Because
 of temperature or density differences the hot particles loss potential energy, gain
 kinetic energy, and give rise to a bulk fluid motion. The agent that produces this type
 of flow is called the buoyant force. In the Buoyancy driven flows, the simplest
 approximation that admits buoyancy is the Boussinesq approximation which is named
 on the well known scientist Boussinesq [85]. This approximation is commonly
 understood to consist of the following:
 1. Constant density is assumed except when buoyant forces are originated
 directly through it.
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 2. All other properties of fluid are supposed to be constant
 3. Viscous dissipation effects are considered to be negligible
 The explanation of the first point is that the density variation in the continuity
 equation is ignored or the incompressible form of the continuity equation is
 considered. The other points provide simplification of the equations with the intention
 that concentration is focused on the effects of buoyancy.. Actually, due to this
 approximation the density difference is taken as g g Tρ ρ β∆ ≈ ∆ which is
 incorporated in the current thesis.
 2.3.2 Boundary layer approximation
 The boundary layer approximations are first introduced by L. Prandtl in 1904. These
 approximations help us to study the flow behavior at high Reynolds number. In order
 to explain the boundary layer approximations we will consider the steady two
 dimensional flow of an incompressible viscous fluid having constant viscosity. The
 governing equations for such type of flow are the continuity, momentum and energy
 equations. If the transport of contaminant is assumed then the system of governing
 equations include concentration equation. However, we will discuss here boundary
 layer approximation for continuity, momentum and energy equations. Boundary layer
 equation for the concentration equation can easily be developed following the same
 procedure as done in the energy equation. In the absence of body force and viscous
 dissipation the two-dimensional continuity and momentum (1.3) and (1.4) may be
 expressed as:
 0,u v
 x y
 ∂ ∂+ =
 ∂ ∂
 ɶ ɶ
 ɶ ɶ (1.9)
 2 2
 2 2
 1,
 u u p u uu v
 x y x x yν
 ρ
 ∂ ∂ ∂ ∂ ∂+ = − + +
 ∂ ∂ ∂ ∂ ∂
 ɶ ɶ ɶ ɶ ɶɶ ɶɶ ɶ ɶ ɶ ɶ
 (1.10)
 2 2
 2 2
 1,
 v v p v vu v
 x y y x yν
 ρ
 ∂ ∂ ∂ ∂ ∂+ = − + +
 ∂ ∂ ∂ ∂ ∂
 ɶ ɶ ɶ ɶ ɶɶ ɶɶ ɶ ɶ ɶ ɶ
 (1.11)
 where uɶ and vɶ are the components of velocity in xɶ and yɶ directions. The xɶ -
 coordinate is taken along the boundary of the surface, while yɶ -coordinate is oriented
 perpendicular to the surface.
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 We consider the following non-dimensional variables:
 0
 2
 0
 , , ,
 , ,
 m
 x y ux y u
 L U
 v pv p
 V U
 δ
 ρ
 = = =
 = =
 ɶ ɶ ɶ
 ɶ ɶ (1.12)
 where L is the characteristic length, U0 is the reference velocity and δm is the known
 momentum boundary layer thickness at x = L. The appropriate form of V will be
 obtained through order analysis of continuity equation which is as follows:
 0 ,and m
 Uu v VO O
 x L y δ
 ∂ ∂ = =
 ∂ ∂ (1.13)
 Therefore, in order to ascertain the continuity equation of the same order the
 following must hold:
 0 .mUV
 L
 δ= (1.14)
 Now introducing the non-dimensional variables defined in Eq. (1.12) and (1.14), we
 arrive at the following non-dimensional equations
 0,u v
 x y
 ∂ ∂+ =
 ∂ ∂ (1.15)
 22 2
 2 20 0
 1 1,
 m
 u u p u L uu v
 x y x U L U Lx yν
 δ
 ∂ ∂ ∂ ∂ ∂ + = − + + ∂ ∂ ∂ ∂ ∂
 (1.16)
 2 22 2
 2 20 0
 1 1,
 m m
 v v L p v L vu v
 x y y U L U Lx yν
 δ δ
 ∂ ∂ ∂ ∂ ∂ + = − + + ∂ ∂ ∂ ∂ ∂
 (1.17)
 where the non-dimensional quantity U0L/ν is known as Reynolds number (Re).
 For balancing of inertial and viscous forces both sides of Eqs. (1.16) and (1.17) are of
 the same order. So
 2
 0
 (1),m
 LO
 U L
 ν
 δ
 =
 (1.18)
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 This gives the order of momentum boundary layer thickness
 1/2
 .m
 LO
 Reδ
 =
 (1.19)
 Substituting (1.19) into Eqs. (1.16) and (1.17), we get
 2 2
 2 2
 1,
 u u p u uu v
 x y x Re x y
 ∂ ∂ ∂ ∂ ∂+ = − + +
 ∂ ∂ ∂ ∂ ∂ (1.20)
 2 2
 2 21/2 3/ 2
 1 1.
 v v p v vu v Re
 x y y x yRe Re
 ∂ ∂ ∂ ∂ ∂+ = − + +
 ∂ ∂ ∂ ∂ ∂ (1.21)
 Here we use the experimental observation that the momentum boundary layer
 thickness is very small as compared to the length of the surface i.e., δm / L << 1,
 which is valid only when Re1/2 >> 1 (see Eq. (1.19)).
 Therefore for high Reynolds number Eqs. (1.20) and (1.21) reduce to
 2
 2,
 u u p uu v
 x y x y
 ∂ ∂ ∂ ∂+ = − +
 ∂ ∂ ∂ ∂ (1.22)
 0 ,p
 y
 ∂= −
 ∂ (1.23)
 It is noticed from Eq. (1.23) that pressure term is independent of y. Finally the
 boundary layer equations consisting of continuity and the momentum equations in
 dimensional form are
 0,u v
 x y
 ∂ ∂+ =
 ∂ ∂
 ɶ ɶ
 ɶ ɶ (1.24)
 2
 2
 1,
 u u p uu v
 x y x yν
 ρ
 ∂ ∂ ∂ ∂+ = − +
 ∂ ∂ ∂ ∂
 ɶ ɶ ɶ ɶɶ ɶɶ ɶ ɶ ɶ
 (1.25)
 0 ,p
 y
 ∂= −
 ∂
 ɶ
 ɶ (1.26)
 In order to obtain boundary layer form of the energy equation, consider the two-
 dimensional energy equation

Page 40
                        
                        

“Preliminaries”
 21
 2 2
 2 2.T
 T T T Tu v
 x y x yα
 ∂ ∂ ∂ ∂+ = +
 ∂ ∂ ∂ ∂
 ɶ ɶ ɶ ɶ
 ɶ ɶɶ ɶ ɶ ɶ
 (1.27)
 where αT = k / (ρ Cp) is the thermal diffusivity. Here we consider the non-
 dimensional variables given by
 0
 0 0
 , , ,
 ( ), ,
 T
 T
 x y ux y u
 L U
 T Tv Lv T
 U T
 δ
 δ∞
 = = =
 −= =
 ɶ ɶ ɶ
 ɶ ɶɶ (1.28)
 where δT is the thermal boundary layer thickness at x = L, 0T and T∞ɶ are the
 temperature of the surface and ambient temperature, respectively. Introducing the
 above non-dimensional variables in Eq. (1.27) the non-dimensional energy equation
 becomes
 22 2
 2 20 0
 1 1.T
 T
 T T T L Tu v
 x y U L U Lx yα
 δ
 ∂ ∂ ∂ ∂ + = + ∂ ∂ ∂ ∂ (1.29)
 where the non-dimensional quantity U0L/αT is known as Peclet number (Pe), which is
 the product of Reynolds number and Prandtl number.
 o o
 T T
 U L U LPe Re Pr
 v
 ν
 α α= = ⋅ = ⋅ (1.30)
 Through balancing of both sides of Eq. (1.29) the order of thermal boundary layer
 thickness is given as
 1/2
 .T
 LO
 Peδ
 =
 (1.31)
 From Eqs. (1.30) and (1.31), we get the following form of Eq. (1.29)
 2 2
 2 2
 1.
 T T T Tu v
 x y Re Pr x y
 ∂ ∂ ∂ ∂+ = +
 ∂ ∂ ⋅ ∂ ∂ (1.32)
 Hence for high Reynolds number Eqs. (1.32) reduces to
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 2
 2.
 T T Tu v
 x y y
 ∂ ∂ ∂+ =
 ∂ ∂ ∂ (1.33)
 In view of the foregoing analysis, the dimensional form of thermal boundary layer
 equation can be written as
 2
 2.T
 T T Tu v
 x y yα
 ∂ ∂ ∂+ =
 ∂ ∂ ∂
 ɶ ɶ ɶ
 ɶ ɶɶ ɶ ɶ
 (1.34)
 Boundary layer form of the concentration equation can be achieved in a similar way.
 It is renowned through literature that number of experimental investigations has
 supported the assumptions of Boussinesq approximation and the boundary layer
 approximations.
 2.4 Fluid
 Fluids are the materials which are continuously deformed under an applied force.
 There is no fixed position of fluid particles relative to each other. They have a
 property that they attain the shape of container in which they are poured. There are
 two main categories of fluids, liquids and gases. On contrary to fluids, there is no
 continuous deformation in solids and they have a definite shape. Although densities of
 fluids and solids are so close but they have different viscosities. That’s why when
 solids are heated they transform themselves into fluids (liquids and gases). The branch
 of science which deals with the study of fluids properties and their behavior, whether
 fluids are at rest or in motion, is called fluid mechanics. It has two classifications:
 fluid statics and fluid dynamics which deals fluids at rest and in motion, respectively.
 Based upon the nature of fluids, fluid dynamics is further divided into two classes:
 aerodynamics which discuss the motion of gases and hydrodynamics which is related
 to the motion of liquids.
 2.4.1 Newtonian fluid
 Newton’s law of viscosity describes that the stress due to shear is linearly
 proportional to the shear rate and the fluids obeying this law are called Newtonian
 fluids. Viscosity of the fluids appears as a constant of that proportionality. A
 Newtonian fluid bears a constant viscosity at a given pressure and temperature. These
 fluids include air, water, hexane, ethyl alcohol, benzene and many solutions at low
 molecular weight.
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 2.4.2 Non-Newtonian fluid
 The fluids which fail to obey Newton’s law of viscosity are known as non-Newtonian
 fluids. These fluids exhibit a nonlinear relationship between the stresses and the shear
 rate. Many materials such as pastes, slurries, gels, clay coating, drilling mud, polymer
 metals etc. are examples of non-Newtonian fluids. It is now generally acknowledged
 that non-Newtonian fluids have more industrial applications than Newtonian fluids.
 Based upon the relation between the shear stress and the rate of the shear (or velocity
 gradient), non-Newtonian fluids are categorized into several classes. Typical forms of
 the curve of shear stress versus shear rate for Newtonian and non-Newtonian fluids
 are shown in Fig. 2.1.
 Figure 2.1: The relation between shear stress and shear rate [86].
 All of the above categories can jointly be represented by the following equation
 ,
 n
 xy
 duA B
 dyτ
 = +
 (1.35)
 where A, B and n are some constants. For n = 1, equation (1.35) represent Bingham
 plastic and for A = 0, B = µ and n = 1 we get the Newtonian fluid. For A = 0, B = K,
 Eq. (1.35) represent the power-law fluids which cover both shear thinning and shear
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 thickening fluids. Since chapter 4 deals with the flow of power-law fluid therefore it
 is discussed in the following section in detail. Eq. (1.35) is not a generalized
 constitutive equation for all types of non-Newtonian fluids.
 2.4.2.1 Power-law fluid
 A two parameter Ostwald-de Waele model for the power-law fluid describes the
 relation between the shear stress and shear rate as follows:
 ,
 n
 xy
 duK
 dyτ
 =
 (1.36)
 where n is known as power-law fluid index and K is the consistency coefficient.
 When n < 1, relation (1.36) represents shear thinning or pseudoplastic fluid and when
 n > 1 relation (1.36) represents shear thickening or dilatant fluid, where as n = 1
 shows the Newtonian fluid.
 Shear thinning fluids exemplify more viscosity than the Newtonian fluid at lower
 shear rates and contain less viscosity at higher shear rates. For the shear thickening
 fluid, the situation is reversed. Most paints are shear thinning: in the can and when
 loaded on to the brush, the paint is subject only to low rates of shear and has a high
 apparent viscosity. When applied to the surface the paint is sheared by the brush, its
 apparent viscosity becomes less, and it flows readily to give an even film. However,
 when the brushing ceases, it recovers its high apparent viscosity and does not drain
 from the surface. This non-Newtonian behaviour is an important characteristic of a
 good paint. Some materials have the characteristics of both solids and liquids. For
 instance, tooth paste behaves as a solid in the tube, but when the tube is squeezed the
 paste flows as a plug. The essential characteristic of such a material is that it will not
 flow until a certain critical shear stress, known as the yield stress is exceeded. Thus, it
 behaves as a solid at low shear stresses and as a fluid at high shear stress. It is a
 further example of a shear thinning fluid, with an infinite apparent viscosity at stress
 values below the yield value, and a falling finite value as the stress is progressively
 increased beyond this point. Some more examples of shear thinning and shear
 thickening fluids are styling gel, paper pulp in water and clay solns (shear thinning
 fluids) and silly putty, quicksand, uncooked paste of cornstarch and water (shear
 thickening fluids).
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 2.4.2.2 Powell-Eyring fluid
 Powell-Eyring model is developed to study the flow behavior of viscous and elastic in
 non-Newtonian fluid by Powell and Eyring in 1944. Advantages of Powell-Eyring
 model incorporate the description of the viscous behavior of polymer solutions in
 some cases and viscoelastic suspensions over a wide range of shear rates. This model
 is directly inferred by the kinetic theory of liquids despite using the empirical relation
 as in case of power-law fluid. The shear stress tensor for Powell-Eyring fluid may be
 expressed as (Hansen and Na [83])
 11 1,
 u uSinh
 y C yτ µ
 β− ∂ ∂
 = + ∂ ∂
 (1.37)
 where β and C are some constants. Examples of Powell-Eyring fluids include polymer
 melts and suspensions of solids in non-Newtonian fluids.
 2.5 Some Dimensionless Numbers
 Dimensionless numbers occurring in the flow describing equations in fluid mechanics
 are the ratios of different forces or the transport phenomenon. These numbers are
 used to study the cumulative effect of different properties of the flow or fluid on the
 mathematical results.
 2.5.1 Reynolds number
 Reynolds number (Re) is the ratio of the inertial to the viscous terms. It would be
 difficult to exaggerate the significance of Reynolds number in the physical problems
 especially in aerodynamics. Mathematically we express it as:
 0 ,U L
 Re =υυυυ
 (1.38)
 where L is the characteristic length, U0 is the reference velocity and ν refers to the
 kinematic viscosity. If Reynolds number is very low, i.e. less than unity, then inertial
 forces become negligible as compared to viscous forces. Such flow is known as
 Stokes or creeping flow. In this case the effects of viscosity extend to infinite range
 from the surface and no boundary layers develop. In contrast, at high Reynolds
 numbers the resulting flow fields can be exceedingly complex even for simple
 geometries. The inertial forces would be dominating the viscous forces i.e., the
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 disturbances that arise in the flow will tend to grow and the turbulent flow will tend to
 develop. For laminar flow, Reynolds number should not be greater than 53 10× .
 2.5.2 Prandtl number
 Prandtl number is a characteristic number that appears in the dimensionless energy
 equation. It is defined as the ratio of viscous to thermal diffusivities. Mathematically
 it is expressed as
 Pr .Tα
 =υυυυ
 (1.39)
 Obviously for large values of Prandtl number, thermal diffusivity will be small,
 resulting in the contraction of thermal boundary layer. It signifies the influence of
 fluid thermo-physical characteristics on heat transfer. It also shows the relation of
 fluid viscosity to that of heat conduction.
 2.5.3 Grashof number
 Grashof number ( Gr ) is defined as the ratio of buoyancy forces to the viscous forces.
 It is a non-dimensional parameter that is used in studies of free convective heat
 transfer. Mathematically it is written as:
 3
 2Gr ,Tg TLβ ∆
 =υυυυ
 (1.40)
 where g refers to the gravitational acceleration, βT signifies the coefficient of thermal
 expansion, and ∆T represents the temperature difference. The greater the Grashof
 number, greater will be the effect of buoyancy compared to that of the viscosity. The
 value of Grashof number determines when the flow undergoes transition from laminar
 to turbulent in buoyancy driven flows.
 2.5.4 Skin friction coefficient
 Skin friction stress or wall shear stress adjacent to the solid surface at the base of the
 boundary layer is due to viscosity of the fluid. In the discussion of fluid dynamics, it
 is defined in terms of a non-dimensional skin-friction coefficient, fC , as follows
 2,w
 fCU
 τ
 ρ= (1.41)
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 where
 w
 w
 u
 yτ µ
 ∂=
 ∂
 is the shear stress at the surface.
 2.5.5 Nusselt number
 The Nusselt number is the characteristic parameter for convective heat transfer. It is
 the ratio of magnitude of the convective heat transfer rate to the magnitude of heat
 transfer rate. Let wT and T be the temperatures of the surface and fluid, respectively
 then the convective heat transfer from the surface depends upon the magnitude of
 ( )h wC T T− , where hC is the heat transfer coefficient. In the absence of fluid flow the
 heat transfer takes place purely due to conduction. By the Fourier’s law of
 conduction, magnitude of heat transfer rate is expressed in terms of the quantity
 ( ) /wk T T L− , where k and L
 refers to the thermal conductivity and the length,
 respectively. Now Nusselt number is given by
 ( )
 ( ) /
 h w h
 w
 C T T C LNu
 k T T L k
 −= =
 − (1.42)
 The above expression describes that greater the Nusselt number, greater will be the
 transfer of heat in fluid due to convection. Thus it is the measure of effectiveness of
 heat transfer at the surface.
 2.6 Solution Methodologies
 With the advent of new numerical schemes now it is possible to obtain accurate
 numerical solutions using fast computers which may be regarded as exact solutions,
 however analytical solutions are always appreciated to study the behavior of
 parameters involved into the differential equations. It is by no means simple to obtain
 solutions of the Navier-Stokes equations exactly or analytically. There are two main
 sources of difficulty. First, the equations are nonlinear and the nonlinearity arises
 from the left-hand sides, i.e. due to the terms representing the rate of change of
 momentum so-called inertial terms. The second source of difficulty is the existence of
 partial differential equations. Nevertheless, the later discussed can be simplified with
 the help of similarity transformation.
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 In all of the problems discussed in this thesis, firstly similarity transformation of the
 problems are derived through Lie group analysis then transformed equations are
 solved analytically or numerically. New exact analytical solutions of the problems are
 found in case of power-law fluid and these solutions are extended using parametric
 differentiation method for shear thinning and shear thickening fluid. Numerical
 solutions are obtained using implicit finite difference Keller box method. A
 comparison between the analytical and numerical results is shown, where possible.
 All the results are found in good agreement which validate the accuracy and
 convergence of numerical results.
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 Lie Group Analysis of Mixed Convection Flow with
 Mass Transfer over a Stretching Surface
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 This chapter deals with the Lie group analysis of mixed convection flow with mass
 transfer over a stretching surface. The stretching velocity, the surface temperature and
 the concentration are taken in a generalized form. The symmetries of the equations are
 found using Lie group analysis. We assert its importance in our comment paper
 published in Nonlinear Analysis: Modelling and Control [34]. Imposing restrictions
 on the symmetries from the boundary conditions, it is noted that only two types of
 stretching velocities are possible. In each case the governing partial differential
 equations are transformed into ordinary differential equations using these symmetries.
 It is shown that the similarity variables and functions available in the literature
 become special cases of the similarity variables and functions discussed in this
 chapter.
 3.1 Problem Description
 Consider a two dimensional laminar flow of a steady incompressible viscous fluid
 over a permeable surface stretching with velocity ( )wu xɶ . The surface boundary is in
 vertical direction i.e. in opposite direction to the gravitational force. The x-axis is
 taken along the direction of surface whereas y-axis is normal to the surface as shown
 in Fig. 3.1. The temperature distribution and concentration at the surface are ( )wT xɶ
 and )(wC xɶ , respectively. The surface is moving through a quiescent ambient fluid
 with constant temperature T∞ and constant concentration C ∞
 .
 Figure 3.1: Flow geometry and coordinate systems
 yɶ
 g
 O
 T ∞ɶ
 C ∞ɶ
 Tδ ɶ
 uɶ
 vɶ
 0
 0
 0
 ( )
 ( )
 ( )
 w
 w
 w
 u U u x
 T T T x
 C C C x
 =
 =
 =
 ɶ ɶ
 ɶ ɶ
 ɶ ɶ
 Cδ ɶ
 xɶ
 δ
 0( )wv V v x=ɶ ɶ
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 Suction or injection velocity through the surface is ( )wv xɶ . Here we do not assume a
 specific form of velocity, temperature and concentration variations at the surface.
 Using Boussinesq approximations the governing equations for the boundary layer
 flows over a stretching surface with suction or injection are expressed as
 2
 2
 2
 2
 2
 2
 0,
 ( ) ( ),
 ,
 ,
 T C
 T
 M
 u v
 x y
 u u uu v g T T g C C
 x y y
 T T Tu v
 x y y
 C C Cu v D
 x y y
 ν β β
 α
 ∞ ∞
 ∂ ∂+ =
 ∂ ∂
 ∂ ∂ ∂+ = + − + −
 ∂ ∂ ∂
 ∂ ∂ ∂+ =
 ∂ ∂ ∂
 ∂ ∂ ∂+ =
 ∂ ∂ ∂
 ɶ ɶ
 ɶ ɶ
 ɶ ɶ ɶɶɶɶ ɶ
 ɶ ɶ ɶ
 ɶ ɶ ɶ
 ɶ ɶɶ ɶ ɶ
 ɶ ɶ ɶ
 ɶ ɶɶ ɶ ɶ
 (3.1)
 (3.2)
 (3.3)
 (3.4)
 along with the following boundary conditions
 0 0
 0 0
 , ,
 , at 0,
 0, , as ,
 w w
 w w
 x xu U u T T T T
 L L
 x xv V v C C C C y
 L L
 u T T C C y
 ∞
 ∞
 ∞ ∞
 = − =
 = − = =
 → → → → ∞
 ɶ ɶɶ ɶɶ
 ɶ ɶɶ ɶɶ ɶ
 ɶ ɶɶ ɶɶ ɶ
 (3.5)
 where uɶ and vɶ are the components of velocity in xɶ and yɶ directions, ν is the fluid
 kinematic viscosity, g is the gravitational acceleration, βT is the coefficient of
 thermal expansion, βC is the coefficient of concentration expansion, αT is the thermal
 diffusivity and MD is the mass diffusivity. 0U
 and 0
 V are the reference velocities,
 whereas 0T and 0C
 are the reference temperature and mass concentration,
 respectively. The physical quantities defined in Eq. (3.5) i.e., the surface stretching
 velocity uw, suction/blowing velocity vw, the surface temperature Tw and the surface
 concentration Cw are dimensionless quantities.
 Introducing the non-dimensional parameters
 1/ 2
 0
 0
 1/ 2
 0
 0 0 0
 , , ,
 ( ) ( ), , ,
 U Lx y ux y u
 L L U
 U L T T C Cvv T C
 U T C
 ν
 ν∞ ∞
 = = =
 − − = = =
 ɶ ɶ ɶ
 ɶ ɶɶ ɶɶ
 (3.6)
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 in Eqs. (3.1)-(3.4), one gets
 2
 0 0
 2 2 2
 0 0
 2
 2
 2
 2
 0,
 ,
 1,
 Pr
 1,
 T C
 u v
 x y
 g T L g C Lu u uu v T C
 x y y U U
 T T Tu v
 x y y
 C C Cu v
 x y Sc y
 β β
 ∂ ∂+ =
 ∂ ∂
 ∂ ∂ ∂+ = + +
 ∂ ∂ ∂
 ∂ ∂ ∂+ =
 ∂ ∂ ∂
 ∂ ∂ ∂+ =
 ∂ ∂ ∂
 (3.7)
 (3.8)
 (3.9)
 (3.10)
 where PrT
 να= is the Prandtl number and
 MDSc ν= is the Schmidt number.
 Boundary conditions for above equations are
 1/ 2
 0 0
 0
 ( )0; ( ), ,
 ( ), ( ),
 ; 0, 0, 0.
 ww
 w w
 V v x U Ly u u x v
 U
 T T x C C x
 y u T C
 ν
 = = =
 = =
 → ∞ = = =
 (3.11)
 3.2 Symmetries of the Problem
 By applying Lie group method [1-4] to Eqs. (3.7) - (3.10), the infinitesimal generator
 for the problem can be written as
 1 2 1 2 3 4 .Xx y u v T C
 ξ ξ φ φ φ φ∂ ∂ ∂ ∂ ∂ ∂
 = + + + + +∂ ∂ ∂ ∂ ∂ ∂
 (3.12)
 The infinitesimal Lie group point transformations which leave the Eqs. (3.7) - (3.10)
 invariant are given by:
 2
 1
 2
 2
 2
 1
 2
 2
 2
 3
 2
 4
 ( , , , , , ) ( ),
 ( , , , , , ) ( ),
 ( , , , , , ) ( ),
 ( , , , , , ) ( ),
 ( , , , , , ) ( ),
 ( , , , , , ) ( ).
 x x x y u v T C O
 y y x y u v T C O
 u u x y u v T C O
 v v x y u v T C O
 T T x y u v T C O
 C C x y u v T C O
 εξ ε
 εξ ε
 εφ ε
 εφ ε
 εφ ε
 εφ ε
 ∗
 ∗
 ∗
 ∗
 ∗
 ∗
 = + +
 = + +
 = + +
 = + +
 = + +
 = + +
 (3.13)
 By employing a straightforward and monotonous algebra, the infinitesimals comprise
 the following form:
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 1 2 1
 2 3
 04
 0
 , ( ), ( 2 ) ,
 ( ), ( 4 ) ,
 ( 4 ) .∗
 = + = + = − +
 ′= − + = − + − +
 = + − +
 c dx by x b d u
 bv u x e b d T
 Te b d C
 C
 ξ ξ ς φ
 φ ς φ
 βφ
 β
 (3.14)
 Eqs. (3.14) reveal that the governing equations admit Lie group transformations
 having four finite-parameters and ( )xς be infinite parameter Lie group
 transformation. Parameter c represents the translation in the variable x and parameter
 e corresponds to the translation in the variables T and C . Parameter b relates to
 scaling in the variables y, u, v, T and C. Parameter d corresponds to the scaling in the
 variables x, u, T and C. In the subsequent sections, similarity variables and functions
 analogous to the symmetries, which are obtained in Eqs. (3.14), will be derived.
 Before finding similarity variables and functions for all of the symmetries of the
 problem, the infinitesimal generator X will be applied to the boundary conditions and
 then only those symmetries will be discussed that leave the boundary conditions
 invariant.
 3.3 Invariance of the Boundary Conditions
 By applying the infinitesimal generator X , which is defined in Eq. (3.12), on
 boundary conditions we get differential equations
 ( 2 )0,
 ( )
 0,( )
 ( 4 )0,
 ( )
 ( 4 )0,
 ( )
 ww
 ww
 ww
 ww
 u b du
 x c dx
 v bv
 x c dx
 T b dT
 x c dx
 C b dC
 x c dx
 ∂ − +− =
 ∂ +
 ∂+ =
 ∂ +
 ∂ − +− =
 ∂ +
 ∂ − +− =
 ∂ +
 (3.15)
 with some restrictions ( ) 0= =e xς .
 Therefore, the possible boundary conditions for the current problem are:
 For 0d ≠ ,
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 1 2
 3 4
 ( 2 )
 ( 4 ) ( 4 )
 ( ) ( ) , ( ) ( ) ,
 ( ) ( ) , ( ) ( ) .
 w w
 w w
 b d bd d
 b d b dd d
 u x A c dx v x A c dx
 T x A c dx C x A c dx
 − + −
 − + − +
 = + = +
 = + = +
 (3.16)
 For 0d = and 0c ≠ ,
 5 6
 7 8
 2( ) exp , ( ) exp ,
 4 4( ) exp , ( ) exp .
 w w
 w w
 b bu x A x v x A x
 c c
 b bT x A x C x A x
 c c
 = − = −
 = − = −
 (3.17)
 where iA (for 1, 2, 3,..., 8i = ) are constants of integration.
 3.4 Determining Similarity Variables and Functions
 From Eqs. (3.16) and (3.17) it is shown that only two types of vertical stretching are
 possible. Power-law stretching for 0d ≠ and exponential stretching for 0.d = In the
 following work each case will be described with examples.
 3.4.1 Case 1: (d ≠ 0)
 In this case, the parameters ,b c and d are taken as arbitrary and ( ) 0= =e xς is
 considered. This case is combination of scaling and translational symmetry. For 0c =
 it becomes a scaling symmetry.
 The characteristic equations for obtaining the similarity transformations attain the
 following form:
 .( ) ( 2 ) ( 4 ) ( 4 )
 dx dy du dv dT dC
 c dx by b d u bv b d T b d C= = = = =
 + − + − − + − +
 (3.18)
 The resulting similarity variable is
 1
 12
 ,( )
 bd
 y
 K c dxη =
 +
 (3.19)
 and the similarity functions are
 ( ) ( )
 ( 2 )
 ( 4 ) ( 4 )
 ( ) ( ), ( ) ( ),
 ( ) , ( ) .
 b d bd d
 b d b dd d
 u c dx F v c dx H
 T c dx C c dx
 η η
 θ η ϕ η
 − +
 − + − +
 −′= + = +
 = + = +
 (3.20)
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 From Eqs. (3.16) and (3.20) we have for 1 ( 1, 2, 3, 4)iA i= =
 ( ) ( )
 ( ) ( ), ( ) ( ),
 ( ) , ( ) .
 w w
 w w
 u u x F v v x H
 T T x C C x
 η η
 θ η ϕ η
 ′= = −
 = =
 (3.21)
 Using the continuity equation we can define stream function ψ in such a way that the
 following expressions are satisfied:
 , .u vy x
 ψ ψ∂ ∂= = −
 ∂ ∂
 (3.22)
 Integrating Eq. (3.22) by using Eq. (3.20) we obtain
 1
 ( )12 ( ) ( ).
 b ddK c dx Fψ η
 − +
 = +
 (3.23)
 By putting value of ψ from Eq. (3.23) into Eq. (3.22), then comparing with Eq.
 (3.20) the form of ( )H η becomes
 1
 12( ) .
 b dH K F b F
 dη η
 − + ′= −
 (3.24)
 Substituting the above new variables in Eqs. (3.8) - (3.10), we finally get the self-
 similar form of the differential equations given by:
 ( ) ( )
 ( ) ( )
 ( ) ( )
 2
 1 1 1 12 2
 1 1
 1 1
 20,
 Re Re
 410,
 Pr
 410,
 b d b d Gr GcF K FF K F K K
 d d
 b d b dK F K F
 d d
 b d b dK F K F
 Sc d d
 θ ϕ
 θ θ θ
 ϕ ϕ ϕ
 − + − +′′′ ′′ ′+ − + + =
 − + − +′′ ′ ′+ − =
 − + − +′′ ′ ′+ − =
 (3.25)
 (3.26)
 (3.27)
 and boundary conditions are transformed to
 ( )( )
 ( ) ( ) ( )1
 12
 1(0) 1, (0) , 0 1,
 0 1, ( ) 0, 0, 0,
 b dd
 F F dK
 F
 θ
 ϕ θ ϕ
 ∗
 − +′ = = − =
 ′= ∞ = ∞ = ∞ =
 (3.28)
 where 3 3
 02
 ( ) ( )T wg T T x L c dxGr
 β
 ν
 += is the thermal Grashof number, 0 ( ) ( )wU u x L c dx
 Re ν+
 =
 is the Reynold number and 3 3
 02
 ( ) ( )wCg T T x L c dxGc
 β
 ν
 += is the solutal Grashof number.
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 In the Eq. (3.28)
 d∗ =v wx
 U0uwxU0 uwxLc + dx
 ν
 1/2
 . #
 (3.29)
 By using expressions of ( )wu x and ( )wv x in Eq. (3.29) we get
 1/2
 0 0
 0
 ,V U L
 dU ν
 ∗ =
 (3.30)
 that is a non-dimensional constant.
 3.4.1.1 Examples from literature
 In this section, we illustrate (through examples) that the existing similarity
 transformations for the mixed convection flow of Newtonian fluid become special
 cases of current problem. In addition, a new similarity transformation is introduced
 for the case of cubic stretching that has never been discussed so far.
 Example 1
 For 2
 10, , 1mc b d−= = = , 12
 1mK += and 4b d n− + = , the similarity variable and
 similarity function are
 1 12 21 1
 2 21 2
 ( ) , ( ) ( ).2 1
 m mmy x x F
 mη ψ η
 − ++ = =
 +
 (3.31)
 and ( ), ( )w wu x T x and ( )wC x take the following form
 ( ) , ( ) , ( ) .m n n
 w w wu x x T x x C x x= = = (3.32)
 Using the above variables, the boundary value problem (3.25) – (3.28) is transformed
 as:
 ( )
 ( ) ( ) ( )
 2 2 20,
 1 1 1
 1 20,
 Pr 1
 1 20,
 1
 2(0) 1, (0) , 0 1,
 1
 0 1, ( ) 0, 0, 0,
 mF FF F
 m m mn
 F Fm
 nF F
 Sc m
 F F dm
 F
 λ λθ ϕ
 θ θ θ
 ϕ ϕ ϕ
 θ
 ϕ θ ϕ
 ∗
 ∗
 ′′′ ′′+ − + + =+ + +
 ′′ ′ ′+ − =+
 ′′ ′ ′+ − =+
 ′ = = − =+
 ′= ∞ = ∞ = ∞ =
 (3.33)
 (3.34)
 (3.35)
 (3.36)
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 where 2Re
 Grλ = and 2Re
 Gcλ∗ = . In this case, from Eqs. (3.20) and (3.24) we have
 12 1
 22 1 1
 ) .1 2 2
 m m mv x F F
 mη
 − + − ′= − + +
 (3.37)
 This is all the same as taken by Ali and Al-Yousef [29] for mixed convection flow
 over a stretching surface without considering mass transfer.
 Example 2
 Consider the case for 0, 0, 1c b d= = = and 1 1K = . In this case the form of
 similarity variable and similarity function result in
 , ( ).y xFη ψ η= = (3.38)
 and we have
 ( ) , ( ) , ( ) .w w wu x x T x x C x x= = = (3.39)
 Consequently the Eqs. (3.25) - (3.28) take the following form:
 ( ) ( )
 ( ) ( )
 2 0,
 10,
 Pr
 10,
 (0) 1, (0) , 0 1, 0 1,
 ( ) 0, 0, 0,
 w
 F FF F
 F F
 F FSc
 F F F
 F
 λθ λ ϕ
 θ θ θ
 ϕ ϕ ϕ
 θ ϕ
 θ ϕ
 ∗′′′ ′′ ′+ − + + =
 ′′ ′ ′+ − =
 ′′ ′ ′+ − =
 ′ = = = =
 ′ ∞ = ∞ = ∞ =
 (3.40)
 (3.41)
 (3.42)
 (3.43)
 where wF d ∗= − .
 This problem exactly matches to the work done by Yih [30], if we neglect MHD
 effects in his work.
 Example 3
 In the absence of suction or injection
 ( ) 0 at 0wv x y= =ɶ ɶ (3.44)
 In such a case for 1
 20, , 1mc b d−= = = and 1
 1K = , the similarity variable and
 similarity function are obtained as
 1 12 2( ) , ( ) ( )
 m m
 y x x Fη ψ η− +
 = = ⋅
 (3.45)
 We then have
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 2 1 2 1( ) , ( ) , ( ) ,
 m m mw w wu x x T x x C x x− −= = = (3.46)
 and the Eqs. (3.25) - (3.28) take the form
 ( ) ( )
 ( ) ( )
 210,
 2
 1 1(2 1) 0,
 Pr 2
 1 1(2 1) 0,
 2
 (0) 1, (0) 0, 0 1, 0 1,
 ( ) 0, 0, 0,
 mF FF mF
 mF m F
 mF m F
 Sc
 F F
 F
 λθ λ ϕ
 θ θ θ
 ϕ ϕ ϕ
 θ ϕ
 θ ϕ
 ′ ∗+ ′′′ ′′+ − + + =
 + ′′ ′ ′+ − − =
 + ′′ ′ ′+ − − =
 ′ = = = =
 ′ ∞ = ∞ = ∞ =
 (3.47)
 (3.48)
 (3.49)
 (3.50)
 This is, in fact, the problem considered by Chen [31] neglecting mass transfer.
 Example 4
 For 2, 1, 2b c d= − = = and 1 2K = . The surface conditions ( ), ( )w wu x T x and ( )wC x
 take the following form
 3 5 5( ) (1 2 ) , ( ) (1 2 ) , ( ) (1 2 ) ,w w wu x x T x x C x x= + = + = + (3.51)
 with the following similarity variable and functions:
 ( ) ( )
 2(1 2 ), 2(1 2 ) ( ),
 2
 ( ) , ( ) .w w
 y xx F
 T T x C C x
 η ψ η
 θ η ϕ η
 += = +
 = =
 (3.52)
 As a result Eqs. (3.25) - (3.28) become
 ( ) ( )
 ( ) ( )
 24 6 2 2 0,
 14 10 0,
 Pr
 14 10 0,
 (0) 1, (0) , 0 1, 0 1,
 ( ) 0, 0, 0,
 F FF F
 F F
 F FSc
 F F d
 F
 λθ λ ϕ
 θ θ θ
 ϕ ϕ ϕ
 θ ϕ
 θ ϕ
 ′ ∗
 ∗
 ′′′ ′′+ − + + =
 ′′ ′ ′+ − =
 ′′ ′ ′+ − =
 ′ = = − = =
 ′ ∞ = ∞ = ∞ =
 (3.53)
 (3.54)
 (3.55)
 (3.56)
 where d ∗ is same as given in Eq. (3.30).
 Such type of stretching velocity, wall temperature and concentration has not been
 discussed so far.
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 3.4.2 Case 2: (d = 0)
 In this section, the parameters b and 0c ≠ are taken to be arbitrary and
 ( ) 0= = =e d xς is considered. This becomes a spiral symmetry where we have
 considered translation in the variable x and scaling in the variables , , ,y u v T and C .
 Setting 0b = it results in a translational symmetry.
 The characteristic equations then are
 .2 4 4
 dx dy du dv dT dC
 c by bu bv bT bC= = = = =
 − − − −
 (3.57)
 The similarity variable is
 2
 12
 ,exp( )b
 c
 y
 K xη =
 (3.58)
 and the similarity functions are
 ( ) ( )
 2exp ( ), exp ( ),
 4 4exp , exp .
 b bu x F v x H
 c c
 b bT x C x
 c c
 η η
 θ η ϕ η
 ′= − = −
 = − = −
 (3.59)
 From Eqs. (3.17) and (3.59) we have for 1 ( 5, 6, 7, 8)iA i= =
 ( ) ( )
 ( ) ( ), ( ) ( ),
 ( ) , ( ) .
 w w
 w w
 u u x F v v x H
 T T x C C x
 η η
 θ η ϕ η
 ′= = −
 = =
 (3.60)
 Following the same procedure as done in case 1 we have
 2
 12 exp ( )
 bK x F
 cψ η
 = − ⋅
 (3.61)
 Note that the two forms of v will be consistent if
 2
 12( ) [ ].
 bH K F F
 cη η ′= +
 (3.62)
 In this case Eqs. (3.8) - (3.10) will take the following form
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 2
 2 2 2 22 2
 2 2
 2 2
 0,Re Re
 14 0,
 Pr
 14 0,
 b b Gr GcF K FF K F K K
 c cb b
 K F K Fc cb b
 K F K FSc c c
 θ ϕ
 θ θ θ
 ϕ ϕ ϕ
 ′′′′ ′′− + + + =
 ′′ ′ ′− + =
 ′′ ′ ′− + =
 (3.63)
 (3.64)
 (3.65)
 subject to the boundary conditions
 ( ) ( )
 ( ) ( )
 12
 2
 1(0) 1, (0) , 0 1, 0 1,
 ( ) 0, 0, 0.
 bc
 F F dK
 F
 θ ϕ
 θ ϕ
 ∗′ = = − = =
 ′ ∞ = ∞ = ∞ =
 (3.66)
 The non-dimensional physical parameters appearing in Eqs. (3.63) - (3.66) are
 3
 0 0
 2
 3
 0
 2
 ( ) ( ), Re ,
 ( ),
 T w w
 C w
 g T T x L U u x LGr
 g T T x LGc
 β
 ν ν
 β
 ν
 = =
 =
 (3.67)
 and
 1/ 2
 0
 0
 ( ) ( ).
 ( )
 w w
 w
 v x U u x Ld
 U u x ν∗
 =
 (3.68)
 By incorporating Eq. (3.17) in Eq. (3.68) we get
 1/ 2
 0 0
 0
 .V U L
 dU ν
 ∗ =
 (3.69)
 Again d ∗ is a non-dimensional constant.
 Example 1
 In the case of rigid surface
 ( ) 0 at 0wv x y= =ɶ ɶ (3.70)
 For 12
 bc
 −= and 22K =
 the similarity variable and function is
 ( )12 1
 2exp( )
 , 2exp( ) ( ),2
 xy x Fη ψ η
 = =
 (3.71)
 whereas the surface velocity, temperature and mass concentration are
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 ( ) exp( ), ( ) exp(2 ), ( ) exp(2 ).w w wu x x T x x C x x= = = (3.72)
 With the above functions Eqs. (3.63) - (3.65) become
 22 2 2 0,
 14 0,
 Pr
 14 0,
 F FF F
 F F
 F FSc
 λθ λ ϕ
 θ θ θ
 ϕ ϕ ϕ
 ′ ∗′′′ ′′+ − + + =
 ′′ ′ ′+ − =
 ′′ ′ ′+ − =
 (3.73)
 (3.74)
 (3.75)
 and boundary conditions are
 ( ) ( )
 ( ) ( )
 (0) 1, (0) 0, 0 1, 0 1,
 ( ) 0, 0, 0,
 F F
 F
 θ ϕ
 θ ϕ
 ′ = = = =
 ′ ∞ = ∞ = ∞ =
 (3.76)
 where 2Re
 Grλ = and 2Re
 Gcλ∗ = .
 This is same as taken by Partha et al. [32] for mixed convection flow along
 exponentially stretching surface without considering the mass transfer. In that
 problem effects of viscous dissipation was examined that are not considered here.
 3.5 Conclusion
 Mixed convection flow with mass transfer over a stretching surface with suction or
 injection is studied in this chapter. Using Lie group analysis symmetries of equations
 are determined. Through invariance of boundary conditions we arrive at the
 possibility of two types of stretching velocities: power-law and exponential. In each
 case, similarity transformations are derived having arbitrary parameters and using
 these similarity transformations the original PDEs are converted into ODEs. For
 specific values of parameters of Lie group transformations the similarity variables and
 functions which are available in the literature become special case of our problem. It
 is noted that the use of integral power for stretching problems is not necessary in
 boundary conditions. Following same procedure now one can easily find the
 similarity variable and function of his own choice for the particular problem.
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 In this chapter, analytical and numerical solutions are presented for the flow of power-
 law fluid over a generalized stretching surface. In Part I of this chapter, we perform
 symmetry analysis of the governing equations keeping the boundary conditions
 invariant. Interestingly, this leads to the possibility of two types of stretching
 velocities for the flow of non-Newtonian power-law fluid. The stretching velocities so
 obtained are the power-law and the exponential stretching. The existence of power-
 law stretching for power-law fluid is already known in the literature while the
 exponential stretching is found for the first time. The rest of this chapter, consisting of
 Part II and III, deals with analytical solutions for the power-law and the exponential
 stretching for power-law fluid respectively.
 In Part II three objectives are achieved for the power-law stretching: (a) Finding
 analytical solution for the linear stretching in power-law fluid and comparing it with
 the numerical results for both shear thinning and thickening fluid in the range of
 values 0.1 < n < 1.9. A very good agreement is found between the two results. This
 situation was also discussed in [44], but the analytical solution matches with the exact
 numerical result for the power-law fluid lying in the range of values 0.5 < n < 1.5.
 Thus the class of power-law fluid giving the analytic solution is reasonably extended
 (b) Finding exact solution for some particular combination of values of power-law
 stretching index m and power-law fluid index n satisfying the relation 1 – m + 2 m n =
 0. (c) Finding asymptotic solution over an extended range of n for specific values of m
 different from unity.
 In Pat III, we deal with exponential stretching case. An exact analytical solution is
 obtained for shear thinning fluid (n = 1/2). This solution is further extended to cover a
 larger class of shear thinning fluids i.e., n ≈ 1/2, using perturbation method.
 Numerical solutions for shear thinning and thickening fluids for various values of
 suction/injection parameter are also presented. Some interesting physics of the skin
 friction coefficient and velocity profile is revealed.
 4.1 Formulation of the Problem
 In this section, we formulate the problem of two dimensional laminar flow of a steady
 incompressible non-Newtonian power-law fluid over a stretching surface. The flow is
 induced by the surface, which is in horizontal direction, that undergoes generalized
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 stretching with the velocity ( )wu xɶ . The x - axis is along the surface and y - axis is
 normal to the surface. The suction or injection velocity through the surface is denoted
 by ( )wv xɶ . Using Boussinesq approximations the appropriate governing equations of
 continuity and momentum for power-law fluid are:
 0u v
 x y
 ∂ ∂+ =
 ∂ ∂
 ɶ ɶ
 ɶ ɶ
 (4.1)
 1,
 x yu uu v
 x y y
 τ
 ρ
 ∂∂ ∂+ =
 ∂ ∂ ∂
 ɶ ɶɶ ɶɶ ɶɶ ɶ ɶ
 (4.2)
 where uɶ and vɶ are the components of velocity in xɶ and yɶ directions, ρ is the fluid
 density and τ is the stress tensor. Following the Ostwald-de-Waele model equation
 with parameters defined by Bird et al. [37], the shear stress component of power-law
 fluid can be written as
 ,
 n
 x yu
 Ky
 τ ∂
 = − − ∂
 ɶ ɶ
 ɶ
 ɶ
 where K is the consistency coefficient and n is the power-law index. In the
 constitutive equation n = 1 corresponds to Newtonian fluid, whereas n < 1 and n > 1
 correspond to shear thinning and shear thickening fluids, respectively.
 Substituting the value of stress, the governing momentum equation (4.2) becomes
 ,
 nu u K u
 u vx y y yρ
 ∂ ∂ ∂ ∂+ = − −
 ∂ ∂ ∂ ∂
 ɶ ɶ ɶɶ ɶɶ ɶ ɶ ɶ
 (4.3)
 The boundary conditions of the problem are given by:
 ɶ
 ɶ
 0 0( ), ( ), at 0,
 0, as ,
 w w
 x xu U u v V v y
 L L
 u y
 = = =
 → → ∞
 ɶ ɶɶ ɶ
 ɶ
 (4.4)
 Where 0U and 0V are the reference velocities and L is the characteristic length.
 Introducing the following non-dimensional parameters (see [38]):
 0
 0
 0 0
 1/ 12
 1/ 12
 , ,
 , ,
 nn
 nn
 U Lx yx y
 L L K
 U Lu vu v
 U U K
 +−
 +−
 = =
 = =
 ɶ ɶ
 ɶ ɶ
 (4.5)
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 Eqs. (4.1), (4.3) and (4.4) take the following form:
 0,u v
 x y
 ∂ ∂+ =
 ∂ ∂
 (4.6)
 ,
 nu u u
 u vx y y y
 ∂ ∂ ∂ ∂+ = − −
 ∂ ∂ ∂ ∂
 (4.7)
 1/ 12
 0 0
 0
 ( )0; ( ), ,
 ; 0,
 nn nw
 w
 V v x U Ly u u x v
 U K
 y u
 ρ+
 − = = =
 → ∞ =
 (4.8)
 Part I Symmetries and Similarity Transformations
 4.2 Symmetries of the Problem
 Using Lie group method [1-4] in Eqs. (4.6) and (4.7), the infinitesimal generator can
 be written as
 1 2 1 2 .Xx y u v
 ξ ξ φ φ∂ ∂ ∂ ∂
 = + + +∂ ∂ ∂ ∂
 (4.9)
 The infinitesimal Lie group point transformations which leave the Eqs. (4.6) - (4.7)
 invariant are given by
 2
 1
 2
 2
 2
 1
 2
 2
 ( , , , ) ( ),
 ( , , , ) ( ),
 ( , , , ) ( ),
 ( , , , ) ( ).
 x x x y u v O
 y y x y u v O
 u u x y u v O
 v v x y u v O
 εξ ε
 εξ ε
 εφ ε
 εφ ε
 ∗
 ∗
 ∗
 ∗
 = + +
 = + +
 = + +
 = + +
 (4.10)
 Employing a lengthy but straightforward algebra, the form of the infinitesimals is
 found to be:
 Equations (4.11) reveal that there are three finite-parameters a, b and c and one
 infinite Lie group transformations ( )xς for this problem. The parameter ‘a’
 1 2
 1 2
 ( 2), ( ),
 ( 1)
 (2 1), ( ).
 ( 1)
 b n ca bx y x
 n
 n c nbcu v u x
 n
 ξ ξ ς
 φ φ ς
 + −= + = +
 +
 − −′= = +
 +
 (4.11)
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 corresponds to the translation in the variable x, the parameter ‘b’ correspond to the
 scaling in the variables x, y and v whereas the parameter c corresponds to the scaling
 in the variables y, u and v. We will discuss only those symmetries which leave the
 boundary conditions invariant. For that, the infinitesimal generator X is applied on the
 boundary conditions (4.8) to arrive at the following differential equations:
 0,( )
 ww
 du cu
 dx a bx− =
 +
 (4.12)
 (2 1)0,
 ( 1)( )
 ww
 dv n c nbv
 dx n a bx
 − −− =
 + +
 (4.13)
 with the restriction ( ) 0=xς .
 The solution of Eqs. (4.12) and (4.13) provide the most general form of the invariant
 boundary conditions corresponding to b ≠ 0 and b = 0.
 For b ≠ 0, we have
 (2 1)( 1)
 1 2( ) ( ) , ( ) ( )
 n c nbcn bb
 w wu x A a bx v x A a bx− −
 += + = +,
 (4.14)
 and 0=b (a ≠ 0), we arrive at
 3 4
 (2 1)( ) exp( ), ( ) exp( ),
 ( 1)w w
 c n cu x A x v x A x
 a n a
 −= =
 +
 (4.15)
 where Ai (for i = 1, 2, 3 and 4) are constants of integration. Eqs. (4.14) and (4.15)
 clearly show the existence of two types of stretching velocities for the flow of power-
 law fluid namely, power-law stretching and exponential stretching. The power-law
 stretching has already been used in the literature [38-44], whereas exponential
 stretching has been discovered here for the first time.
 4.3 Similarity Transformations
 In this section, we find similarity transformations for both power-law and exponential
 stretching obtained in Eqs. (4.14) and (4.15).
 4.3.1 Power-law stretching (b ≠ 0)
 Taking advantage of the arbitrariness of the constants appearing in Eq. (4.11), we
 choose a, b and c as arbitrary while keeping ( ) 0=xς . This choice of the parameters
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 corresponds to the combination of translational and scaling symmetries .We note that
 a = 0 will give scaling symmetry only.
 Eqs. (4.10) yield the following characteristic equations:
 ( 2) (2 1)
 ( 1) ( 1)
 .( ) b n c n c nb
 n n
 dx dy du dv
 a bx cuy v+ − − −+ +
 = = =+
 (4.16)
 The similarity transformation can now be obtained by solving the first two equations
 of Eqs. (4.16). This gives us
 ( 2)( 1)
 1( )
 b n cn b
 y
 K a bxη
 + −+
 =
 +
 (4.17)
 and
 From Eqs. (4.14) and (4.18), we arrive at the following similarity transformation for u
 and v
 ( ) ( ), ( ) ( ).w wu u x f v v x Hη η′= = (4.19)
 where Ai (i = 1, 2) are taken as unity and H(η) will be determined from the continuity
 equation. Eqs. (4.19) emphasizes the requirement of defining u and v in terms of the
 stretching velocity of the surface and a non dimensional function. A fact which is well
 established in stretching problems of fluid dynamics.
 Using the continuity equation we can define stream function ψ in such a way that the
 following expressions are satisfied:
 , .u vy x
 ψ ψ∂ ∂= = −
 ∂ ∂
 (4.20)
 Eqs. (4.18) together with Eqs. (4.20) gives
 (2 1)( 1)
 1( ) ( ).n c bn bK a bx fψ η− ++= +
 (4.21)
 Two values of v, from Eqs. (4.19) and (4.20), will be consistent if
 1
 (2 1) ( 2)( ) [ ].
 ( 1) ( 1)
 n c b b n cH K f f
 n b n bη η
 − + + −′= − −
 + +
 (4.22)
 (2 1)( 1)( ) ( ), ( ) ( ).n c nbc
 n bbu a bx f v a bx Hη η− −
 +′= + = +
 (4.18)
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 Using the similarity transformations, the governing Eq. (4.7) and the boundary
 condition (4.8) for power-law fluid is conveniently transformed into a self-similar
 boundary value problem:
 2 1
 1 1
 1 1 (2 1)0
 ( 1)
 nn n c n c bn f f K f K ff
 b n b′ +− + − +
 ′′ ′′′ ′′− + =+
 (4.23)
 1
 (2 1)
 ( 1)
 1(0) 1, (0) , ( ) 0,n c b
 n b
 f f d fK
 ∗
 − ++
 ′ ′= = − ∞ =
 (4.24)
 In Eq. (4.24), we take
 1/ 12
 0 0
 0
 ,
 nn nV U Ld
 U K
 ρ+−
 ∗ =
 (4.25)
 which is a non-dimensional constant. The following examples, from the literature, are
 the special cases of the general similarity transformation presented in Eqs. (4.23) and
 (4.24).
 The quantity of physical interest, i.e., the skin friction coefficient in terms of
 transformed variable is given by
 [ ]2
 1/ 12
 2 (0) ,( )
 fw
 nx y nxC Re f
 u xρ
 τ− + ′′= = − −
 ɶ ɶ
 ɶɶ
 where x yτɶ ɶ
 is the shear stress defined earlier in section 4.1 and 2( ) /w
 n nxRe u x x Kρ −=ɶ
 ɶ ɶ
 is the “local Reynolds number”. As an additional benefit of the Lie group analysis,
 similarity transformations and similarity variables known from the literature are
 recovered as special cases of the similarity transformations derived in this chapter. Its
 description is given in the following examples.
 Examples
 1. Taking 0, 1, 0a b c= = = and 1 1K = in Eqs. (4.17), (4.18), (4.21), (4.23) and
 (4.24), we get
 1 1( 1) ( 1), ( ), ( ) 1.n n
 wyx x f u xη ψ η−+ += = =
 (4.26)
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 1 1( ) 0
 ( 1)
 nn f f ffn
 −′′ ′′′ ′′− + =+
 (4.27)
 (0) 1, (0) 0, ( ) 0,f f f′ ′= = ∞ = (4.28)
 This corresponds to Hassanien [42] (There is a typo mistake in [42] ) for the flow of
 power-law fluid over a nonisothermal stretching sheet.
 2. Similarly, if we take 0, 1, 0a b c= = = and 1
 1/( 1)( 1)
 nK n += + , we obtain
 [ ][ ]
 1( 1)
 1( 1)
 , ( 1) ( ), ( ) 1.( 1)
 nw
 n
 yn x f u x
 n xη ψ η+
 +
 = = + =+
 (4.29)
 1( ) 0
 nn f f ff−′′ ′′′ ′′− + = (4.30)
 (0) 1, (0) 0, ( ) 0,f f f′ ′= = ∞ = (4.31)
 This coincides with Zheng et al. [43] for power-law fluid flow along moving surface.
 3. In the same way, if we take 0, 1,a b c m= = = and 1 1K = , we get
 (2 1) 12 1( 1) ( 1), ( ) , ( ) .
 n mm mnn n
 wmyx x f u x xη ψ η
 − +− −+ += = =
 (4.32)
 21 (2 1) 10,
 ( 1)
 n n mn f f mf ff
 n′− − +
 ′′ ′′′ ′′− + =+
 (4.33)
 (0) 1, (0) 0, ( ) 0,f f f′ ′= = ∞ = (4.34)
 This boundary value problem is the one formulated by Andersson and Kumaran [44]
 for the sheet-driven motion of power-law fluid.
 4.3.2 Exponential stretching (b = 0)
 In this section, we establish the existence of exponential stretching for the flow of
 power-law fluid. We take a and c arbitrary and choose ( ) 0= =b xς in Eqs. (4.11).
 Physically, this choice corresponds to translation in the variable x and scaling in the
 variables y, u and v.
 The following characteristic equations are followed from Eq. (4.10):
 ( 2) (2 1)
 ( 1) ( 1)
 .n c n cn n
 dx dy du dv
 a cuy v− −+ +
 = = =
 (4.35)
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 Solving Eqs. (4.35), we get the following similarity transformation:
 2
 2exp ,
 1
 y c nx
 K a nη
 − =
 +
 (4.36)
 2 1exp ( ), exp ( ).
 1
 c c nu x f v x h
 a a nη η
 − ′= =
 +
 (4.37)
 Eqs. (4.15) and (4.37) for 1 ( 3, 4)iA i= = yield
 ( ) ( ), ( ) ( ).w wu u x f v v x hη η′= = (4.38)
 The corresponding stream function is given by
 2
 2 1exp ( ).
 1
 c nK x f
 a nψ η
 − =
 +
 (4.39)
 For consistency in the two forms of v we require
 2
 2 1 2( ) [ ].
 1 1
 c n nh K f f
 a n nη η
 − − ′= − +
 + +
 (4.40)
 Employing Eqs. (4.36) and (4.39), the governing boundary value problem finally
 transforms into:
 1 1 2 1
 2 2
 2 10,
 1
 n n nc c nn f f K f K ff
 a a n
 − + ′ + − ′′ ′′′ ′′− + =
 +
 (4.41)
 ( )2 12 1
 1(0) 1, (0) , ( ) 0.
 c na n
 f f d fK
 ∗
 −+
 ′ ′= = − ∞ =
 (4.42)
 Eqs. (4.41) and (4.42) are the required similarity equations for arbitrary exponential
 stretching for power-law fluid. To our understanding these similarity transformations
 along with the flow of power-law fluid over an exponentially stretching surface has
 not been discussed so far. However, the boundary layer flow along exponentially
 stretching surface for viscous fluid (n = 1) has been studied in [23-25].
 In what follows, we will present analytical solution for the power-law stretching
 surface and both the analytical and numerical solution for the “exponentially
 stretching surface in the flow of power-law fluid”.
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 Part II Power-law Stretching
 4.4 Analytical Solutions
 Andersson and Kumaran [44] formulated the boundary layer flow of non-Newtonian
 power-law fluid over a power-law stretching sheet. However, they presented
 numerical and series solution for linear stretching (m = 1) and presented a close match
 of the two solutions for the values of n in the range 0.7 < n < 1.3.
 Revisiting this problem, we find new analytical results for linear stretching which
 agree with the numerical solution over wider range of n given by 0.2 < n < 1.8. These
 values of n cover a wider class of non-Newtonian fluids starting from strongly shear
 thinning fluids to strongly shear thickening fluids. Further knowing that no analytical
 results are available for boundary layer flow of power-law fluid along nonlinear
 stretching (m ≠ 1) surface, we present the solution for suitable combinations of
 nonlinear parameters m and n. The range of the validity for different nonlinear values
 of n is extended through perturbation. A specific example is presented to elucidate the
 whole concept.
 4.4.1 Case 1: Linear stretching (m = 1)
 The background of the problem goes like this. Crane [16] presented the exact
 analytical solution of Eq. (4.33) for 1=m and 1=n . Andersson and Kumaran [44]
 gave the series solution of Eq. (4.33) for 1=m and 1≈n by solving the ODEs
 numerically using Runge-Kutta-Gill method. Here, we attempt to extend the range of
 n to include the rheological effects for larger class of shear thinning and shear
 thickening fluids.
 In [44], the form of series solution for solving boundary value problem (4.33) and
 (4.34) is assumed as
 0
 ( ; ) ( ) ,k
 kk
 f Fη ε η ε∞
 =
 =∑ (4.43)
 where 1= −nε is a small constant (positive or negative) that quantifies the deviation
 from the behavior of Newtonian fluid. With this assumption Eqs. (4.33) and (4.34)
 can be written as
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 2 2(1 )(1 )( ) 0,
 2f f f ffε ε
 εε
 +′′ ′′′ ′ ′′+ − − + =
 +
 (4.44)
 and
 (0) 1, (0) 0, ( ) 0.f f f′ ′= = ∞ = (4.45)
 From now onward we digress from [44] and adopt parametric differentiation
 technique [52] instead of series solution to reach at the analytic solution. Its necessity
 is felt because of the complication offered by the power term in the left hand side of
 the Eq. (4.44). The obtained analytical solution is found to agree with the numerical
 solution for larger n.
 Solution Methodology
 In parametric differentiation method equations for ( )kF η
 are obtained by
 differentiating the problem for ( , )f η ε with respect to ε and setting 0=ε . Here each
 ( )kF η satisfies
 0
 1 ( , )( ) .
 !
 k
 k k
 d fF
 k dε
 η εη
 ε=
 =
 (4.46)
 In particular 0 ( ) ( ,0)=F fη η and the zeroth-order problem is given by
 2
 0 0 0 0 0,F F F F′′′ ′ ′′− + = (4.47)
 subject to
 0 0 0(0) 0, (0) 1, ( ) 0.F F F′ ′= = ∞ = (4.48)
 This is similar to the problem considered by Crane [16] for viscous fluid over a
 linearly stretched surface. Eq. (4.47) possesses the exact analytical solution
 0( ) 1 exp( ).F η η= − − (4.49)
 After differentiating boundary value problem (4.44) and (4.45) with respect to ε and
 setting 0=ε , the first-order correction is given by
 ( ) 2
 1 0 1 0 1 0 1 0 0 0 0 0
 12 ln( ) 1 ln( ) ,
 2F F F F F F F F F F F F
 ′′′ ′′ ′ ′ ′′ ′′ ′′ ′′ ′+ − + = + − − + −
 (4.50)
 subject to
 1 1 1(0) (0) ( ) 0.F F F′ ′= = ∞ = (4.51)
 Substituting solution (4.49) in the Eq. (4.50), the analytical solution of Eq. (4.50) in
 the form of power series in η is given by
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 2 3 4 5 6
 1
 3 7 4 8 5 9 6 10
 7 11 8 12 8 13 9 14
 9 15 10 16
 ( ) 0.044141 0.166667 0.107845 0.038971 0.009845
 1.9491 10 3.3263 10 5.2604*0 7.401 10
 6.587 10 4.366 10 2.257 10 1.4367 10
 2.69 10 7.57 10
 F η η η η η η
 η η η η
 η η η η
 η η
 − − − −
 − − − −
 − −
 = − + − +
 − ∗ + ∗ − + ∗
 − ∗ − ∗ + ∗ + ∗
 − ∗ + ∗ − 11 17 11 18 11 192.45 10 5.4*10 2.02 10η η η− − −∗ − + ∗
 (4.52)
 and using Padé approximation, velocity is obtained as
 2 3 4 5
 6 7 8 11 9
 1 2 3 4 5 6
 7 8 3 9
 0.08828 0.54891 0.7194 0.49622 0.21994
 0.06376 0.00963 0.00693 1.651 10( )
 1 0.55406 0.12461 0.00055 0.01266 0.00913 0.02228
 0.01683 0.007456 2.311 10 5.464 1
 F
 η η η η η
 η η η ηη
 η η η η η η
 η η η
 −
 −
 − + − +
 − + − + ∗′ =
 − + − − + +
 + + + ∗ + ∗ 4 10 4 11
 5 12 6 13 7 14 8 15
 0 1.029 10
 1.569 10 1.968*10 1.954 10 1.053 10
 η η
 η η η η
 − −
 − − − −
 + ∗
 + ∗ + + ∗ + ∗
 (4.53)
 In the same way, second differentiation gives
 (1
 2 0 2 0 2 0 2 1 0 0 0 0 0 1 1 0 0 0 1
 0 0 0 1 0 0 0 0 0 0
 0 0
 2 2
 2
 2
 32 ln( ) 2 2 ln( )
 2
 1 1 1 1ln( ) ln( ) ln( )
 2 4 2 2
 11 ln( ) ln( )
 2
 F F F F F F F F F F F F F F F F F F F
 F F F F F F F F F F
 F F
 − ′′′ ′′ ′ ′ ′′ ′ ′′ ′′ ′′ ′ ′ ′ ′′ ′+ − + = − − + + − + + − − −
 ′′ ′′ ′′ ′′ ′′ ′′+ + − + − − − − −
 ′′ ′′+ + − + −
 0
 2,F′
 (4.54)
 with boundary conditions
 2 2 2(0) (0) ( ) 0.F F F′ ′= = ∞ = (4.55)
 The analytical solution of Eq. (4.46) in the form of power series in η is given by
 2 3 4
 2
 5 6 7
 ( ) 0.091354 0.181380 0.169380
 0.097108 0.036468 0.009774
 F η η η η
 η η η
 = − + −
 + − +
 (4.56)
 using Padé approximation, the resulting expression of 2 ( )′F η is
 2 10 3
 2 2 3 4
 .182707 0.20887 2.165994 10( )
 1 1.834998 1.756783 1.084931 0.395442F
 η η ηη
 η η η η
 −− + − ∗′ =
 + + + +
 (4.57)
 Similarly, one can find solution of the equations for higher order differentiation. We
 have done it for seventeenth differentiation by using software Maple.
 The skin friction which is proportional to (0)′′− f is determined by taking derivatives
 of velocities ( )′kF η for 0,1, ,17= …k and substituting 0=η which is obtained as
 2 3 4 5
 6 7 8 9 10
 11 12 13 14 15
 16 1
 (0) 1 0.088283 0.182707 0.262154 0.286757 0.305031
 0.319438 0.33179 0.343157 0.353802 0.3638389
 0.373319 0.382274 0.390731 0.398718 0.40626
 0.413382 0.420106
 f ε ε ε ε
 ε ε ε ε ε
 ε ε ε ε ε
 ε ε
 ′′− = − + − + −
 + − + − +
 − + − + −
 + − 7
 (4.58)
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 Figure 4.1: Values of the skin friction – f″″″″ (0) versus n in accordance with the numerical and
 series solution presented in [44] and analytical solution obtained in Eq. (4.58) for εεεε ∈∈∈∈ [-0.5, +0.5]
 Figure 4.2: Values of the skin friction – f″″″″ (0) versus n in accordance with the numerical solution
 presented in [44] and analytical solution obtained in Eq. (4.58) for εεεε ∈∈∈∈ [-0.9, +0.9]
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 Fig. 4.1 represents the comparison of series solution discussed by Andersson and
 Kumaran [44] and the analytical results obtained here with the numerical data when
 1 0.5− ≈n . From figure it is clear our results provide much close approximation to
 the numerical results. In Fig. 4.2, we have shown the effects of power-law index n on
 (0)′′− f for 0.1 1.9≤ ≤n . It is observed that with the increase in n the skin friction
 decreases over the whole n - range. Analytical results for wider range of n are close to
 numerical results as shown in Fig. 4.2.
 4.4.2 Case 2: Nonlinear Stretching (m ≠ 1)
 4.4.2.1 Exact Solutions
 So far no attempt has been made to find an exact analytical solution for stretching
 surface having power-law velocity index m other than unity. In this section some
 exact solutions are presented for different combinations of power-law fluid index n
 and power-law velocity index m. The general solution of the nonlinear boundary
 value problem (4.33) and (4.34) can interestingly be found for the values of m and n
 satisfying the following condition
 1 2 0.m mn− + = (4.59)
 Under the condition (4.59), Eqs. (4.33) and (4.34) can be directly integrated to the
 exact solution given by
 1 21 1 2
 1 11 3 (1 ) 2( ) 1 1 .
 1 2 (1 ) 3 1
 nnn nn n m n n
 fn m n n n
 η η
 −−
 + + + + −
 = + − − + +
 (4.60)
 The non-dimensional velocity and the skin friction are correspondingly given by
 11 2
 1(1 ) 2( ) 1 ,
 3 1
 nn
 nm n nf
 n nη η
 +−
 + + − ′ = + +
 (4.61)
 11(1 )
 (0) .3
 nm nf
 n
 ++ ′′− =
 (4.62)
 4.4.2.2 Extension of analytical solutions
 After presenting the exact solution for certain values of n and m satisfying (4.59), we
 try to extend the range of validity of n by perturbing it around some discrete value of
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 n say 1n . This would be analogous to the work presented in section 1, where the
 perturbation is made around 1=n .
 For that, we once again assume the solution of the form
 2 3
 0 1 3 3( ; ) ( ) ( ) ( ) ( ) ,f F F F Fη ε η ε η ε η ε η= + + + + ⋅ ⋅⋅ (4.63)
 Where 1= −n nε is the small perturbation from non-Newtonian fluid behavior. Here
 1n is the power-law index that satisfies Eq. (4.59) for a particular m . Therefore, Eqs.
 (4.33) and (4.34) can be written as
 2
 1
 1
 1 1 2( )( ) 0,
 1
 n mn f f mf ff
 nε ε
 εε
 + −′′ ′′′ ′ ′′+ − − + =+ +
 (4.64)
 (0, ) 1, (0, ) 0, ( , ) 0,f f fε ε ε′ ′= = ∞ = (4.65)
 In what follows, we present the solution for specific example.
 Example
 Let us consider 5=m and 0.4=n . For this combination of m and n , Eq. (4.59) is
 identically satisfied. Thus using these values of m and n in Eq. (4.60), the exact
 solution of boundary value problem (4.33) and (4.34) can be written as
 15 5 87 76 35 8
 ( ) 7 1 1 .35 6 7
 f η η
 = + −
 (4.66)
 and the skin friction is given by
 5/735
 (0)6
 ′′− =
 f .
 For 5=m and 0.4≈n , consider 1 0.4=n then Eqs. (4.64) and (4.65) becomes
 20.6 10(0.4 )( ) 5 0,
 1.4f f f ffε ε
 εε
 −′′ ′′′ ′ ′′+ − − + =+
 (4.67)
 subject to
 (0, ) 1, (0, ) 0, ( , ) 0.f f fε ε ε′ ′= = ∞ = (4.68)
 Each ( )kF η , for 0,1, 2,3,= …k in solution (4.63) will be obtained using parametric
 differentiation method. Therefore, the zeroth order problem is:
 0.6 2
 0 0 0(0.4)( ) 5 0,F F F−′′ ′′′ ′− − = (4.69)
 subject to
 0 0 0(0) 0, (0) 1, ( ) 0.F F F′ ′= = ∞ = (4.70)
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 The exact solution of Eq. (4.69) subject to boundary conditions (4.70) is same as
 given in Eq. (4.66).
 By differentiating Eqs. (4.67) and (4.68) with respect to ε and setting 0=ε , the first-
 order correction is given by
 1250 072
 1 0 0 1 0 0 1 0 2 125 250 04 2
 3 325 5 5
 15( ) 25( ) ( ) ,
 ln( )2
 F FF F F F F F F F
 F F′′− ′′− −
 ′′′ ′′ ′′ ′ ′ ′′+ − − − = − ′ ′′+ −
 (4.71)
 subject to
 1 1 1(0) (0) ( ) 0.F F F′ ′= = ∞ = (4.72)
 Substituting 0 ( )F η and its derivatives in Eq. (4.71), the analytical solution of Eq.
 (4.71) in form of power series in η is given by
 2 3 4 5
 1
 6 7 8 5 9
 ( ) 3.2666 21.6128 106.1886 475.107
 2039.626 8567.111 35525.198 1.46 10 ,
 F η η η η η
 η η η η
 = − + − +
 − + − ∗
 (4.73)
 and using Padé approximation, velocity is obtained as
 2 3 4 4
 1 2 3 4
 6.533245 0.825304 11.232608 0.21486 10( ) .
 1 10.0507 33.0133 37.8041 10.2016F
 η η η ηη
 η η η η
 −+ − − ∗′ =
 + + + +
 (4.74)
 Similarly, second differentiation gives
 ( ) ( )
 2
 2 0 0 2 0 0 2
 2 2 2 13 2000 0 1 0 0 0 12 7
 1 2 2125 15 250 0 0 1 14 2 2
 0 125 5625 1250 0 1 0 0 02 98 7
 6258
 325 5
 35
 15( ) 25( )
 2
 ( ) [ 15( )
 ln( )( ) ]( )
 25 ln( ) ln( )
 F F F F F F F
 F F F F F F F
 F F F F FF
 F F F F F F
 − −
 −
 −′′′ ′′ ′′ ′′ ′ ′+ − − − =
 ′′ ′ ′′ ′′ ′ ′− − −
 ′′ ′′ ′ ′′ ′− + − +′′−
 ′′ ′ ′ ′′ ′′− + − + + −
 + +( )2 2125 25 1250 0 0 0 14 4 7
 ,
 ln( ) ln( )F F F F F
 ′′ ′′ ′ ′′− + − −
 (4.75)
 subject to boundary conditions
 2 2 2(0) (0) ( ) 0.F F F′ ′= = ∞ = (4.76)
 The analytical solution of Eq. (4.75) in form of power series in η is given by
 2 3 4 5
 2( ) 9.625125 84.69971 580.4198 3403.708 ,F η η η η η= − + − + (4.77)
 using Padé approximation, the resulting expression of 2 ( )′F η is
 7 2
 2 2
 19.25025 1.81146 10( ) .
 1 13.19978 53.62915F
 η ηη
 η η
 −− + ∗′ =
 + +
 (4.78)
 Similarly the solutions of the equations for higher order differentiation can easily be
 found. We have done it up to eleventh order differentiation by using software Maple.
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 By taking derivatives of velocities ( )′kF η , for 0,1, ,11= …k , and substituting 0=η
 the skin friction is obtained as
 5/7
 2 3 4
 5 6 7 8
 9 10 11
 35(0) 6.53325 19.2503 43.6635 106.5331
 6
 331.9505 874.7328 2285.1576 5935.64
 15353.6819 39497.9993 100000.0115
 f ε ε ε ε
 ε ε ε ε
 ε ε ε
 ′′− = − + − +
 − + − +
 − + −
 (4.79)
 The computed analytical results for stretching parameter 5=m are plotted graphically
 in Figs. 4.3 and 4.4. Fig. 4.3 shows the velocity profile against the similarity variable
 η for various values of parameter n. We observe from Fig. 4.3 that the boundary layer
 thickness increases as n decreases. Interestingly, intersections in the graph of velocity
 profiles are found near to the η-axis as highlighted by the insertion of Fig. 4.3, where
 these intersections are found to occur at about 0.6η = . This phenomena is quite
 similar as discussed by Andersson and Kumaran [44] for 1=m . As a result of these
 intersections the surface velocity gradient and the boundary layer thickness are found
 to increase with decreasing n. The variation of skin friction is illustrated in Fig. 4.4. It
 is observed that the values of (0)′′− f increases with the decrease of n.
 Figure 4.3: Similarity velocity profiles for different values of n with stretching parameter m = 5.
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 Figure 4.4: Variation of the skin friction – f″″″″ (0) against power-law index n according to the
 analytical solution obtained in Eq. (4.71) for |n - 0.4| ≈≈≈≈ 0.3 and m = 5
 In what follows, we will present analytical and numerical solution for the
 exponentially stretching surface in power-law fluid. The results can be seen as the
 generalization of viscous fluid [23] to the power-law fluid both in terms of similarity
 transformations and the solution of flow problem.
 Part III Exponential Stretching
 4.5 Analytical and Numerical Solutions
 We revert to the problem defined in section 4.2 for the generalized stretching in the
 flow of power-law fluid. Let the flow is induced by an exponential stretching of the
 surface. This implies that
 ( ) exp( ) at 0.wu x x y= =
 (4.80)
 The similarity transformations for this choice of ( )wu x can be obtained from Eqs.
 (4.36) and (4.39) by taking 1a c= = and 2
 1/( 1)2
 nK += , giving
 ( ) ( )2
 211exp( ) 2 1
 , 2 exp ( ).2 1
 nnn
 nx ny x f
 nη ψ η
 −−++ −
 = = +
 (4.81)
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 Using Eq. (4.81) in the governing boundary value problem (4.7) and (4.8), or
 invoking 1a c= = and 2
 1/( 1)2 nK += in Eqs. (4.36), (4.39), (4.40) and (4.41), we get the
 form of vw (x) given as
 1
 12 1 2 1 2
 ( ) 2 exp .1 1 1
 nw
 c n n nv x x f f
 a n n nη+
 − − − ′= − + + + +
 and the following self-similar equations:
 21 2 12 2 0,
 1
 n nn f f f ff
 n
 − − ′′ ′′′ ′ ′′− + =
 +
 (4.82)
 (0) 1, (0) , ( ) 0.wf f f f′ ′= = ∞ =
 (4.83)
 In the transformed boundary conditions (4.83) we take
 0 0
 0
 1/ 12
 ,w
 nn nV U Lf
 U K
 ρ+−
 =
 which is the suction/injection parameter with fw > 0 is for suction, fw < 0 is for
 injection and fw = 0 corresponds to an impermeable surface. It is important to note that
 Eqs. (4.80) to (4.83) for n = 1 are the similarity equations for viscous fluid given by
 Magyari and Keller [23].
 The skin friction at the sheet is given by
 [ ]2
 2
 1
 1/ 112
 2 (0) ,( )
 fw
 n nnx y nn
 LC Re fu xρ
 τ − +− ++ ′′= = − −
 ɶ ɶ
 ɶ
 (4.84)
 where x yτɶ ɶ
 is the shear stress defined earlier in section 4.1 and 2 ( ) /wn n
 LRe u x L Kρ −= ɶ
 is the Reynolds number.
 4.5.1 Exact solution
 For n = 1/2, the boundary value problem (4.82) and (4.83) is rewritten as:
 1/ 2 21( ) 2 0,
 2f f f− ′′′ ′′′− − =
 (4.85)
 (0) 1, (0) , ( ) 0.wf f f f′ ′= = ∞ =
 (4.86)
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 Interestingly, the above boundary value problem allows an exact analytical solution:
 2/3
 2/3
 1ln(1 2 ) .
 2wf fη= + +
 (4.87)
 The solution given in Equation (4.87) is presented first time in the discussion of
 power-law fluid over stretching surface.
 4.5.2 Numerical results
 We use Keller box method (see [53]) to find numerical solutions of the self-similar
 problem (4.82), subject to the boundary conditions (4.83). Firstly, Eq. (4.82) is
 transformed into a system of first order differential equations, where the derivatives
 are approximated by center-difference scheme, and then this system is solved using
 finite difference method. Fig. 4.5 shows the comparison of exact solution of similarity
 function ( )f η given in Eq. (4.87) with the numerical solution obtained by Keller box
 method for various values of wf while n = 1/2. The comparison shows good
 agreement between the two solutions in all cases, i.e. suction, injection and
 impermeable surface. The velocity profile ( )f η′ for different values of power-law
 index n for fixed suction/injection parameter are shown in Figs. 4.6 and 4.7,
 respectively (only the interval 1< η < 10 is shown). In both the cases, it is observed
 that the velocity profiles change dramatically as n is varied. The boundary layer
 thickness for the considered type of power-law fluid is found to be different from the
 Newtonian (viscous) fluid, i.e. n = 1. It is observed that in case of suction (Fig. 4.6),
 the boundary layer thickness decreases with increasing values of n. But in the case of
 injection (Fig. 4.7) an interesting behavior occurs since the intersections in the graph
 of velocity profiles are found near to the η-axis, where these intersections are found to
 appear at about η = 0.3. Fig. 4.8 shows that the velocity in the region close to the
 surface (η < 1) increases as n is increased but the opposite behavior occurs after the
 intersections where boundary layer thickness is found to increase with decreasing n as
 shown in Fig. 4.7.
 The effects of suction/injection parameter fw on the velocity profile for different
 values of power-law index n are shown in Fig. 4.9. It is found that the exponent n
 reduces the boundary layer thickness. It is surprising to note that the boundary layer
 thickness increases with increasing value suction/injection parameter fw when the fluid
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 is strongly shear thinning ( n < 0.5) but the reverse behavior is observed for weakly
 shear thinning fluid ( n > 0.5). Interestingly when n = 0.5 the suction/injection
 parameter plays no role in the variation of velocity profile.
 An important physical quantity in the boundary layer flow is the skin friction Cf
 which is proportional to (0)f ′′− . The computed numerical values of skin friction
 (0)f ′′− for various values of suction/injection parameter fw and power-law index n are
 presented in Table 4.1. It is found that (0)f ′′− decreases as the power-law index n
 increases. As like velocity profile the surprising effects of suction/injection parameter
 fw on the skin friction for different values of power-law index n are observed. The skin
 friction parameter (0)f ′′− decreases with increasing value suction/injection
 parameter fw when the fluid is strongly shear thinning (n < 0.5) but for weakly shear
 thinning fluid (n > 0.5) the behavior occurs in opposite manner. In the same way as in
 the discussion of velocity profile the suction/injection parameter makes no change in
 the skin friction when n = 0.5.
 Figure 4.5: Comparison of exact solution (4.87) with numerical solution for several values of fw.
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 Figure 4.6: Similarity velocity profiles for different values of n for fw = 0.5.
 Figure 4.7: Similarity velocity profiles for different values of n for fw = -0.5.
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 Figure 4.8: Similarity velocity profiles for different values of n for ηηηη ≤ 1 and fw = -0.5.
 Figure 4.9: Similarity velocity profiles for different values of n and fw = 0.5.
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 Table 4.1: Variation of skin friction – f″″″″ (0) for various values of suction/injection parameter fw and power-law index n
 n 0.5wf = − 0.0wf = 0.5wf =
 0.1 88.93013 5.143799 1.922029
 0.2 5.306029 2.824169 1.793297
 0.3 2.707339 2.107295 1.693377
 0.4 1.940315 1.773556 1.627900
 0.5 1.587424 1.587424 1.587424
 0.6 1.389041 1.472572 1.563647
 0.7 1.264091 1.397095 1.550888
 0.8 1.179441 1.345371 1.545014
 0.9 1.119094 1.308683 1.542392
 1.0 1.074423 1.281815 1.540291
 1.1 1.040379 1.261482 1.537130
 1.2 1.013826 1.245582 1.532305
 1.3 0.992721 1.232762 1.525780
 1.4 0.975685 1.222110 1.517785
 1.5 0.961756 1.213094 1.508633
 1.6 0.950245 1.205248 1.498641
 1.7 0.940651 1.198310 1.488084
 1.8 0.932595 1.192083 1.477200
 1.9 0.925790 1.186425 1.466162
 2.0 0.919946 1.181255 1.455125
 The observations discussed in this section are presented for the first time in the
 discussion of flow of power-law fluid along stretching surface and also supported by
 the analytical solution given in Eq. (4.87). We note that numerical solution for flow of
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 viscous fluid for exponential stretching given by Magyari and Keller [23] is recovered
 for n = 1.
 4.5.3 Analytical solution
 In this, we will present analytical solution for shear thinning fluid (0 < n < 1).
 Let ε = n – 1/2 be a small perturbation in n = 1/2. Then, Eq. (4.82) can be rewritten as
 122
 32
 1 2( )( ) 2 2 02
 f f f ffε ε
 εε
 − ′′ ′′′ ′ ′′+ − − + =
 +
 (4.88)
 We express ( , )f η ε in power series representation as follows:
 0
 ( , ) ( , ),k
 k
 f F kη ε ε η∞
 =
 =∑
 (4.89)
 where ( , )F kη is the differential transform of the kth derivative of ( , )f η ε defined by
 0
 1 ( , )( , ) ,
 !
 k
 k
 d fF k
 k dε
 η εη
 ε=
 =
 (4.90)
 Nth-order approximation of the function ( , )f η ε can be obtained from equations
 (4.89) and (4.90):
 0 0
 1 ( , )( , ) .
 !
 kNk
 kk
 d ff
 k dε
 η εη ε ε
 ε= =
 =
 ∑
 (4.91)
 where ( ,0) ( ,0)F fη η= . For sake of simplicity we denote ( , ) kF k Fη = and
 0( ,0)F Fη = . Rearranging the terms of equation (4.88), we have
 12
 2
 312 2
 ( ) 22 2 .
 ( )
 ff f ff
 εε
 ε ε
 − ′′−′′′ ′ ′′= − − + + +
 (4.92)
 The zeroth, the first and the second order systems in ε are given by:
 122
 0 0 04( )F F F′′′ ′′ ′= − (4.93)
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 0 0 0(0) 1, (0) , ( ) 0,wF F f F′ ′= = ∞ = (4.94)
 ( )( )1 1 1
 2 22 2 21 0 0 1 0 0 1 0 0 0 0 0
 162( ) 8( ) ( ) 8 4ln
 3F F F F F F F F FF F F
 − ′′′ ′′ ′ ′′ ′′ ′ ′ ′′ ′′ ′′ ′+ − − − = − − − + −
 (4.95)
 1 1 1(0) 0, (0) 0, ( ) 0,F F F′ ′= = ∞ = (4.96)
 and
 ( )( ) ( )( )
 ( ) ( )( )
 1 122 2
 2 0 0 2 0 0 2
 2 2 2 1
 0 0 1 0 0 0 1
 1 2 2
 0 0 0 1 112
 00 0 1 0 0 0
 2 2
 0 0 0
 12
 128 169 3
 1
 2( ) 8( )
 ( ) [ 8 4( )
 8 2 ln( )( ) ] 4
 ( ) 16 8ln ln
 16 8ln 2 ln
 F F F F F F F
 F F F F F F F
 F F F F FF F F F F F F
 F F F
 − −
 −
 −′′′ ′′ ′ ′′ ′′ ′ ′+ − − − =
 ′′ ′ ′′ ′′ ′ ′− + − +
 ′′ ′′ ′ ′′ ′− + − +′′− ′′ ′ ′ ′′ ′′− + − + + −
 ′′ ′′ ′+ + − + − − 0 163
 F F
 ′′
 (4.97)
 2 2 2(0) 0, (0) 0, ( ) 0.F F F′ ′= = ∞ = (4.98)
 The solution of zeroth order system is
 0
 2/3
 2/3
 1ln(1 2 ) .
 2wF fη= + +
 (4.99)
 To obtain further terms in series solution we have taken 0wf = for convenience. The
 solution of first and second order systems can be conveniently written as
 2 3 4 5 6
 1
 7 8 9 10 11
 12 13 14 15
 ( ) 0.715 2.446 5.295 9.984 17.707
 30.384 51.109 84.861 139.644 228.309
 371.471 602.164 973.285 1569.468 ,
 F η η η η η η
 η η η η η
 η η η η
 = − + − +
 − + − + −
 + − + −
 (4.100)
 2 3 4 5
 2
 6 7 8 9
 ( ) 1.714 6.736 19.784 49.049
 109.542 228.506 454.743 874.754 ,
 F η η η η η
 η η η η
 = − + − +
 − + − +
 (4.101)
 Using Padé approximation, velocity fields are expressed as
 2 3 4 5 6 5 7
 1 2 3 4 5 6 7
 1.430 1.594 2.447 3.746 1.300 0.099 0.966 10( ) ,
 1 6.249 15.546 19.542 12.963 4.291 0.587 0.0189F
 η η η η η η ηη
 η η η η η η η
 −+ − − − − + ∗′ =
 + + + + + + +
 (4.102)
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 2 3 8 4
 2 2 3 4
 3.429 1.129 5.590 8.992 10( ) .
 1 5.564 11.343 9.943 3.107F
 η η η ηη
 η η η η
 −− + − − ∗′ =
 + + + +
 (4.103)
 Using Eqs. (4.99) - (4.103) in Eq. (4.91), we obtain
 22 3 43
 23
 5 6 7 8
 9 10 11 12
 13 14 15
 2 2 3 4 5
 1( ) ln(1 2 ) (0.715 2.446 5.295
 2
 9.984 17.707 30.384 51.109
 84.861 139.644 228.309 371.471
 602.164 973.285 1569.468 )
 ( 1.714 6.736 19.784 49.049
 109.
 f η η ε η η η
 η η η η
 η η η η
 η η η
 ε η η η η
 = + + − +
 − + − +
 − + − +
 − + −
 + − + − +
 − 6 7 8 9542 228.506 454.743 874.754 ) ,η η η η+ − + + ⋅⋅⋅
 (4.104)
 and
 2 3 4 5 6 5 7
 2 3 4 5 6 7
 2 3 8 42
 2
 1 1.430 1.594 2.447 3.746 1.300 0.099 0.966 10( )
 1 2 1 6.249 15.546 19.542 12.963 4.291 0.587 0.0189
 3.429 1.129 5.590 8.992 10
 1 5.564 11.343 9.943
 fη η η η η η η
 η εη η η η η η η η
 η η η ηε
 η η
 −
 −
 + − − − − + ∗′ = +
 + + + + + + + +
 − + − − ∗+
 + + + 3 43.107η η
 +⋅⋅⋅
 +
 (4.105)
 The skin friction (0, )′′− f ε which is determined by taking derivatives of velocities
 ( )′iF η for 1, 2, … , 13 and substituting η 0 , is obtained as
 2/3 2 3 4
 5 6 7 8
 9 10 11
 12 13 14
 (0, ) 2 -1.430 +3.429 -7.463 +15.682
 -32.687 +67.733 -139.694 +286.972
 -587.557 +1199.563 -2443.080
 +4965.253 -10072.957 +20402.677 .
 f ε ε ε ε ε
 ε ε ε ε
 ε ε ε
 ε ε ε
 ′′− =
 (4.106)
 We have shown the effects of power-law index n on the skin friction (0)′′− f in Fig.
 4.10 for [ 0.4, 0.4]∈ − +ε . The lines in Fig. 4.10 represent the analytical series solution
 (4.106) for second, third up to thirteen order terms. Here, the analytical solution
 shows a linearly decrease in the values of (0)′′− f with n which is straying
 considerably from the numerical results when 1/ 2 0.4− ≈n . The analytical solution
 presented in Eq. (4.106) is matching closely with the numerical data (given in Table
 4.1) and depicts a monotonically decreasing behavior of (0)′′− f for the whole n -
 range .
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 Figure 4.10: Variation of the skin friction – f″″″″ (0) against power-law index n according to the series solution (4.106) for fw = 0. Circles represent accurate numerical solutions (Table 4.1).
 4.6 Conclusion
 Boundary layer flow of non-Newtonian power-law fluid over a generalized stretching
 surface is studied in this chapter. Symmetries of equations are determined through Lie
 group analysis. By applying these similarity variables and functions, governing PDEs
 are converted into ODEs. The similarity variables and functions used in the literature
 are shown to be special cases of this work. New similarity variables and functions are
 discovered for exponential stretching of the surface. The transformed ODEs are
 solved analytically. An exact solution for n = 1/2 and a series solution for 0.1 < n <
 0.9 are developed in case of shear thinning fluids. To ensure an appropriate degree of
 confidence on analytic results, numerical solution is also presented. The two solutions
 match very well. Analytical solutions of shear thickening fluids are not tractable and
 numerical solution are presented to cover the whole range of power-law fluids. It is
 observed that the skin friction decreases as the power-law index n increases both in
 shear thinning and thickening fluids. This phenomenon is quite similar to the flow of
 power-law fluid over power-law stretching surface [44]. However, a rapid decrease in
 the skin friction is witnessed for exponential stretching which is but natural.
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 This chapter discusses Lie group analysis of the flow and heat transfer of Powell-
 Eyring fluid over a stretching surface in the presence of variable surface temperature.
 The stretching velocity and the surface temperature are taken as arbitrary functions.
 Application of infinitesimal generator to the governing equations and the boundary
 conditions leads us to the forms of stretching velocity and surface temperature
 proportional to x1/3 and xm, respectively. The governing partial differential equations
 are transformed to nonlinear ordinary differential equations by using the similarity
 transformations. Numerical results are obtained by means of Keller box method.
 Comparison with previously published work is found to be in good agreement. The
 effects of various parameters on physical quantities are plotted and discussed
 5.1 Problem Formulation
 We consider a two dimensional laminar flow of a steady incompressible non-
 Newtonian Powell-Eyring fluid over a semi-infinite plate stretching with velocity
 ( )wu xɶ . The plate is permeable/porous along horizontal direction and the
 suction/injection velocity on the plate is given by ( )wv xɶ . The surface temperature and
 the ambient temperature are ( )wT xɶ
 and T∞ respective. Using Boussinesq
 approximations the equations of continuity, momentum and energy are:
 0,u v
 x y
 ∂ ∂+ =
 ∂ ∂
 ɶ ɶ
 ɶ ɶ
 (5.1)
 1,
 xyu uu v
 x y y
 τ
 ρ
 ∂∂ ∂+ =
 ∂ ∂ ∂
 ɶɶɶ ɶɶ ɶɶ ɶ ɶ
 (5.2)
 2
 2,T
 T T Tu v
 x y yα
 ∂ ∂ ∂+ =
 ∂ ∂ ∂
 ɶ ɶ ɶ
 ɶ ɶɶ ɶ ɶ
 (5.3)(
 where uɶ and vɶ are the components of velocity in xɶ and yɶ directions, ρ is the fluid
 density, αT is the thermal diffusivity and τ is the stress tensor. The shear stress
 component of the extra stress tensor for Powell-Eyring [58] fluid can be written as:
 11 1,xy
 u uSinh
 y C yτ µ
 β− ∂ ∂
 = + ∂ ∂
 ɶ ɶ
 ɶ ɶ
 ɶ ɶ
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 in which µ is the dynamic viscosity, β and C are the material fluid parameters.
 Considering Taylors expansion of the form [62]:
 3
 1 1 1 1 1 1, 1,
 6
 u u u uSinh
 C y C y C y C y− ∂ ∂ ∂ ∂
 ≅ − << ∂ ∂ ∂ ∂
 ɶ ɶ ɶ ɶ
 ɶ ɶ ɶ ɶ
 and substituting the value of stress, the governing momentum Eq. (5.2) becomes
 22 2
 2 3 2
 1 1,
 2
 u u u u uu v
 x y C y C y yν
 ρβ ρβ
 ∂ ∂ ∂ ∂ ∂+ = + −
 ∂ ∂ ∂ ∂ ∂
 ɶ ɶ ɶ ɶ ɶɶ ɶɶ ɶ ɶ ɶ ɶ
 (5.4)
 We assume Taylors expansion of 1 1 uSinh
 C y− ∂
 ∂
 ɶ
 ɶ to work at O
 3
 1 u
 C y
 ∂
 ∂
 ɶ
 ɶ while
 neglecting the terms of O
 5
 1 u
 C y
 ∂
 ∂
 ɶ
 ɶ. Rationale of this assumption to is to work at a
 reasonable level of difficulty in the governing equation (5.2), without compromising
 much on the fluid properties of the Powell-Eyring fluid model.
 The boundary conditions of the problem are given by:
 Where 0U and 0
 V are the reference velocities, 0T
 is the reference temperature and L is
 the characteristic length.
 Introducing the following non-dimensional parameters
 1/2
 0
 0
 1/2
 0
 0 0
 , , ,
 , ,
 U L T Tx yx y T
 L L T
 U Lu vu v
 U U
 ν
 ν
 ∞− = = =
 = =
 ɶɶ ɶ
 ɶ ɶ
 (5.6)
 Eqs. (5.1), (5.4) and (5.3) take the following form:
 0 0 0( ), ( ), ( ) at 0,
 0, as .
 w w w
 x x xu U u v V v T T T T y
 L L L
 u T T y
 ∞
 ∞
 = = − = =
 → → → ∞
 ɶ ɶ ɶɶɶ ɶ ɶ
 ɶɶ ɶ
 (5.5)
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 0,u v
 x y
 ∂ ∂+ =
 ∂ ∂
 (5.7)
 ( )22 2
 2 21 ,
 u u u u uu v
 x y y y yε εδ
 ∂ ∂ ∂ ∂ ∂+ = + −
 ∂ ∂ ∂ ∂ ∂
 (5.8)
 2
 2
 1,
 Pr
 T T Tu v
 x y y
 ∂ ∂ ∂+ =
 ∂ ∂ ∂
 (5.9)
 and boundary conditions are transformed as:
 *0; ( ), ( ), ( )
 ; 0, 0,
 w w wy u u x v d v x T T x
 y u T
 = = = =
 → ∞ = =
 (5.10)
 Where ε and δ are the fluid parameters, Pr is the Prandtl number and d* is a non-
 dimensional constant. These parameters are defined as;
 1/23* 0 0
 2
 0
 1, , Pr , .
 2 T
 V U LUd
 C LC U
 νε δ
 ρνβ ν α ν∞
 = = = =
 (5.11)
 5.2 Determination of the Symmetries
 By using Lie group method [1-4] to Eqs. (5.7) - (5.9), the infinitesimal generator that
 generates the Lie group of transformation and leaves the problem invariant can be
 written as
 1 2 1 2 3Xx y u v T
 ξ ξ φ φ φ∂ ∂ ∂ ∂ ∂
 = + + + +∂ ∂ ∂ ∂ ∂
 Our requirement is that the Eqs. (5.7) - (5.9) remain invariant under the infinitesimal
 Lie point transformations
 2
 1
 2
 2
 2
 1
 2
 2
 2
 3
 ( , , , , ) ( ),
 ( , , , , ) ( ),
 ( , , , , ) ( ),
 ( , , , , ) ( ),
 ( , , , , ) ( ).
 x x x y u v T O
 y y x y u v T O
 u u x y u v T O
 v v x y u v T O
 T T x y u v T O
 εξ ε
 εξ ε
 εφ ε
 εφ ε
 εφ ε
 ∗
 ∗
 ∗
 ∗
 ∗
 = + +
 = + +
 = + +
 = + +
 = + +
 (5.12)
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 Employing a lengthy but straightforward algebra, the form of the infinitesimals is
 found to be:
 1 2
 1 2 3
 , ( ),3
 , ( ), .3 3
 ba bx y x
 b bu v u x c lT
 ξ ξ ς
 φ φ ς φ
 = + = +
 ′= = − + = +
 (5.13)
 Eqs. (5.13) reveal that there are four finite-parameters a, b, c and l and one infinite Lie
 group transformations ( )xς for this problem. The parameters ‘a’ and ‘c’ correspond
 to the translation in the variables x and T, respectively. Whereas the parameter ‘b’
 corresponds to the scaling in the variables x, y and v and the parameter ‘l’ corresponds
 to the scaling in the variable T. Here only those symmetries will be discussed which
 leave the boundary conditions invariant. For that, the infinitesimal generator X is
 applied on the boundary conditions (5.10) to arrive at the following differential
 equations:
 0,( 3 )
 ww
 du bu
 dx a bx− =
 +
 (5.14)
 0,( 3 )
 ww
 dv bv
 dx a bx+ =
 +
 (5.15)
 0,( )
 ww
 dT lT
 dx a bx− =
 +
 (5.16)
 with the restriction ( ) 0c xς= = .
 By solving Eqs. (5.14) - (5.16), the invariant boundary conditions corresponding to b
 = 0 and b ≠ 0 are:
 For b ≠ 0,
 1/3 1/3 /
 1 2 3( ) ( ) , ( ) ( ) , ( ) ( )l bw w wu x A a bx v x A a bx T x A a bx−= + = + = + (5.17)
 and for b = 0, a ≠ 0
 ( / )
 4 5 6
 7 8 9
 0 : ( ) , ( ) , ( ) ,
 0 : ( ) , ( ) , ( ) ,
 l a xw w w
 w w w
 l u x A v x A T x A e
 l u x A v x A T x A
 ≠ = = =
 = = = =
 (5.18)
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 where (for i = 1, … , 9) are constants of integration. Thus, we have obtained the
 above form of stretching velocities and surface temperatures for which the boundary
 value problem (5.7) - (5.10) become similar. Hence application of infinitesimal
 generator on the generalized stretching surface leads to the possibility of only two
 surface conditions. Firstly, if b = 0 then surface is moving with constant velocity and
 surface temperature is either of exponential form or constant. Secondly for b ≠ 0, the
 surface is stretching with velocity proportional to x1/3 and the surface temperature is of
 power-law form. Thus we can claim that for any other stretching velocity e.g
 exponential (ex) and power-law (xm
 : m ≠ 1/3), it is not possible to derive similarity
 transformations for the flow of Powell-Eyring fluid.
 5.3 Similarity Transformations
 In order to obtain similarity transformation we choose a, b and l arbitrary and
 ( ) 0c xς= = is considered. Here we will discuss the problem for nonlinear stretching
 surface therefore we will only consider the case b ≠ 0. The characteristic equations
 corresponding to Eq. (5.13) can be written as:
 .( )
 3 3 3
 dx dy du dv dTb b ba bx lTy u v
 = = = =+ −
 (5.19)
 The similarity variable and the similarity functions derived from the system of
 equations (5.19) are given by:
 1/3,
 ( )
 y
 a bxη =
 +
 (5.20)
 1/3 1/3 /( ) ( ), ( ) ( ), ( ) ( ).l bu a bx f v a bx h T a bxη η θ η−′= + = + = + (5.21)
 From (5.17) and (5.21), we arrive at the following similarity transformation for u, v
 and T:
 ( ) ( ), ( ) ( ), ( ) ( ).w w wu u x f v v x h T T xη η θ η′= = = (5.22)
 where ( 1, 2, 3)iA i =
 are taken as unity and h(η) will be determined from the
 continuity equation. Eq. (5.22) emphasizes the requirement of defining u and v in
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 terms of the stretching velocity of the surface and a non dimensional function. A fact
 which is well established in stretching problems of fluid dynamics.
 Using the continuity equation we can define stream function ψ such that
 , .u vy x
 ψ ψ∂ ∂= = −
 ∂ ∂
 (5.23)
 Eq. (5.21) together with Eq. (5.23) gives
 2/3( ) ( ).a bx fψ η= + (5.24)
 Two forms of v, defined in Eqs. (5.22) and (5.23), will be consistent if
 ( )( ) 2 .3
 bh f fη η ′= − −
 Using the similarity transformations, the governing Eqs. (5.8) and (5.9) with the
 boundary condition (5.10) for Powell-Eyring fluid are conveniently transformed into a
 self-similar boundary value problem:
 ( ) ( )2 22
 1 0,3 3
 b bf f f ff fε εδ′′′ ′′ ′′′ ′′ ′+ − + − =
 (5.25)
 1 20,
 Pr 3
 b lf f
 bθ θ θ′′ ′ ′+ − =
 (5.26)
 (0) 1, (0) , ( ) 0, (0) 1, ( ) 0.wf f f f θ θ′ ′= = ∞ = = ∞ =
 (5.27)
 where fw = -3s/2 is a non-dimensional constant called suction/injection parameter, fw >
 0 corresponds to suction and fw < 0 corresponds to injection and fw = 0 correspond to
 impermeable surface. In order to simplify the further calculations we have assumed a
 = 0, b = 1.
 The quantities of practical interest, the skin friction coefficient Cf and local Nusselt
 number Nux, are defined as:
 2,
 ( ( / ) )
 w wf x
 w
 x qC Nu
 U T x L T
 τ
 ρ α∞ ∞
 = =−
 ɶ
 ɶ
 (5.28)
 where
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 3
 3
 00 0
 1 1( ) and ( ) .
 6w w
 yy y
 u u Tq
 C y C y yτ µ α
 β β== =
 ∂ ∂ ∂= + − = −
 ∂ ∂ ∂ ɶɶɶ
 ɶɶ ɶ
 ɶ ɶ ɶ
 (5.29)
 Substituting Eq. (5.29) in Eq. (5.28) and using similarity transformation, we have
 1/2 3
 1/2
 (1 ) (0) (0),3
 (0),
 x f
 x x
 Re C f f
 Re Nu
 εε δ
 θ−
 ′′ ′′= + −
 ′= −
 (5.30)
 (5.31)
 where ( / )w
 x
 xu x LRe
 ν=ɶ ɶ
 is the local Reynolds number.
 5.4 Exact Analytical Solution
 For l = -2/3, the self-similar energy equation (5.26) takes the form
 1 2( ) 0.
 Pr 3f fθ θ θ′′ ′ ′+ + =
 (5.32)
 Following Cortell [57], Integration of Eq. (5.32) yields a closed form solution
 2Pr . ( ).
 3fθ θ′ = −
 (5.33)
 Implementing the boundary conditions (5.27), local Nusselt number is exactly
 obtained as
 2(0) Pr ,
 3wfθ ′− =
 (5.34)
 5.5 Results and Discussions
 The effects of various physical parameters namely suction/injection parameter fw,
 Prandtl number Pr, temperature power index l, ε and δ on the velocity and
 temperature profiles are discussed in this section. The self-similar equations (5.25)
 and (5.26) satisfying the boundary conditions (5.27) are solved numerically using the
 Keller box method [53]. A comparison of present numerical results with the results
 obtained by Cortell [57] using Runge-Kutta shooting method for ε = δ = 0 is
 presented in Table 5.1. There is an excellent agreement between the two results. Table
 5.2 gives the comparison between the analytical solutions obtained in Eq. (5.34) with
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 the numerical solutions when l = -2/3, and ε = δ = 0. Again a good agreement is found
 between the two solutions. Thus comparison presented in Table 5.1 and 5.2 verify the
 accuracy and convergence of our numerical scheme.
 Figs. 5.1-5.8 depict the similar velocity and temperature profiles in the boundary layer
 for selected values of the governing parameters. These figures represent that the
 similar velocity and the temperature profiles fall down monotonously to zero as η
 increases. Figs. 5.1 and 5.2 show the effects of ε and δ on the velocity profile when fw
 = 0.5. It is obvious from Fig. 5.1 that both the velocity and the boundary layer
 thickness increases with the increasing values of ε whereas the effects of δ appear in
 opposite way (Fig. 5.2) but less prominently.
 Table 5.1: Comparison of values of – f″″″″ (0) with those of Cortell [57] for different values of fw
 when εεεε = 0.
 wf Cortell [57] Present
 0.75 0.984417 0.984436
 0.50 0.873627 0.873640
 0.0 0.677647 0.677647
 -0.50 0.518869 0.518869
 -0.75 0.453521 0.453523
 Table 5.2: Comparison of analytical and numerical solution of local Nusselt number -θθθθ′′′′ (0) for
 various values of Pr and fw when l = -2/3, εεεε = δδδδ = 0.0.
 fw
 Pr = 0.5 Pr = 1.0 Pr = 3.0 Pr = 7.0
 Anal. Num. Anal. Num. Anal. Num. Anal. Num.
 -1.0 -0.3333 -0.3333 -0.6667 -0.6667 -2.0 -2.0001 -4.6667 -4.6665
 -0.5 -0.1667 -0.1667 -0.3333 -0.3333 -1.0 -1.0 -2.3333 -2.3333
 0 0 0 0 0 0 0 0 0
 0.5 0.1667 0.1667 0.3333 0.3333 1.0 1.0 2.3333 2.3333
 1.0 0.3333 0.3333 0.6667 0.6666 2.0 2.0 4.6667 4.6667
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 Fig. 5.3 depicts the effects of suction (fw > 0) and injection (fw < 0) on the velocity
 profile f’(η) when ε = δ = 0.1. The suction shows decrease in the velocity and the
 momentum boundary layer thickness whereas the injection has opposite effects. It is
 clear from Fig. 5.4 that increase in the parameter ε results in decrease of temperature
 and thermal boundary layer thickness whereas increase of δ is a cause of increase in
 these quantities as shown in Fig. 5.5. There is relatively lower thermal diffusivity for
 larger Prandtl number. Therefore large values of Pr depress temperature and the
 thermal boundary layer thickness as shown in Fig. 5.6. The decrease in the
 temperature and thermal boundary layer thickness is a consequence of large values of
 temperature power index l as shown in Fig. 5.7. It is evident from Fig. 5.8 that
 enhancement of the wall suction (i.e. fw > 0) reduces the temperature and thermal
 boundary layer thickness, whereas the opposite behavior is noticed for the case of
 injection (i.e., fw < 0).
 Figs. 5.9 and 5.10 show the influence of Prandtl number Pr on local Nusselt number
 /
 against suction/injection parameter fw and temperature power index l
 keeping the other parameters fixed. Both figures show a prominent boost in the local
 Nusselt number with increase in Pr for all values of l and fw. Similarly local Nusselt
 number increases with increase in l and fw for various values of Pr. This can be
 explained as: The increase in the value of the suction parameter decreases the
 thermal boundary layer thickness resulting in the increase in the local Nusselt
 number; while, injection reduces the drag force, consequently reducing the local
 Nusselt number .
 Tables 5.3 and 5.4 represent the variation of the skin friction and local Nusselt
 number for various values of ε and δ. It is noted that skin friction increases with
 increase in ε for all values of δ, whereas the effects of ε on the local Nusselt number
 decreases. The influence of δ on the skin friction is quite interesting: The skin friction
 increases for ε ≤ 1, while it decreases for ε > 1. However, local Nusselt number
 decreases with increasing δ for all values of ε .
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 Figure 5.1: Effects of εεεε on similar velocity f′′′′ (ηηηη) when δδδδ = 0.1 and fw = 0.5.
 Figure 5.2: Effects of δδδδ on similar velocity f′′′′ (ηηηη) when εεεε = 0.1 and fw = 0.5.
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 Figure 5.3: Effects of fw on similar velocity f′′′′ (ηηηη) when εεεε = 0.1 and δδδδ = 0.1.
 Figure 5.4: Effects of εεεε on θθθθ (ηηηη) when Pr = l = 1.0, δδδδ = 0.1 and fw = 0.5.
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 Figure 5.5: Effects of δδδδ on θθθθ (ηηηη) when Pr = l = εεεε = 1.0 and fw = 0.5.
 Figure 5.6: Effects of Pr on θθθθ (ηηηη) when l = εεεε = 1.0, δδδδ = 0.1 and fw = 0.5.
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 Figure 5.7: Effects of l on θθθθ (ηηηη) when Pr = εεεε = 1.0, δδδδ = 0.1 and fw = 0.5.
 Figure 5.8: Effects of fw on θθθθ (ηηηη) when Pr = l = εεεε = 1.0 and δδδδ = 0.1.
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 Figure 5.9: Effects of Pr on 1/ 2
 xRe Nu− for l when εεεε = 1.0, fw = 0.5 and δδδδ = 0.1.
 Figure 5.10: Effects of Pr on 1/2
 xRe Nu− for fw when l = εεεε = 1.0 and δδδδ = 0.1.
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 Table 5.3: Values of 1/2
 x fRe C for various values of εεεε and δδδδ when fw = 0.5 and l = Pr = 1.0.
 ε \ δ 0.1 0.3 0.5 0.7 1.0
 0.1 -0.888636 -0.853613 -0.817901 -0.781469 -0.725395
 0.5 -1.016076 -1.002393 -0.988053 -0.972976 -0.948758
 1.0 -1.147542 -1.144314 -1.140995 -1.137578 -1.132246
 2.0 -1.363676 -1.366862 -1.370265 -1.373913 -1.379912
 5.0 -1.847790 -1.853014 -1.858397 -1.863947 -1.872609
 Table 5.4: Values of 1/ 2
 xRe Nu− for various values of εεεε and δδδδ when fw = 0.5 and l = Pr = 1.0.
 ε \ δ 0.1 0.3 0.5 0.7 1.0
 0.1 1.160472 1.160103 1.159729 1.159350 1.158772
 0.5 1.196792 1.195938 1.195053 1.194134 1.192686
 1.0 1.224541 1.223723 1.222871 1.221982 1.220571
 2.0 1.255630 1.255057 1.254465 1.253850 1.252881
 5.0 1.292828 1.292593 1.292352 1.292106 1.291727
 5.6 Conclusion
 The flow and heat transfer characteristics of Powell-Eyring fluid over a stretching
 surface with variable surface temperature are investigated. Symmetries of equations
 are determined through Lie group analysis. The governing partial differential
 equations are transformed into nonlinear ordinary differential equations using these
 symmetries. Numerical results are found by means of Keller box method. Some of
 the main findings can be summarized as follows:
 • The velocity and temperature are decreasing function of the suction parameter
 (fw > 0) while injection (fw < 0) acts in opposite manner.
 • The effects of fluid parameters ε and δ on velocity and temperature profiles
 are totally different. The velocity increases and temperature decreases with
 increase in values of ε whereas δ behaves in opposite way.
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 • The effects of temperature power index (l), Prandtl number (Pr), suction
 parameter (fw > 0) and fluid parameters (ε and δ) are found to decrease the
 temperature and thermal boundary layer thickness.
 • Both the skin friction and local Nusselt number increase with increase in fw
 • The effects of ε is to decrease the skin friction and increase the local Nusselt
 number while the effects of δ on these physical quantities are noticed in
 opposite way.
 • Local Nusselt number is increasing function of Pr and l.
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 Lie Group Analysis of Flow and Heat Transfer of
 Powell-Eyring Fluid over a Stretching Surface in a
 Parallel Free Stream
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 The aim of this chapter is to analyze the flow of Powell-Eyring fluid with heat
 transfer over a stretching surface in a parallel free stream in the presence of variable
 surface temperature. The stretching velocity of the surface is considered to be
 proportional to x1/3 whereas the free stream velocity is taken general. With the help of
 scaling group of transformations, the form of free stream velocity is also found to be
 proportional to x1/3. Self-similar equations are obtained as a result of similarity
 transformations, which are derived through scaling group of transformations. The
 resulting equations are then solved numerically using the Keller box method. A
 comparison is performed for special case of the problem with previously published
 work and the results are found to be in good agreement. The effects of various
 parameters on physical quantities are plotted and discussed.
 6.1 Formulation of the Problem
 The governing equations of continuity and energy for the Powell-Eyring fluid remain
 the same as given by Eq. (5.1) and (5.3) except the momentum equation where an
 extra term is introduced in Eq. (5.4), due to existence of the free stream velocity
 ( )eu xɶ . The free stream and the surface are moving in the same direction as shown in
 Fig 6.1. The boundary conditions are also the same except the condition at infinity.
 Figure 6. 1: Flow geometry and coordinate systems
 Boundary layer
 vw (x)
 y
 x uw (x), Tw (x)
 ue (x)
 v
 u
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 For completeness, we rewrite the governing equations and the modified boundary
 conditions;
 0,u v
 x y
 ∂ ∂+ =
 ∂ ∂
 ɶ ɶ
 ɶ ɶ
 (6.1)
 22 2
 2 3 2
 1 1,
 2
 ee
 duu u u u uu v u
 x y dx C y C y yν
 ρβ ρβ
 ∂ ∂ ∂ ∂ ∂+ = + + −
 ∂ ∂ ∂ ∂ ∂
 ɶ ɶ ɶ ɶ ɶɶ ɶɶ ɶ ɶ ɶ ɶ
 (6.2)
 2
 2,T
 T T Tu v
 x y yα
 ∂ ∂ ∂+ =
 ∂ ∂ ∂
 ɶ ɶ ɶ
 ɶ ɶɶ ɶ ɶ
 (6.3)
 0 0 0( ), ( ), ( ) at 0,
 ( ), as .
 w w w
 e
 x x xu U u v V v T T T T y
 L L Lx
 u U u T T yL
 ∞
 ∞ ∞
 = = − = =
 → → → ∞
 ɶ ɶ ɶɶɶ ɶ ɶ
 ɶɶɶ ɶ
 (6.4)
 where uɶ and vɶ
 are the components of velocity in xɶ and yɶ directions, ρ is the fluid
 density, ν is the kinematic viscosity and β and C are the material fluid parameters. In
 the boundary conditions, 0U , 0V and U∞ are the reference/characteristic velocities,
 0T is the reference temperature and L is the characteristic length.
 Introducing the following non-dimensional parameters
 1/2
 0
 1/2
 , , ,
 , ,
 U L T Tx yx y T
 L L T
 U Lu vu v
 U U
 ν
 ν
 ∞ ∞
 ∞
 ∞ ∞
 − = = =
 = =
 ɶɶ ɶ
 ɶ ɶ
 (6.5)
 Eqs. (6.1) - (6.4) take the following form:
 0,u v
 x y
 ∂ ∂+ =
 ∂ ∂
 (6.6)
 ( )22 2
 2 21 ,e
 e
 duu u u u uu v u
 x y dx y y yε εδ
 ∂ ∂ ∂ ∂ ∂+ = + + −
 ∂ ∂ ∂ ∂ ∂
 (6.7)
 2
 2
 1,
 Pr
 T T Tu v
 x y y
 ∂ ∂ ∂+ =
 ∂ ∂ ∂
 (6.8)
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 *0; ( ), ( ), ( )
 ; ( ) , 0,
 w w w
 e
 y u u x v d v x T T x
 y u u x T
 γ= = = =
 → ∞ = =
 (6.9)
 Where ε and δ are the fluid parameters, Pr is the Prandtl number, γ is the velocity
 ratio and d* is a non-dimensional constant. These parameters are defined as;
 3
 2
 1/ 2
 *0 0
 1, , Pr
 2
 , .
 T
 U
 C LC
 U V U Ld
 U U
 νε δ
 ρνβ ν α
 γν
 ∞
 ∞
 ∞ ∞
 = = =
 = =
 (6.10)
 The form of stretching, suction/injection velocity with surface temperature is taken as:
 1/3 1/3( ) , ( ) , ( ) ,
 lw w wu x x v x x T x x= = − = (6.11)
 where l (> 0) is a constant known as temperature power index. Here we have not
 assumed any specific form of free stream velocity. The motive is to find all those
 forms of free stream velocity ue(x) which become invariant under scaling group of
 transformations and the methodology will be discussed in the later section.
 6.2 Scaling Group of Transformations
 In order to obtain similarity transformations, we now establish a simplified system of
 Lie group transformations known as the scaling group of transformations [65-67]
 : , , , , , ,a b c d e pe ex xe y ye u ue v ve T Te u u eε ε ε ε ε ε∗ ∗ ∗ ∗ ∗ ∗Γ = = = = = =
 (6.12)
 where ε is a small parameter and a, b, c, d, e and p are some constants to be
 determined. These constants are usually known as transformation parameters. Eqs.
 (6.12) may be considered as a point transformations which transform co-ordinates (x,
 y, u, v, T, ue) to co-ordinates (x*, y*, u*, v*, T*, ue
 *).
 Substituting the transformations defined in Eqs. (6.12) in the boundary layer problem
 (6.6) – (6.9), we get:
 * *( )
 * *0,a b c du v
 ex y
 ε − + + −∂ ∂+ =
 ∂ ∂
 (6.13)
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 ( )** * 2 *
 * ( ) * ( ) * ( 2 )
 * * * *2
 2* 2 *
 ( 4 )
 * *2
 2 1
 ,
 a b c d c p a b cee
 a b c
 duu u uu e v e u e
 x y dx y
 u ue
 y y
 ε ε ε
 ε
 ε
 εδ
 − + + − − − + +
 − + −
 ∂ ∂ ∂+ = + +
 ∂ ∂ ∂
 ∂ ∂−
 ∂ ∂
 (6.14)
 * * 2 ** ( ) * ( 2 )
 * * *2
 1,
 Pr
 a b c d a b cT T Tu e v e
 x y yε ε− + + − − + +∂ ∂ ∂
 + =∂ ∂ ∂
 (6.15)
 * * ( 1/3) *1/3 * * ( 1/3) * 1/3
 * * ( ) * * * ( ) * * * *
 ( ,0) , ( ,0) ,
 ( ,0) , ( , ) ( ,0) , ( , ) 0.
 c d
 e l l c pe
 u x e x v x s e x
 T x e x u x e u x T x
 ε ε
 ε ε
 γ − + −
 − −
 = =
 = ∞ = ∞ =
 (6.16)
 To achieve invariance of the system of differential equations (6.13) – (6.16) under the
 system of group transformations ΓΓΓΓ, the parameters defined in Eq. (6.12) must satisfy
 the following relations:
 0, 0, 2 0, 4 0.a b c d c p a b c a b c− + + − = − = − + + = − + + = (6.17)
 Solving the above equations in terms of the parameter a, we get
 , and3 3
 a ab c p d e l= = = = − =
 (6.18)
 Therefore, the boundary layer problem (6.6) - (6.9) admits the scaling transformation
 having reduced form:
 /3 /3 /3 /3: , , , , , ,a a a a ae e
 lx xe y ye u ue v ve T Te u u eε ε ε ε ε ε∗ ∗ ∗ ∗ − ∗ ∗Γ = = = = = =
 (6.19)
 Taylor series expansion of the exponentials in Eq. (6.19) up to order ε is given by
 , , ,3 3
 :
 , , .3 3
 e e e
 a ax x ax y y y u u u
 a av v v T T lT u u u
 ε εε
 ε ε
 ∗ ∗ ∗
 ∗ ∗ ∗
 − = − = − =
 Γ − =− − = − =
 (6.20)
 Denoting the differences between the transformed and the original variables as
 differentials and equating each term, we get the following characteristic equations:
 .
 3 3 3 3
 e
 e
 dudx dy du dv dTa a a aax lTy u v u
 = = = = =
 −
 (6.21)
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 Taking a = 1 and solving the above system of equations, we arrive at the following
 similarity transformation
 ( ) ( )1/3 1/3 1/3 1/3, , , ( ),ley x u x f v x h T x u Axη η η θ η− −′= = = = = (6.22)
 where A is an integral constant assumed to be unity in further calculations. Thus, the
 free stream velocity permissible through the scaling group of transformations is found
 to be proportional to x1/3 which emphasizes the requirement of defining free stream
 ue(x) in terms of stretching velocity of the surface. A fact in accordance with the
 literature while discussing the fluid flow problems in presence of free stream. The
 form of h(η) will be determined from the continuity equation.
 Using the continuity equation we can define stream function ψ such that
 ,u vy x
 ψ ψ∂ ∂= = −
 ∂ ∂
 (6.23)
 Eq. (6.22) together with Eq. (6.23) gives
 2/3( ).x fψ η=
 (6.24)
 For consistency in Eqs. (6.22) and (6.23), h(η) takes the following form:
 ( )1
 ( ) 2 .3
 h f fη η ′= − −
 (6.25)
 Using the similarity transformations, the Eqs. (6.6) - (6.8) with the boundary
 condition (6.9) for Powell-Eyring fluid are conveniently transformed into a self-
 similar boundary value problem:
 ( ) ( )2 22 1 1
 1 0,3 3 3
 f f f ff fε εδ′′′ ′′ ′′′ ′′ ′+ − + − + =
 (6.26)
 1 20,
 Pr 3f lfθ θ θ′′ ′ ′+ − =
 (6.27)
 (0) , (0) , ( ) 1, (0) 1, ( ) 0,′ ′= = ∞ = = ∞ =wf f f fγ θ θ
 (6.28)
 where fw = -3d*/2 is a non-dimensional constant called suction/injection parameter, fw
 > 0 corresponds to suction and fw < 0 corresponds to injection.
 The physical quantities of interest, the skin friction coefficient Cf and local Nusselt
 number Nux, can be expressed in same way as defined in Eqs. (5.28) - (5.31).
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 6.3 Results and Discussions
 In this section effects of various physical parameters namely suction/injection
 parameter fw, the constant velocity ratio γ, Prandtl number Pr, temperature power
 index l and fluid parameters ε and δ on the velocity and temperature profiles are
 discussed. The self-similar ordinary differential equations (6.26) and (6.27) satisfying
 the boundary conditions (6.28) are solved numerically using the Keller box method
 [53]. A comparison of present numerical results with the results obtained by Bachok
 et al. [68] using shooting method for γ = 0.5 and l = ε = δ = 0 is presented in Table
 6.1. An excellent agreement is found between the two results which guarantee the
 accuracy and convergence of our numerical scheme.
 Figs. 6.1 - 6.7 depict the similar velocity and temperature profiles in the boundary
 layer region for selected values of the governing parameters. Fig. 6.1 shows the
 effects of suction (fw > 0) and injection (fw < 0) on the velocity profile ( )f η′ for γ > 1
 and γ < 1. For γ < 1, the effect of suction is to increase the velocity and decrease the
 momentum boundary layer whereas the effect of injection is otherwise. Both the
 velocity and momentum boundary layer thickness decrease with an increase in fw for γ
 > 1. Fig. 6.2 is plotted for the velocity profiles versus η for different values of velocity
 ratio γ (the ratio of stretching velocity to the velocity of free stream). It is observed in
 Fig. 6.2 that velocity and the momentum boundary layer increases with increase in the
 velocity ratio γ while γ > 1. However, when the stretching velocity is lower than the
 velocity of the free stream i.e., γ < 1, the velocity increases and the boundary layer
 thickness decreases with increase in γ. The effects of ε and δ on the velocity profile
 are shown in Fig. 6.3. It is obvious from figure that velocity decreases and the
 boundary layer thickness increases with the increasing values of ε and δ when γ = fw =
 0.5.
 As shown in Figs. 6.4 - 6.7, the temperature profiles fall down monotonously to zero
 as η increases. These figures depict the behavior of Pr, l, ε and δ on temperature
 profile. There is relatively low thermal diffusivity for larger Prandtl number.
 Therefore large values of Pr depress temperature and the thermal boundary layer
 thickness as shown in Fig. 6.4. The same behavior is observed for l, ε and δ in Figs.
 6.5 and 6.6 describing that the large values of these parameters correspond to the
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 decrease in the temperature and thermal boundary layer thickness. It is evident from
 Fig. 6.7 that enhancement of the surface suction (i.e. fw > 0) depresses the temperature
 and thermal boundary layer thickness, whereas the opposite behavior is noticed for
 the case of injection (i.e., fw < 0).
 Table 6.1: Comparison of values of – f″″″″ (0) and -θθθθ′′′′ (0) with those of Bachok et al. [68] for
 different values of wf when l = εεεε = δδδδ = 0.
 wf
 (0)f ′′− (0)θ ′−
 [68] Present [68] Present
 2 0.9251 0.9251 1.6036 1.6036
 4 1.5030 1.5030 2.8330 2.8330
 6 2.1233 2.1233 4.1177 4.1177
 8 2.7627 2.7626 5.4238 5.4238
 10 3.4116 3.4116 6.7399 6.7399
 12 4.0659 4.0659 8.0615 8.0615
 14 4.7236 4.7236 9.3863 9.3863
 16 5.3833 5.3833 10.7131 10.7131
 18 6.0446 6.0446 12.0414 12.0413
 20 6.7069 6.7069 13.3706 13.3706
 25 8.3656 8.3656 16.6966 16.6964
 30 10.0270 10.0269 20.0249 20.0248
 40 13.3536 13.3536 26.6854 26.6853
 50 16.6829 16.6829 33.3483 33.3483
 Figs. 6.8 - 6.13 represent the variation of the skin friction 1/2
 x fRe C and local Nusselt
 number 1/2
 xRe Nu− for various values of physical parameters against suction/injection
 parameter fw, the constant velocity ratio γ and temperature power index l. As observed
 before, increase in the value of the suction parameter causes both the momentum and
 thermal boundary layers to decrease, resulting the skin friction and the local Nusselt
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 number to increase (Table 6.1) while injection reduce the drag force and in
 consequence reduces the skin friction and the local Nusselt number. However the
 effect of velocity ratio on the skin friction and the local Nusselt number against
 suction/injection parameter is quite interesting. Fig. 6.8 shows that with increasing
 values of γ (for γ > 1) the skin friction 1/2
 x fRe C increases for all fw because it improves
 the tangential velocity and thus its skin friction is increased. However, reversal of the
 sign in the values skin friction is noticed for γ < 1. The effects of γ on the skin
 friction are more prominent than the local Nusselt number for the suction case (fw >
 0). It is obvious from Fig. 6.9 that local Nusselt number increases with increase in
 suction/injection parameter fw and the velocity ratio γ.
 In Figs. 6.10 and 6.11 the skin friction and the local Nusselt number against fw for
 various values of ε and δ keeping the parameters Pr, l and γ fix. A prominent increase
 in the skin friction is observed for increasing values of fw as well as ε and δ. However
 opposite behavior is noticed for the local Nusselt number for ε and δ. The plot of
 local Nusselt number against γ in Fig. 6.12 shows the interesting effects of ε and δ
 with increase in γ. It is observed increase in γ increases the local Nusselt number for
 all ε and δ. For γ > 1 local Nusselt number increases with increase in ε and δ but it
 behaves reversely for γ < 1. It is obvious from Figs. 6.13 and 6.14 that increasing Pr
 local Nusselt number increases for all values of l and fw.
 6.4 Conclusion
 In this paper, flow and heat transfer of Powell-Eyring fluid over a stretching surface
 in parallel free stream with variable surface temperature is analyzed. The governing
 partial differential equations are transformed into nonlinear ordinary differential
 equations through scaling transformations. These equations are then solved
 numerically using Keller box method. An inspection of the numerical results reveals
 the following concluding remarks:
 • The effect of suction is to increase the velocity and decrease boundary layer
 thickness for γ < 1, while for γ > 1 suction decreases the velocity and the
 boundary layer thickness.
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 • The velocity and momentum boundary layer are increasing functions of γ
 when γ > 1, but opposite behavior for boundary layer thickness is noticed for γ
 < 1.
 • The velocity is decreasing whereas boundary layer thickness is decreasing
 function of ε and δ.
 • The effects of temperature power index (l), Prandtl number (Pr) , suction
 parameter (fw > 0) and fluid parameters (ε and δ) are to decrease the
 temperature and thermal boundary layer thickness.
 • Both the skin friction and local Nusselt number increase with increase in fw
 and γ for γ > 1. However for γ < 1, skin friction decreases with increase in fw
 and local Nusselt number decreases with increase in ε and δ .
 • The skin friction is increasing while local Nusselt number is decreasing
 function of ε and δ for all fw.
 • The effects of Pr and l are to increase the local Nusselt number.
 Figure 6.2: Effects of fw on similar velocity f′′′′ (ηηηη)
 when εεεε = 0.1, δδδδ = 0.1 for both γγγγ = 0.2 and γγγγ = 1.5.
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 Figure 6.3: Effects of γγγγ on similar velocity f′′′′ (ηηηη) when εεεε = 0.1, fw = 0.5 and δδδδ = 0.1.
 Figure 6.4: Effects of εεεε and δδδδ on similar velocity f′′′′ (ηηηη) when γγγγ = fw = 0.5.
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 Figure 6.5: Effects of l on θθθθ (ηηηη) when Pr = εεεε = 1.0, fw = γγγγ = 0.5 and δδδδ = 0.1.
 Figure 6.6: Effects of Pr on θθθθ (ηηηη) when l = εεεε = 1.0, fw = γγγγ = 0.5 and δδδδ = 0.1.
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 Figure 6.7: Effects of εεεε and δδδδ on θθθθ (ηηηη) when l = Pr =1.0 and fw = γγγγ = 0.5.
 Figure 6.8: Effects of fw on θθθθ (ηηηη) when Pr = l = εεεε = 1.0, γγγγ = 0.5 and δδδδ = 0.1.
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 Figure 6.9: Effects of γγγγ on 1/2
 x fRe C for fw = 0.5, εεεε = 1.0 and δδδδ = 0.1.
 Figure 6.10: Effects of γγγγ on 1/2
 xRe Nu− for fw when εεεε = l = Pr = 1.0 and δδδδ = 0.1.
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 Figure 6.1: Effects of εεεε and δδδδ on 1/2
 x fRe C for fw when γγγγ = 0.5 and δδδδ = 0.1.
 Figure 6.2: Effects of εεεε and δδδδ on 1/ 2
 xRe Nu− for fw when Pr = l = 1.0, γγγγ = 0.5.
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 Figure 6.3: Effects of εεεε and δδδδ on 1/ 2
 xRe Nu− for γγγγ when Pr = l = 1.0, fw = 0.5.
 Figure 6.4: Effects of Pr on 1/2
 xRe Nu− for l when εεεε = 1.0, γγγγ = fw = 0.5 and δδδδ = 0.1.
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 Figure 6.5: Effects of Pr on 1/2
 xRe Nu− for fw when εεεε = l = 1.0, γγγγ = 0.5 and δδδδ = 0.1
 .
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Chapter 7
 Lie Group Analysis of Flow and Heat Transfer over a
 Stretching Rotating Disk
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 The aim of this chapter is to analyze the flow and heat transfer over a rotating disk
 that is stretching in radial direction. Using lie group theory symmetries of the
 governing equations are derived. Through invariance of boundary conditions we note
 that boundary value problem become self-similar for only two types of stretching
 velocities: linear and power-law(nonlinear). Linearly radial stretching has been
 discussed in literature however power-law radially stretching is the new one. New
 similarity transformations, for nonlinear power-law stretching, are derived using Lie
 group analysis which are used to transform governing PDEs into ODEs. Exact
 analytical solutions are found for purely disk stretching problem and for large disk
 stretching parameter for n = 3. Numerical solutions are obtained using Keller box
 method. A comparison between the analytical and numerical results for purely disk
 stretching problem is presented in the form of table and figures to support the
 numerical results. An excellent agreement is found between the two solutions. The
 effects of controlling parameters on the physical quantities are analyzed and discussed
 7.1 Mathematical Formulation
 Let us consider a three dimensional laminar flow of a steady incompressible fluid
 over a rotating disk, which has a constant angular velocity Ω . The disk is stretching
 in radial direction with velocity ( )wu rɶ . The angular speed of the disk is assumed as
 ( )wv rɶ . The governing Navier-Stokes equations and energy equation with the
 corresponding boundary conditions for an axisymmetric flow and heat transfer in
 cylindrical coordinates are given by (Shevchuk [87]):
 1 ( )0,
 ru w
 r r z
 ∂ ∂+ =
 ∂ ∂
 ɶ ɶ ɶ
 ɶ ɶ ɶ
 (7.1)
 2 2 2
 2 2 2
 1 1,
 u u v p u u u uu w
 r z r r r r r z rν
 ρ
 ∂ ∂ ∂ ∂ ∂ ∂+ − = − + + + −
 ∂ ∂ ∂ ∂ ∂ ∂
 ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶɶ ɶɶ ɶ ɶ ɶ ɶ ɶ ɶɶ ɶ
 (7.2)
 2 2
 2 2 2
 1,
 v v uv v v v vu w
 r z r r r r z rν ∂ ∂ ∂ ∂ ∂
 + + = + + − ∂ ∂ ∂ ∂ ∂
 ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶɶ ɶɶ ɶ ɶ ɶ ɶ ɶɶ ɶ
 (7.3)
 2 2
 2 2
 1 1,
 w w p w w wu w
 r z z r r r zν
 ρ
 ∂ ∂ ∂ ∂ ∂ ∂+ = − + + +
 ∂ ∂ ∂ ∂ ∂ ∂
 ɶ ɶ ɶ ɶ ɶ ɶɶ ɶɶ ɶ ɶ ɶɶ ɶ ɶ
 (7.4)
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 2 2
 2 2
 1,T
 T T T T Tu w
 r z r r r zα
 ∂ ∂ ∂ ∂ ∂+ = + +
 ∂ ∂ ∂ ∂ ∂
 ɶ ɶ ɶ ɶ ɶ
 ɶ ɶɶ ɶ ɶ ɶɶ ɶ
 (7.5)
 0; ( / ), ( / ), 0,
 ; 0, 0, .
 w w wz u r u r R v r v r R w T T
 z u v T T
 α
 ∞
 = = Ω =Ω = =
 → ∞ = = =
 ɶ ɶɶ ɶ ɶ ɶ ɶ ɶ ɶɶ
 ɶ ɶɶ ɶɶ
 (7.6)
 In the above equations ,u vɶ ɶ and wɶ are the components of velocity in ,r θɶɶ and zɶ
 directions, ρ is the fluid density, ( )/T pk Cα ρ= is the thermal diffusivity and pɶ is
 the pressure. The parameter α is a constant known as disk stretching parameter.
 7.2 Boundary Layer Approximation
 We consider the following non-dimensional variables for current problem
 ( )
 1/2
 1/2
 0
 2
 , , , ,
 , , ,
 r z u vr z Re u v
 R R R R
 T Tw pw Re p T
 R TRρ∞
 = = = =Ω Ω
 −= = =
 Ω Ω
 ɶ ɶ ɶɶ
 ɶ ɶɶ ɶ
 (7.7)
 where 2R
 Re=v
 Ω is Reynolds number and R is the reference length in (r, θ) plane. It
 is noteworthy that the variables in the axial direction are stretched by a factor Re-1/2.
 The governing equations with the boundary conditions (7.1) – (7.6) are converted to
 dimensionless form:
 1 ( )0,
 ru w
 r r z
 ∂ ∂+ =
 ∂ ∂
 (7.8)
 2 2 2
 2 2 2
 1 1,
 u u v p u u u uu w
 r z r r z Re r r r r
 ∂ ∂ ∂ ∂ ∂ ∂+ − = − + + + −
 ∂ ∂ ∂ ∂ ∂ ∂
 (7.9)
 2 2
 2 2 2
 1 1,
 v v uv v v v vw
 r z r z Re r r r r
 ∂ ∂ ∂ ∂ ∂+ + = + + −
 ∂ ∂ ∂ ∂ ∂
 (7.10)
 2 2
 2 22
 1 1 1,
 w w p w w wu w Re
 Re r z z Re r r r z
 ∂ ∂ ∂ ∂ ∂ ∂ + = − + + +
 ∂ ∂ ∂ ∂ ∂ ∂
 (7.11)
 2 2
 2 2
 1 1 1,
 Pr Pr
 T T T T Tu w
 r z Re r r r z
 ∂ ∂ ∂ ∂ ∂+ = + +
 ∂ ∂ ⋅ ∂ ∂ ∂
 (7.12)
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 0; ( ), ( ), 0,
 ; 0, 0, 0.
 w w wz u r u r v r v r w T T
 z u v T
 α= = = = =
 → ∞ = = =
 (7.13)
 where Pr = ν / αT is the Prandtl number.
 For high Reynolds number, i.e. Re → ∞, the boundary layer equations take the form:
 1 ( )0,
 ru w
 r r z
 ∂ ∂+ =
 ∂ ∂
 (7.14)
 2 2
 2,
 u u v p uu w
 r z r r z
 ∂ ∂ ∂ ∂+ − = − +
 ∂ ∂ ∂ ∂
 (7.15)
 2
 2,
 v v uv vu w
 r z r z
 ∂ ∂ ∂+ + =
 ∂ ∂ ∂
 (7.16)
 0 ,p
 z
 ∂= −
 ∂
 (7.17)
 2
 2
 1,
 Pr
 T T Tu w
 r z z
 ∂ ∂ ∂+ =
 ∂ ∂ ∂
 (7.18)
 0; ( ), ( ), 0,
 ; 0, 0, 0.
 w w wz u r u r v r v r w T T
 z u v T
 α= = = = =
 → ∞ = = =
 (7.19)
 As proposed by Von Karman [69], the pressure is dependent on z alone. This implies
 that ∂p/∂r = 0 and the pressure term is purely constant within the boundary layer.
 7.3 Symmetries of the problem
 In this section, we determine the symmetries of the problem. The infinitesimal
 generator for the current problem can be expressed as
 1 2 1 2 3 4 .Xr z u v w T
 ξ ξ φ φ φ φ∂ ∂ ∂ ∂ ∂ ∂
 = + + + + +∂ ∂ ∂ ∂ ∂ ∂
 (7.20)
 To get symmetries of the governing equations, the infinitesimal Lie group point
 transformations for the invariance of Eqs. (7.14) - (7.18) is defined as:
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 2
 1
 2
 2
 2
 1
 2
 2
 2
 3
 2
 4
 ( , , , , , ) ( ),
 ( , , , , , ) ( ),
 ( , , , , , ) ( ),
 ( , , , , , ) ( ),
 ( , , , , , ) ( ),
 ( , , , , , ) ( ).
 r r r z u v w T O
 z z r z u v w T O
 u u r z u v w T O
 v v r z u v w T O
 w w r z u v w T O
 T T r z u v w T O
 εξ ε
 εξ ε
 εφ ε
 εφ ε
 εφ ε
 εφ ε
 ∗
 ∗
 ∗
 ∗
 ∗
 ∗
 = + +
 = + +
 = + +
 = + +
 = + +
 = + +
 (7.21)
 By employing the above Lie point transformations into the Eqs. (7.14) - (7.18), the
 form of the infinitesimals is given as:
 ( )
 ( )
 1 2 1
 2 3 4
 1, ( ), ,
 2
 1, 2 ( ), .
 2
 a r b a z r bu
 bv b a w u r c d T
 ξ ξ ς φ
 φ φ ς φ
 = = − + + =
 ′= = − + = +
 (7.22)
 Hence, Eqs. (7.22) exemplify the existence of four finite-parameter Lie group
 transformations. ( )xς be infinite parameter Lie group transformation. Parameter a
 represents the scaling in the variable r, z and w. Parameter b relates to the scaling in
 the variables z, u, v and w. Whereas parameter c and d corresponds to translation and
 scaling in the variable T, respectively. In the subsequent sections, similarity variables
 and functions analogous to the symmetries, which are obtained in Eqs. (7.22), will be
 derived.
 For the invariance of boundary conditions, the infinitesimal generator X will be
 applied to the boundary conditions and then only those symmetries will be discussed
 that leave the boundary conditions invariant. Thus, introducing the infinitesimal
 generator X on the surface boundary conditions (7.19), we arrive at the following
 differential equations:
 0,ww
 du b au
 dr a r
 −− =
 (7.23)
 0,ww
 dv b av
 dr a r
 −− =
 (7.24)
 with the restriction ( ) 0c d xς= = = .
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 If uw(r) and vw(r) are constants then we get an additional restriction a = b, for the
 parameters a and b. By solving Eqs. (7.23) and (7.24), the invariant boundary
 conditions corresponding to a = b and a ≠ b are generally expressed as:
 For a = b,
 1 2( ) , ( ) ,w wu r A v r A= = (7.25)
 and for a ≠ b (a ≠ 0), we obtain
 3 4
 ( )/ ( )/( ) , ( ) ,w wb a a b a au r A r v r A r− −= = (7.26)
 where (for i = 1, … , 4) are constants of integration, taken to be unity for
 simplification. Substituting Eqs. (7.25) and (7.26) into Eq. (7.19) we get the surface
 boundary conditions of the type:
 For a = b, (linear stretching)
 0; , , 0, ,wz u r v r w T Tα= = = = = (7.27)
 and for a ≠ b (a ≠ 0), (power-law stretching)
 / /0; , , 0, .wb a b az u r v r w T Tα= = = = = (7.28)
 Eqs. (7.27) - (7.28) show that the boundary layer equations for flow and heat transfer
 over a generalized radial stretching disk can be transformed into self-similar form for
 two types of stretching velocities, i.e., linearly stretching and power-law stretching.
 Linear stretching is already discussed in literature however power-law stretching is
 revealed for the first time. In the next section, we derive the similarity transformation
 for nonlinear power-law stretching.
 7.4 Similarity Transformations
 We choose a and b arbitrary and ( ) 0c d xς= = = . The characteristic equations
 corresponding to Eq. (7.22) can be written as:
 .( ) ( ) 0
 2 2
 dr dz du dv dw dTa b b aar bu bvz w
 = = = = =− −
 (7.29)
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 The similarity variable and the similarity functions derived from the system of
 equations (7.29) are given by:
 ( )/2
 / / ( )/2
 ,
 ( ), ( ), ( ), ( ).
 a b a
 b a b a b a a
 z
 r
 u r f v r g w r h T
 η
 η η η θ η
 −
 −
 =
 ′= = = =
 (7.30)
 Where the form of h(η) will be determined from the continuity equation.
 From the continuity equation, the stream function ( , )x yψ is defined as
 , .ru rwz r
 ψ ψ∂ ∂= = −
 ∂ ∂
 (7.31)
 Eqs. (7.30) together with Eqs. (7.31) give
 ( 3 )/2 ( ).b a ar fψ η+= (7.32)
 From Eqs. (7.31) and (7.32), the form of w is given by:
 ( )/2 3.
 2 2
 b a a b a a bw r f f
 a aη− + −
 ′= − −
 (7.33)
 To make the two values of w [(7.30) and (7.33)] consistent we require
 3( ) .
 2 2
 b a a bh f f
 a aη η
 + − ′= − −
 Using the similarity transformation (7.30) and (7.32), the continuity equation (7.14) is
 automatically satisfied and the boundary layer problem (7.15) - (7.19) is conveniently
 transformed into a self-similar form:
 2 230,
 2
 a b bf ff f g
 a a
 +′′′ ′′ ′+ − + =
 (7.34)
 30,
 2
 a b b ag fg f g
 a a
 + +′′ ′ ′+ − =
 (7.35)
 3Pr 0,
 2
 a bf
 aθ θ
 +′′ ′+ =
 (7.36)
 (0) , (0) 0, (0) 1, (0) 1
 ( ) 0, ( ) 0, ( ) 0
 f f g
 f g
 α θ
 θ
 ′ = = = =
 ′ ∞ = ∞ = ∞ =
 (7.37)
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 7.5 Solution Methodologies
 For further calculations, we assume a = 1 and b = n. Note that for 1n = we get the
 same similarity equations as discussed for linearly stretching by Turkyilmazoglu and
 Senel [82].
 7.5.1 Exact analytical solution
 Due to nonlinearity and coupled behavior of the boundary value problem (7.34) –
 (7.37) exact solution is not possible in general. However, we present two exact
 analytical solutions for the following two cases:
 (a) Pure Stretching Case
 For purely radial stretching of disk ( 0G = ) the momentum equation (7.34) admits an
 exact analytical solution for 3n = , of the form:
 ( )3( ) 1
 3f e αηα
 η −= −
 (7.38)
 3( )f e αηη α −′ = (7.39)
 3/2(0) 3f α′′ = − (7.40)
 Substituting the above solution in equation (7.36) and using the relation 3Pr e αηξ −=
 , the energy equation together with boundary conditions is transformed as:
 ( )2
 21 Pr 0
 d d
 d d
 θ θξ ξ
 ξ ξ+ − + =
 (7.41)
 (Pr) 1, (0) 0θ θ= = (7.42)
 Following Fang et al. [73], the solution of the boundary value problem (7.41) and
 (7.42) is given by
 (Pr,0) (Pr, )( )
 (Pr,0) (Pr, Pr)
 ξθ ξ
 Γ − Γ=
 Γ − Γ.
 (7.43)
 Where 1( , )s
 c tc s t e dt∞
 − −Γ = ∫ denotes the incomplete Gamma function. From backward
 substitution, we get the solution of the energy equation as follows:
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 3(Pr,0) (Pr,Pr )
 ( )(Pr,0) (Pr,Pr)
 e αη
 θ η−Γ − Γ
 =Γ − Γ
 .
 (7.44)
 Differentiating (7.44) with respect to η , we have
 Pr3(Pr ) 33 (Pr )
 ( )(Pr,0) (Pr,Pr)
 ee eαη αηα
 θ η
 −− −−′ =
 Γ − Γ.
 (7.45)
 Thus the heat transfer flux at the wall is given as
 PrPr3 ( Pr)(0)
 (Pr,0) (Pr, Pr)
 eαθ
 −−′ =
 Γ − Γ.
 (7.46)
 (b) Large Stretching parameter Case
 For large disk stretching parameter, the boundary value problem (7.34) – (7.37) can
 be much simplified. For that, we define the following transformations:
 / , ( ) ( ), ( ) ( ), ( ) ( )f F g Gη ξ α η α ξ η α ξ θ η α ξ= = = = Θ (7.47)
 Using Eqs. (35) and taking the limit α → ∞ , we arrive at:
 230,
 2
 nF FF nF
 +′′ ′′ ′+ − = (7.48)
 3( 1) 0,
 2
 nG FG n F G
 +′′ ′ ′+ − + = (7.49)
 3Pr 0,
 2
 nF
 +′′ ′Θ + Θ = (7.50)
 (0) 1, (0) 0, (0) 1, (0) 1
 ( ) 0, ( ) 0, ( ) 0
 F F G
 F G
 ′ = = = Θ =
 ′ ∞ = ∞ = Θ ∞ =
 (7.51)
 The solution of equations (7.48) and (7.50) subject to the boundary conditions (7.51)
 for n = 3, which can easily be derived in similar way as done in solutions (7.38) and
 (7.44), is given by:
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 ( )31( ) 1
 3F e ηη −= −
 (7.52)
 3( )F e ηη −′ =
 (7.53)
 (0) 3F ′′ = −
 (7.54)
 3(Pr,0) (Pr, Pr )
 ( )(Pr,0) (Pr, Pr)
 e η
 η−Γ − Γ
 Θ =Γ − Γ
 .
 (7.55)
 To solve equation (7.49) subject to the boundary conditions (7.51) for n = 3, we use
 the relation 3e αηξ −= in equation (7.49) and the relative boundary condition, giving
 2
 2
 40
 3
 d G dGG
 d dξ ξ
 ξ ξ+ − =
 (7.56)
 (1) 1, (0) 0G G= = (7.57)
 The above boundary value problem admits an exact solution of the form:
 1
 7,2,
 3( )
 7,2,1
 3
 e MG
 e M
 ξξ ξ
 ξ
 −
 −
 =
 (7.58)
 where ( , , )M a b ξ is Kummer function. From backward substitution and taking the
 first derivative then putting substituting 0η = , the rotational skin friction is given as:
 1 23 , 2,1 10 , 2,1
 3 38(0) 1.937049
 1 233 , 2,1 25 ,2,1
 3 3
 M M
 GM M
 − −
 ′ = − = −
 − −
 (7.59)
 7.5.2 Numerical solution
 In addition to the exact solution for special cases, the numerical solution is also
 presented for general boundary value problem (7.34) - (7.37). Numerical solutions are
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 obtained by using Keller box method [53]. In order to validate the accuracy of the
 numerical code, solutions of the pure disk stretching problem (i.e. no azimuthally
 flow 0G = ) were calculated and compared with the exact results for various values of
 disk stretching parameter α and Prandtl number Pr. These results are presented for
 comparison of the radial skin friction (0)f ′′ and Nusselt number (0)θ ′− in Table 7.1
 and for comparison of radial, vertical velocity profiles and temperature profiles Figs.
 7.1 and 7.2. The results are in excellent agreement for each value of α and Pr
 validating the exactness and convergence of numerical solution. Similarly numerical
 values of skin friction in radial and azimuthally directions for large disk stretching
 parameter (α → ∞ ) are (0) 1.732051F′′ = − and (0) 1.93705G′ = − which are also in
 consistent with the exact values obtained in (7.54) and (7.59).
 It is observed from Table 7.1 that for purely disk stretching case, the radial skin
 friction decreases and Nusselt number increases with increase in disk stretching
 parameter. The effect of Prandtl number enhances the Nusselt number as physically
 expected. It is shown in Figs. 7.1 and 7.2 that in purely disk stretching problem radial
 and vertical velocity increases and temperature decreases with increase in disk
 stretching parameter and with increase in Prandtl number temperature profile
 decreases.
 In order to observe the effects of controlling parameters (i.e. disk stretching parameter
 α and power-law stretching index n) on the flow behavior the profiles of azimuthal
 velocity ( )g η , radial velocity ( )f η′ , vertical velocity ( )f η and temperature ( )θ η are
 presented in Figs. 7.3 and 7.4. The effects of disk stretching parameter α on
 azimuthal as well as radial velocity profiles and temperature are shown in Fig. 7.3. It
 can be seen that as like no azimuthally flow radial and vertical velocity profile
 increase with increase in α however the effect of α on azimuthal velocity and
 temperature profiles is to decrease them. Fig. 7.4 shows the effects of stretching
 parameter index n on azimuthal, radial and vertical components of velocity and
 temperature profiles. It is observed that when we increase the values of n all
 components of velocity and temperature decrease. One can observe from Table 7.2
 that with increasing value of α and n, the azimuthal and radial skin friction decreases
 whereas Nusselt number increases as like purely stretching flow.
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 Table 7.1: Comparison of exact solution (7.40) and (7.46) of f″″″″ (0) and -θθθθ′′′′ (0) with the numerical
 solution for different values of αααα and Pr considering no azimuthally flow and n = 3.
 α
 Pr
 (0)f ′′ (0)θ ′−
 analytical numerical Analytical Numerical
 0.5 0.5 -0.612372 -0.612372 0.434095 0.434095
 0.7 - - 0.555931 0.555931
 1.0 - - 0.712773 0.712773
 3.0 - - 1.427129 1.427129
 7.0 - - 2.321385 2.321385
 1.0 0.5 -1.732051 -1.732051 0.613904 0.613904
 0.7 - - 0.786206 0.786206
 1.0 - - 1.008013 1.008013
 3.0 - - 2.018265 2.018265
 7.0 - - 3.282935 3.282935
 2.0 0.5 -4.898979 -4.898979 0.868191 0.868191
 0.7 - - 1.111863 1.111863
 1.0 - - 1.425546 1.425546
 2.0 - - 2.854258 2.854258
 3.0 - - 4.642771 4.642771
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 Figure 7.1: Comparison of exact and numerical values of (a) radial velocity profiles, (b) vertical
 velocity profiles and (c) temperature profiles for different values of disk stretching parameter α when Pr = 1.0 and n = 3.0 for purely disk stretching problem.
 Figure 7.2: Comparison of exact and numerical values of temperature profiles for different
 values of Prandtl number Pr when αααα = 1.0 and n = 3.0 for purely disk stretching problem.
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 Figure 7.3: Variation of (a) azimuthally velocity profiles, (b) radial velocity profiles, (c) vertical
 velocity profiles and (d) temperature profiles for different values of disk stretching parameter αααα when n = Pr = 1.0.
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 Figure 7.4: Variation of (a) azimuthally velocity profiles, (b) radial velocity profiles, (c) vertical
 velocity profiles and (d) temperature profiles for different values of power-law index n when αααα = Pr = 1.0.
 Table 7.2: Variation of g′′′′ (0), f″″″″ (0) and -θθθθ ′′′′ (0) with αααα and n for Pr = 1.0.
 α
 1.0n = 2.0n = 3.0n =
 (0)g′ (0)f ′′
 (0)θ ′− (0)g ′ (0)f ′′
 (0)θ ′− (0)g′ (0)f ′′
 (0)θ ′−
 0.0 -0.6159 0.5102 0.3965 -0.6684 0.4651 0.4053 -0.7109 0.4348 0.4154
 0.5 -1.1059 -0.1154 0.6579 -1.2822 -0.2662 0.7083 -1.4360 -0.3842 0.7573
 0.7 -1.2688 -0.4245 0.7503 -1.4799 -0.6423 0.8127 -1.6640 -0.8165 0.8726
 1.0 -1.4870 -0.9483 0.8757 -1.7418 -1.2877 0.9527 -1.9637 -1.5637 1.0261
 1.5 -1.7996 -1.9694 1.0570 -2.1139 -2.5584 1.1535 -2.3873 -3.0432 1.2447
 2.0 -2.0687 -3.1571 1.2138 -2.4327 -4.0445 1.3262 -2.7492 -4.7784 1.4322
 3.0 -2.5253 -5.9654 1.4806 -2.9721 -7.5697 1.6192 -3.3605 -8.9013 1.7496
 7.6 Conclusion
 The flow and heat transfer over a rotating disk stretching in radial direction has been
 investigated in the present work. Lie group analysis provides the two types of
 stretching velocities for the equations to be self-similar which are linear and the
 power-law. Using the new similarity transformations for nonlinear power-law
 stretching, the equations governing the flow of Newtonian fluid are transformed into a
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 system of coupled ordinary differential equations. Exact solutions are found for purely
 disk stretching problem for n = 3. Numerical results are calculated using Keller box
 method. The exactness and convergence of numerical results has been verified
 through comparison with analytical results. The subsequent conclusions can be drawn
 from the current study
 • The velocity components in all three directions (i.e. azimuthal, radial and vertical)
 as well as temperature field can be affected by the stretching of disk.
 • With increasing values of disk stretching parameter index α vertical and radial
 velocity components increases but azimuthal component of velocity and
 temperature profile decreases.
 • The effect of power-law index n on all components of velocity and temperature
 profile is to decrease them.
 • A continuous decrease is seen in the azimuthal and radial skin friction for
 increasing values of α . However the effects of α on Nusselt number appear in
 opposite manner.
 • Increasing the power-law index n the azimuthal and radial skin friction decreases
 and Nusselt number increases.
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 In this thesis similarity transformations are developed using Lie group analysis to
 investigate two dimensional boundary layer flows of Newtonian and non-Newtonian
 fluids for steady problems.
 In case of Newtonian fluid the problem of mixed convection flow with mass transfer
 over a stretching surface with suction or injection is investigated. Through Lie group
 analysis symmetries of the partial differential equations are determined. The
 application of these symmetries to the generalized boundary conditions reveals two
 specific boundary conditions that reduce the original problem to self-similar form.
 These boundary conditions correspond to power-law and exponential stretching
 velocities. In each case the similarity variables and similarity transformations are
 derived that convert the original PDEs into ODEs. In passing the results of other
 research works are found as special cases of this work.
 Derivation of similarity transformation, using Lie group theory, is further extended to
 non-Newtonian power-law fluid. This led to finding the existence of similarity
 transformation for the same two types of stretching velocities as in the case of
 Newtonian fluid i.e., power-law and exponential. Power-law stretching is already
 addressed by Anderson and Kumaran [44] but they presented analytical series
 solution only for linear stretching. In our attempt, an exact analytical solution for
 power-law stretching is presented for particular values of m and n satisfying the
 relation 1 – m + 2 m n = 0. The concept of exponential stretching for power-law fluid
 is introduced for the first time. Exact analytical results for the new found stretching
 are obtained for n = 1/2. These results are further extended for wide range of shear
 thinning fluids by perturbing the solution around this value of n. Numerical results is
 presented using Keller box method for completeness.
 Having found the similarity transformations for power-law and exponential stretching
 for Newtonian and power-law fluids, the discussion is further carried over to non-
 Newtonian Powell Eyring fluid. Interestingly, this case proves to be different from the
 previous ones. This gives the importance, diversity and usefulness of the Lie group
 analysis in the development of new problems in fluid mechanics. The possibilities
 arising in this situation are (a) surface is moving with a constant velocity and surface
 temperature distribution is constant or of exponential form (b) surface is stretching
 with velocity proportional to x1/3 and the surface temperature is of power-law form.
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 The first possibility already exists in the literature [62], whereas the second is our
 priority. The self-similar problem is solved numerically using Keller box method. The
 effects of the emerging parameters are shown graphically and interpreted in full.
 This problem is further extended to add free stream velocity along with the stretching
 of the surface. The similarity transformations are derived using special Lie group of
 transformations namely; scaling group of transformations. No need is felt to repeat
 Lie group analysis which already yields stretching velocity proportional to x1/3 for
 Powell Eyring model discussed earlier. The surface temperature is taken in power-law
 form and a general free stream velocity is considered. Using scaling group
 transformations, it is noted that self-similarity in the boundary conditions is possible
 only for the free stream velocity proportional to x1/3. The problem is transformed into
 nonlinear ordinary differential equations and is solved numerically using Keller box
 method.
 The discussion of planar surface is extended to the consideration of rotating disk
 stretching in radial direction. Using Lie group transformation, new similarity
 transformations are developed for nonlinear stretching for the first time. Exact
 solutions are found for purely disk stretching problem for power-law stretching index
 n = 3. It is found that increasing n all components of velocity and temperature profile
 decrease. The vertical and radial velocity components increase with the increase of
 stretching parameter α but azimuthal component of velocity and temperature profile
 decrease. Increasing the stretching index n the azimuthal and radial skin friction
 decreases and Nusselt number increases.
 Finally, the current study provides a foundation for the study of similarity solutions
 for the boundary value problems in Newtonian and non-Newtonian fluid using Lie
 group analysis. The importance of invariance of boundary conditions is expressed in
 the most useful way. The importance and the role of the generalized boundary
 conditions in the development of self similar problems is entered for the first time.
 Following this procedure one can easily find the similarity variable and function for
 any particular problem. New exact analytical solutions for non-Newtonian fluids are
 also presented for better understanding of fluid behavior. This thesis is a breakthrough
 in the study of similarity solutions in the sense that only those symmetries are
 discussed that accept restrictions from the boundary conditions and similarity
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 variables and functions so obtained have physical meanings particularly in fluid
 mechanics. The methodology will help directly to obtain similarity variables and
 functions of the boundary value problems for any boundary value problem at hand.
 The revealed effects of governing parameters on physical quantities are of vital
 importance to engineers and scientists related to the problems discussed in this thesis.
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